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tXJREWORD 


This  bAuprpgraiximod  textbciok.  Jt  its  d^dgned  to  teach,  Hie  reader  who  wishes 
to  survey  or  review  the  iftiiterial  it  covers,  or  to  look  lip  referenc^^  dhiould  consult 
the  companion-^imHixary  textbook;  then  stady  unf^fculiar  material  by  ^^king  on 
the  appropriate  secrtx^na  of  this  i»'ogram»  - 

Thete  cour^s©  ma4;erial»' were  product  under  a  pro j^t  ihitiated  by  Prof^sor 
Paul  Q.  RosEjnbloom.  'Hie  assistance  of  the  following  people  in  writing  aiid 
editorial  work  gratefully  acknowledged:  Philip  R,  Carlson,  ftuce  P.  James, 
Myra  McFadden,  Richard  S.  Pr^ser,  HwryJU  Patt^son,  and  Sar^  H.  Page. 
I^umerous  oUicrs  contributed  to  the  exper^ntal  develop|nent  of  the  course: 
^  r^arch  assistants,  volunteer -studonts,  pid  self-saerificing  typists..  We  thank 
them  all.  ^  / 

January,  1969  ,  / 


INTRODUCTION. 

♦ 


Thi«  course  i&  designed  ix>  inbrease  your  undertttanding  of  uqv^  of  the  basic  ideas 
"of  tjjgebra.  Some  generaf  experience  and  manipulative  skiU  with  respect  to  high 
schiibi  algebra  ia  pn^umod  on  your  part".  Eniphasia  has  been  placed  Upiih 
development  of  the  logi<Ll  Structure/  An  effwt  has  been  made  to  give  a  fairly 
rigoroua  development  of  the  rul^  of  algebra  based  upon  precise  definitioiis  and 
clearly  Btat43d  bamc  assumptions  (or  poatiUatea)^  •  \ 

Special  emphauni  has  been  placed  upon  the  reaj  number  system*  Various 
ipathematical  systenti^ which  are  different  from  the^re^  numbdr  system  but  which 
share  some  qjf  ita  proper ti^  are  compariid  and  omfrasted  with  it.  In  this  way  the 
proi^erties  of  real  numbers  tshould  be  made  clearer.  For  example,  there  is  a 
defmitibnp  often  givem  in  algebra  textbooks,  which  says  that  a  negative  number  • 
is  a  number  which  carries  a  tninus  sign/  Hiis  deanition  is  seen  to  be  entirely 
^  unsatisfactory  when  we  examine  systems  in  which  addition,  subtniction, 
multiplication,  and  division  are'dafined  but  in  which  the  potions  of  "ix>sitive" 
and  "negative*'  have  no  rai^ming. '  ,  • 

There  is,  of  course,  some  arbitrariric^  in  our  choice  of  |asic  assumptions  or 
postulati^.  In  choosing  a  set  of  posf^ulatij  for  the  raw  dumber  system  or  for  any 
other  mathematical  system  on^  is  usually*guided  by  several  criteriar  First,  and 
most  importantly,  the  postulate  shguld  completely  describe  the  sy^m  in 
question.  The  set  of  p(^tulates  should,  ble  comjpletejn  the  sense  that  all  of  fJie 
essential  properties  of  the  real  number  system  should  b§  derivable  from  them. 
No  property  should  be  assumed  which  is  not  consistent  with  properties  which 
mathematicians  generally  regard  as  being  true  abKjut  the  system.  Second,  sbme 
attempt  should  be  made  to  choose  a  set  of  postulates  which  is  few  in  number.  It 
is  not  always  wise  to  choMe  a  minimal  ^t  of  postulates  for  a  system.  Attempting 
to  do  this  might  make  the  task  of  deriving  theorems  too  difficult,'  However, 
^tl^ore  should  not  be  needle  duplication.  Thi^,  it  is  often  desirable  to  choose 
the  postulates  in  such  a  way  that  theorems  proved  for  the  given  system  will' 
automatically  bo  known  to  hold  for  relatad  systems.  For  example,  the  set  of 
postulates  which  we  wiU  gixp  for  the  real  niimbers  include  a  certain  mt  of  . 
jjostubu^  wjiich  ^xB  the  bask  jmif^ies  for  a  type  of  mathematical  system 
called  a  field.  Any  theorem  which  we  can  prove  for  the  real  numbers,  and  whose 
proof  depends  only  upon  this  6«t  of  postulates,  will  automatically  be  known  to 
hoM  for  any  field.  T?he  proof  does  mt  haw  to  be  repeated  fer  othea^  fields. 


with  the      of  the  above  critma  for  cfaooaing  a  sGtof  postulati^  for  a 
mathetmtical  »y«tem,  there  is  still  sohie  arbitrarii^ss  id"  vj^  choice.  ¥ou  may 
find  that  the  set  of  pc^tulaies  for  the  real  numbers  giveii  in  otl^  books  diflBers  ; 
in  certain  respects  from  iBiat.^vhich  we  give  h^.  The  impogrtant  thing  to  " 
•remember  is  that^  in  developing  a  matl^matical  system  in  a  lopcal*  way,  every- 
thing you  prove  must  depend  ultimately  upon  the  postulates  for  the  system  and 
the  general  rules  of  logic/  Vou  cannot  be  Sure  that  a»'statemeht  is  true  about  the 
system  untess  you  can  gtve  a  proof  which  depends  upon  the  postulate  or  upcm 
theoremi^  which  have  been  previou^y  proved  from  the  pc^idates.  Because  of 
this  r^tricUomypu  will  find  that  sometimes  you  are  asked  to  prove  stat^epts  | 
jwhich  seem  biilviousr  An  e^amp^  of  this  is  the  staten^t  ''1  is  greater  than  O'*** 
This  statement  ^  obviouj^  from  your  i^eyious  experieB<^  with  real -numbers. 
However,  it  is  not  oi^  of  ihk  basic  assumptions  that  w&  make  about  the  real 
numb^  and  in  our  developnient  Kr^uires  a  proof.  Intuition,  or  the  "feeV*  for 
what  ought  to  be  tnie,  isto  invajwsbk  tool  for  theariaA^natidan.  A  larjge  part 
of  the  training  of  a  stud^t  in  mathematics  should  be  devoted  to  the  devdop- 
ment  of  his  intuition.  But  along  with  this  he  must  devdop  the  ability  to  give 
bgical  proofs  of  proposi^ons^vhich^are  suggested  by  his  intuition.  This  |s 
necessary,  if  for  no  oti^  reason,  bc^^au^  intuition  sometime®  leads  to  condxisions 
.  Mthich  are  erroneous,  '  "  -  _ 

It  is  assumed  that  you  ar^  able  to  recognize  certain  sul^ts  of  the  real  numbers, 

although  th^^seis  ^  covered  in  some  detail  in  the  course.  The  sets  in  que^on 

are  listed  below-  \,  - 

INatural  numbers  or  coaai>ting  numbers— these  are  the  numbers 
Counting— 1, 2,  3/4,^.  .  '  * 

'  Z  Integers-^this  set  is  made  up  of  the  number  ,0,  the  natural  mjmbers,  and  the 
aiiditive  inverses  of  the  natural  numbers—. . . ,  —3,  -2,  —1,  0, 1,  2,  3, , , . 
Tii^  positive  integers  are^se  natural  numl^rs,  tl^  negative  integers  aie  the 
additive  inverses  of  thfr^tural  numbers.  (We  note  here  that  th^  number  0 
ig  not  positive  ^  negative) 

9*  Rational  numl^ers— ^this  set  consists  of  all  numbers  which  are  qliotientSj  or 
raticHi,  of  integers.  The  set  of  rational  numbers  contains  tte  setlo^  integers. 
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3TibnK)uni©  ia  prcupranuned  for  "m^  Itpnsists  of  shout  sectioxiS  of  ^ 

ioxt— ^sometimes  juiit  a  senteiic^  of  two,  sometimes  several  paragraphs— inter-  % 
sparse^  with  questions  which  a]:e^  d^gned  to  QOnvinde  hoth  you  and  the  author 
that  you  understand  what  he  is  trying  to  say^V  How  wcil  the  larogram  works  wiU^ 
depend  tq  a  large-ex^ent  6  Jbow  you  use  it-  when  yqu  begin  to  work  you  will 
see  a  few  i>aragraphs  of  text  fdlowed  by  a  qu^tion,  a  spac@  ^or  spaces)  signalling 
the  need  for  an  answer,  and  a  dotted  line: 

^       r  ■  .  •  ■  • 

17  STUDY  ONLY  THE  MATERIAL  ABOVE  THE  DOTTED  LINE. 
USE  A  PfgCE  OF  CARDBOARD  TO  COVER'  UP*  ALL  OF  THE 
PAGE  BELOW  THE 'UNB-       /   ' ''  ^ 

2.  AistER  YOU  ilAVE  STUDIED  THE  MATERIAL  WRITE  AN 
.  ANSWER  TO  THE  QUESTION  ON  A  SEPARATE  SHEET  OP 

PAPER.  (A  3  X  5  NOT&  PAD  IS  HANDY).      .  * 

3,  PULL  DOWN  THE  CARD]eOARD  MASK  TO  THE  NEXt*  DOTTED 
LINE.   THI^  WILL.EXi^E  THE  AUTHOR'S  ANSWER.  ' 

,4.  COMPARE  YOUR  ANSWfeR  WITH  THE  ANSWER  GIVEN  BY  THE 
AUTHOR  AND  JUDGE  WHETHER  OR  NOT  YQUR  ANSWER  IS 
CORRECT.  YOUR  ANSWER  MAY  NOT  BE  THE  SAME  AS  HIS  IN 
E^^RY  DETAIL,  BUT  ITNf^Y  STILI<  BE  CORRECT.   IN  ANY 
CASE.  MAKE  SURE  YOU  UNDERHAND  HIS  ANSWER." 

5.  PULL  T^IE 'MASK  DOWN  TO  THE  NE^T  DOTTED  LINE^'  STUDY 
THE  TEXT,  ANSWER  THE  NEXT  QUiStlON,  AND  SO  ON.  *' 

It  is  important  to  follow  these,  instructions  exactly,  to  use  the  cardboard  mask, 
and'to  write  out  your  answ^  completely  using  proper  notation,  Each  time  you 
turn  a  page  (dip  the  mask  in  so  that  it  covers  all  of  the  riexl^  page  before  you  c?«i 
se^  it.  Then  pull  the  ma^  down  until  you  come  to  the  first  dotted  line.  Thi» 
wiU  keep  you  from  glancing  at  the  answers  unintentionally.  You  may  find  this 
routine  a  bit  tedious  at  first,  but  it  will  soon  be(x)me  habitual,  and  it  wiU  pay  off 
in  the  long  run.  -  / 

Some  of  the  questions  may  be  difficult,  atid  you  will  have  to  Work  hard  to 
answef  them.  It  is  important  that  ybii  force  your^lf  to  do  so.  Do  not  look  at 


the  author's  answer  unti!  you  have' made  ait^moidhlB  attempt  to  answer  the 
question  yourself.  Thia  is  especially  imjportant     proofs  ot  ttieorems.  Before  • 
giving  upp^ake  tinH^  to  dig^t  the  meaning  of -the  ihebrem  eind  to  BxiA  out  exactly 
what  the-  by pothesia  is  and  what  is  to  be  proved.  Often  it  will  be  helpful  to 
review  previous  material  whieh/teem^  to  be  related  to  the  theorem.  ^ 

It  is.  important  that  you  sch^ule  a  i^gular  time  to  work  on  these  n:iateria!8.  You 
should  allow  yourself  tit  least  an  h^  at  a  sitting,  and  you  will  prot^bly  nbt 
want  to  work  much  longer  than  two  hours.  You  can  expect  the  entire  courte  to 
require  ab^ut  100  houi^  of  work.  Each  time  you  begin  work  it  is  wise  to  'review 
the  preceding  material  in  the  unit*  Thii^is  wh^e  the  summary  textbook  will 
cOif^  in  handy.  •        ' .  ' 

To  conserve  spa<?e,  postulates  and  theorems  are  often  ref err^  to  by  number.  ' 
The  follow^ing  list  shoi^d  provide  a  cohvenient  reference  to  use  as  you  work^ 


LIST*  OF  POSTULATES  AND  THEQREM$ 


11.  ALGEBRA  OF  REAL  NUMBERS 


POSTULATES        #  '  ^   ^  ^ 

We  assuzfte  ili&t  we  have  a  aet    calldd  the  i^eal  number  set  upon  which  are  defined 

two  doaed  binary  operation8«  addition  and  multiplication^  having  the  following 

f  — . — ,   ^    ^  ■    ■      -  •  ■ 

properties: 


Nameft  of  the  < 
Propertiw 

Aatodative 

Conuautative 

Idei)tity 
• 

Qifltributive- 
THEOREMS 


Addition  Fro 


A, 


A»:  ForaHa^ftcin^ 

(a  +  6).       -  a  +  (6  +  c). 

For  ail  a,  6  In  ^ 
a  +  6  -  6  +  a. 

Ami:   iZ  containft  ao  element  0 

•iK^  tfaftt  a  +  0  «  0  -K  a  «  a 
for  ail  a  in  t 

At%\   For  each  a  in  it  there 

exists  -^a  in  £  aiszh  that^ 
\        a  +  (—a)  ■«  —a  +  a  ■«  0. 

Addition  and  Multiplication 

i):      For  all  a,  6,«c  in     a  *  (6  +  c)*  •«  (a  -  6)  +  (a  -  c), 
and  (2>  +  e)  -  a  -  {6  •  a)  +  (c  •  a)* 


Mul^ldication  Prop^rtimi 

M*:    "ForaUa^  ft,  c  inJ? 

<a  ♦  6)  f  c     o  •  (d  •c)i, 

For  all  a,  &ih  R 
a  •  &  ^  6  -  a.  ^ 

contains  an  element 
iT^Oauehthat 
a  •  I  »  1  -  a  a 
for  all  a  in  If* 

For  each  a  in  A, 
a  iP«  0,  there  ekiats 
in  i?  that 


2.1  If  a,  6,  and  x  are  real  numbers  and  either  a^x^h-^xoxx  +  n^x-^-b^ 
tl^  a  ^h.  '  ^ 

2«2  If    d,  and  x  are  real  number^  with  a:  ^  0,  and  if  either  a-x  ^  &  -  a:  or 
jf '  o,  «  X  *  6^  tl^n  a  ^  h.  ^ 

2.3*  If  «  is  a  tBal  number,  x  *  0        i  •*  0,  /* 

2.4  If  o  and  h  are  red|  nmnbex^  and  o  *  d  -  0,  then  o  I*  0  or  6  0. 

'  2«&  Tie  additive  inverse  of  alreal  number  is'  unique. 


2^6  Th^  fnulUplicative  inver^^  of  a  non-sero  real  number  is  unique.  ^ 

2.7  If  a  and  b\am  real'  numbera,  timce  is  a  unique  real  number  d  mch  that 
•   d     a  ^  b;  and  furthermorfe       6  +  (--a]^,  \  . 

^2.8  If  a'apd  6  are  real  nun^bers  and'a     0,  there  ii  a  licSque  real  number  9 
such  that  <f  •  a  -  bj  and  f ^irtl^rmore  9  «  6  '  (a*^^),  .  ^ 


IIL    ALGEBRAIC  SYSTEMS  /  •  ;    *  • 

.      •■   -v       ■  ■  •* 

THEOREMS  .       -  -  ^ 

3,1  If  a  and  6  ai^  real  numbens,  —  (a  +  6)  •«  {-a)  +  (-^6);   •  ^ 
^  3.2  If  a  an^^  are  non4ero  real  numl^s,  (a  '6)"^*  *  fl"^  • 
3.3  ^0     0.  i 

•  3.4  1-^-1;  '         ,        '  .  ' 

'  •  •  ^ 

3.5  Ita    ^  iPeal  riumter^  then  —  (— o)  a.* 

3.6  If  a  is  a  non-zero  real  number,  then  (a'"')7?     a,  • 

3.7  If  a  and  6  are  real  numbers, 

(1)  a  -  (-6)  -  -r(a-6) 

fi)^  (-a) -fi.-.  -(a-  6)  • 
•(3)    (--a)  •  (-6)  -  a  •  6 

3.8  If  6  is. a  non-^iero.real  number,  (— —'(&"'). 

3.9  If  a,  6,  and  c  are  real  numbers,  then  a  ■  (b  ~  c)  =  a  ■  b  =  a  •  c. 

3.10  If  a  an  A  6  are  real  nvmibersand  6-?«  Q,  then 

•  •    (1)    (-a)  -;-  6  «  -ia  ^  b)    '       '        •  '  •  .  . 

(2)  a     (-^6)  «  ^(o*-  6)  •.  " 

(3)  (-a)  4  (-6)  ^  a  ■¥  b.    ■  -  ,  • 

3.11  If  a,  6,     and  d  are  real  numbers  with  6^0  and  d     0^  then 

a      €     a  '  d  ^  Cr  b        ^  '  ^ 

3.12  If  af*6,  c,  and  <f  are  real  numbers  with  6  ?^  0  and  d  5^  0,  then  ,  . 

'  a  '  c     a  '  d  ^  c  b 

b'  d^  /  ' 

'3.13  If  a,  6,  €,  and  d  are  real  numbers  with  b  ^  0  and  d     0,  then  -  -     »  ~ 

3.14  If  a,  bf  c,  and  d  are  real  mimbe^  with  i     0,  c  ?^     and  d     0,  then 
a      c     a  •  d  * 


3;15*  If  a\  6,  c?,  and  d  are  reul  numbers  with  6     0  and  d     0.  then       ^  if  apd  ' 
•  only  if  a  •  d     c  •  6\  ^  -  • 

3.16*  h&t  Gbu  k  )gtmp  wiih  operation  *  V*  and  (5'%e  a  group  w^th  Operation 

•t*A"  xind  fiBSUme  that"  /  is  ah  isomorphism  of  G  onto.C,  then:  :    \  ^ 

u    If  e  is  the  identity  of  G  and/(^)     e^hen    is  the  identity  element 

.■•      >fG'.  .  ^:  -  .  '  _   -    ''x;  • 

iL  '  The  image  of  th^  inverse  of  an  element  o  of    i$  th^*  inverse  of  thie   ^  ^ 
image  of  a,  v  .  ^ 


IV.   ORDER  IN  THE^ItEAL  N0MBER  SYSTEM  -    V     .      .  ' 

POSTULATE*         ^     .  .  ^  ^ 

:  01  Triehotqmy  (or  comparisoft  property):  If  a  and  b  are  real  numbei^,  then 

,  one  and  only^ne  of  the  following  is  tme;  a  <  b,  a b,  a 
02  Tramiiiiye  property:  €f  a,  b,  c,  are  real  numbe^  spich  that  a  <  b  and  b  <  €, 
thenaX  c.  -i^     •  '  '■    '      ,    '•'   <   '  '  •  *  ' 

3  Addition  tu-ot)erty:  If  a,  6,  c  are  real  numt^rs  such  that  a  <  then 
.  ^   a  4.-  ^  <  6  4-  c.  '  ^  ' 

•04  Multiplication  property;  If  a,  6,  e  are  real  numbers  such  that  a  <  b  an& 
0  <  c,  then  ac  <  be,  ,       ,  •  ♦ 

THEOREMS        '  '      *  ^  >  ' 

.  4;1  If  a»  6,  c,  d  are  real  numbers  such  that  d  <  6  and  e  <  d,  then  ^' 

a  +  c  <  6  +  d.  .  >       '  '  '    ^  . 

4.2  If  a,  &,  c  and  d  are  |x)sitive  real  numters  With  a  <  b  and  c  <  d,  -then  ac  <  hi. 

«  — — - — ' —  .  . 

4.3  Fur  real  numlbers  a  and  6,  a  <  6  if  and  only  if  a  ~  6  <  0.  , 

4.4  For  real  numbers  a  and  b,  d  >  b  if  and  pnly  if  a  —     >  0. 

4.5  Bor^any  reciJ  number  6,  d  >  0  if  and  only  if -6  <  0.  : 

4.6  For  afty  real  number  6,  6  .<  0  if  and  only  if  —b  >'0. 

4.7  For  real  numbers,  a  and  b,  a  <  6  if  and  only  if  —b  <  -a. 

4^  F»r  i^jfil  numbers  a  and  6,  if  a  >  0  and  b  >  0,  then  «  -f  6  >  0* 
4.9  For  real  numbers  a  and- 6,  if  a  <  0  and  6  <  0,  then  a  Yb^<  Q. 

4.10  For.real  numbers  a  and  b;  if  a  >  0  and  b  >  0,  then  a  -  b  >  0. 

'  •       ■      '  ... 

4.11  For  real  numbers  a  and  6,  if  a  <  0  and  b  <  Q,  then  a  -  b  >  0. 
4.J2  For  real  numb^s  a  and  6,  if  a  >  0  and  6  <  0,  then  a  •  6  <  0.  * 
4.13  If  a  is  a  teal  numter  and  a  ^  0,  then      >  0. 


4.14  FiiT  real  jiumberH  a,  6,  c\  if  a  +  c^K  b  +  e        a  <  b.  t  . 

4.15- 4*^0?  real  numbersi  a,  6,  c,  if  ac  <  6c  and  6  >  0  then  5  <  6. 

4,16  For  real  numbers  a,  6,  c,  with  e  <  0,  ac  <  be  irax^d  oidy  if  a  > 

i      •  ^ 

•       '      •  I     .  / 

4*17  If  a  is  B  real  number  and  if  a  >  0,  then    >  0.  " 

•   •  '         •  *     •  '  ^ 

'      '  *  .  ,  *  . .  .    1      '      • . 

4.18  If  a  is  a  foal  numbi'r  and  if  a  <  0,  then    <  0.    •      •  - 

1'  1,... 

.4.19  Fgc  real  numbers  a  and  6,  if  a  >  6  >  0  then  ,  >  -  ' 

^  '  '  b     a;  ^  . 

■        .  »  '  •  .    .       .■•  ' .  a  c> 

4;20  If  a,  6,  c,  d  are  real  numbers  with  6  >  0  and^  >  0,  then  ;  >  "  if  and  only 

ifad>b,,         •  [    .  .  . 

4/21  Fgr  real  numbers  a- and  6  if  a6  >/0^  then  («  >  0  and  6     O)  or  (a  <  0  and 

'  r'  b  <  0).  •         '    .      '       .  .; 

4.22  For  real  numbers-a  apd  6  if     <  0,  then  (a  >  0  pnd  6  <  0)  or 
(a  <  Oand  6  >  0),       •         '  , 

•  ■      I  ^  ■■  ^      ...  '  t-: 

_  *  •  ,  a 

4.23  For  real-numl^n?^  a  aSid  hj  ab  p-  0  if  and  only  if  ^  >  0, 

-'a.  ' 

4^24  For  real  numbers  a  and  6,  .  >    if  and  only  if  (h  >  0  and  6  >  0)  or . 

'-. ;    ■     ■  ^  '    ■  6  . 

(a  <  Oand  b  <  0). 

•    a         ^  '  ■  ■ 

4.25  For  real  numbers  a  and  b,  ,  <  '0  if  and  only  if  (a  <  0  Bjtid  6  >  0)  or 
\       (a  >''Oand  6  <  0). 

4.26  For  real  numbers  a  sfind  6,  if  a  >  6  !>  0,  then      >  6^,  - 


^.27  F^r  real^ifiumbeni  a'and  b,  if  a-  >  6-,  a  >  0,  and '6  >  0,,  then  a  >  6.  ' 


yi.  ABSOLUTE  VAU5E,' 
THEOKEMS  ' 

6.1  If  a  and  b  lire  real  numbers,  then  \a  •  6|  «  |a)  •  ^  • 

6.2  If  o  and  :r  are  real  numbers  and  a  >  0,  then  |^|  4?  a  if  and  only  if 
,  <  X  <,a.    '       V  .  / 

6.3  If  a  and  x  are  real  numt^rs  and  a,>  0,  then      >  a  if  and  only  if  x  >  —a 
'  or  a  <  X.  f 

Cdrollary  to  Theorem  "6:2:  If  a  and  x  are  real  numlKJrs  and  a  >  0,  then  \x\  <  a 


if  and  only  if  —  a  <     <  •  < 


^oroliary  to  TTworem  6.3:  If  a  actd  «  are  real  numb«t8  iapd  a  >  0,  then  |«j'  >  o  • 
ifimd  only  ir«'<.  -a  oj-jf  >  a.  ■       r  ' 

•-e.^  If  X  end  jf  aife       number^  then  !«  +  >'!<  jsj-  +       .     ;  / 

VII.  CdMpLETTENESS  OF  THE  REAL  N*UMBER  SYSTEM 

THEOREMS  .     ^  .     ..  * 

7.1  If  a  sii^t  S  of  R  has  a  least  upper  bounds  th^  it  J^as  oi 
T.2  If  a  subset  S  of  H  has  aj|^at$fcyii»J«gr^liDUi3a,% 

Vin.  '  Nii^^RAL  NUMBERS  ^ 


POOTJLATES 


'  (a)  1  IB  a  natural  iiumber. 

(b)  If  n  is  a  natural  numbw.  the»  fi  +  1  is  a  n^iiural  nuniber. 

(c)  If  n  is  a  n^itural  number^  then  n  >  !•  ^      .  J  . 

(d)  If  h  im%  hattiral  nuxnb^,  theo  tiiere  is  no  natural  number  between  n  and 
*  n  4-  1;  i-e,,  foi^  no  natural' number  m  j»  it  true  that'  n  <  m  ami  rd  <  n  + 

THEOREMS  - 

8.1  ^  is  a  natural  number  and^n     1^  tisen  n  -  1  is^a  natural  nujEnber.  . 

8.2  Hie  set  N  of  natural^numbers  is^wdj-ordered.  ^ 

8.3  (Induction  Principle)  if  S  is  a  subset  of  N  mxdh  tlmt .  < 

<a)  1  is  in  S.  and  *  i  V  ' 

(b)  if  *  is  any  number  in  <^  then  As  +  1  is  also  in  S,  then  S  is  kll  of  JV. 

8.4  The  set  of  natural  numbers  is  ck^sed  under  addition.  \  < 

8.5  The -set  of  natural  numbers  is^ldsed  under  multiplication. 

8.6  If  m  and  ^  are  natural  ^lumbers  and  m  <     then  ^  —  m  is  a  natural 
number;  i;e..  there  is  a^naturaH  nufnber  p,  such  that  g  ^  m  -{^p. 

8.7  If.  ffis  a  natural  number  and  n  ^  a  -     where  each  of  a  and  ^  is  a  natural 
number  di%rent  from  1,  then  1  <  a  <  n  and  1  <  6  <  n.  ^ 

8-8  Every  n  itTN,  /s     1,  is  either  a  prime  or  has  a  factori^atien  as  a  product 
of  prii»€#  wjiich  is  unique  except  for  the  order  of  th^  fwrtors. 

^9  liet  n  be  a  natural  nlimter,  n  >'  1.-  'If  n  is  iiot  a  prime  thm  ^  has  a  prime 
divisor  p  su£h  that  ^n. 


iB.lO  The  mtN  of  naturalmumbers  has  no  uppest  l^ound.  * 

t841  (Arth£niedeaii  Propmy)  if  a  and    are  pt^twe  rest!  Qumb^ 

xi&tiu'al  numb^  n  fiuch  that'll  >  . 
8.12  If  a  is   positive       Quihber,  there  ia  a  natural  niunber  n 


/  r 


IX,  .  INTEGERS 


THEOREMS 


-/■■ 


9J  -If  a  and  6  are  m  /,  6     0,  ti^  there  eidst  g  and  r     /mush that  a  m  bq  +  r. 

andO  <  r  <'i6|.  , 
9*2  lfbi»  any  integer  gij^ter  than  1,  then  any  ix>9itiye^integer,  <f  m^y  be 
^  repre^nt§d  in  base  d  m  foUdws:  ^' 

d  -  Cu  +  ej6  +  C2b^  +   •  •  +  ch^^, 

w|iere  Co,  cu  Ca, , . : ,  c«  ajre  integera-greater  th;^}(  or  equal  to  asew  and  Je»s 

than  b.  '  \  :  % 

9.3  if  a  «  fcfl  +  r,  6     0,  then  g.c.d.  -(a,  b)  ^  gJM.  ib,  r). 
9A  If  d  «  g.c.d.  {€f,  d)«  wli^  a  9^  Q  and  6     O/then  tl]^  esdst  int^ser«  & 

and  /^uch  thatrf >  ka  +  Ib^     ^  *  // 


X-  ^  RATIQNAL  NUMpERS 


THEOREMS 


10. 1  There  is  no  rational  number  .-r  such 

f  '  :        .  . 

XI.  COMPLEX  NUMBERS 


THEOREMS 


s  a  ireal  numbiesr.  Ifc^^O  ti^t>  •  c  > 


11.1  If  ciB  a  complex  pumber,  then  c/Sp 
H!2  If  c  is  a  complex  numbCT  than  c  «f      (The  conjugate  of  the  conjugate  of 

^^^^-^  ■  ■  \       ■  .  "       .  '  " 

11.3  If  c  and  d  are  complex  numbai^  tlijnc  +  d-  e  +  cf. 

11.4  If  c  and  d  are  csjmplex  niiniber,  th^x  c  •  d  !^  < 

11.5  If  c  is  a  comptex  numbeip,  then  (c)"*  W  c',  for  each  natural  number  n. 


^  li.6  c  r  C; «  jf|^,|tbr  mch  hmphdx  number  e, 
i 


c 


13r.7  If  c  and  d  are  complex  numBei^'d  ^  Or  then  {  | 
Its  If  c  an^  d^re  complex  nmnbei^  then  |c;.rfj  «^  (cj  ^^\d\. 


II ^9  If  c  and  d  ore  complex  numbers^  d  ^  p»  thto      -  - 


ILIO  If  c  aiid  d  ar6  complex  numbers,  then  |t        <  jcf  +  \d\, 

,  •    •     *  •  • 

^111.  POLYNOMIALS' 
THEOREMS^ 

13.1  If  P(x}  dud  Nix)  are  polynbmiala  diid  N(x)  ?^  0,  then  there  are  unique 
/i>alynomials  (^(a:)  and  Hix)  such  thai  P(x)  -  Q{x)  •         +  where' 
Hix)  is  either  the  ^eio  polynomial  ojr  is  a  non-zero,  polynomial  whose 
degri^  is  less  than  the  degree  of  iV(li)  .  . 

13.2  Each  non-con&i4Utt  polynomial  P(lx)  has  a  unique  standi  factorization  t 
of  tip  forni  Fix)     c/  P|  (jr)  •  P^ix) , . .  P^ix),  wher^  c  is  a  unit  and  each 
of  P|(ac)/p2(^).  •  •  *  t  Pfe(*),  is  an  irredutlble  polynomial  whose  le|i(iing  " 
coefficient  is  one. 

1».3  (Remainder  Theprem)  If  P(x)  is  a  (real)  polynomial  and  cis  a  r€|il 
^    number,  then  the  ^»mainder  r  upon  division  of  P(x)  by  x  -  c  i«  a  constant 
polynomial,  and  r  -^  \P[o).        .     .  V 

13.4  ('Pactur  T^ieorem)  If  P(i)  is  a  non-constant  (real)  polynomial  and  c  is  a  ^ 
r^^al  nupiher,  then  c  is  a  rootjaf  P(:e)  if  and  only- if  x  -  c  is  a  factor  of  P(x). 

13.5  If  ^(x)  is  a  I'iolynomial  0  degree  n  >  Q,  thm  P(x)  has  at  most  «  roo^. 
yl3,6  If  P{x)     a^jr"  4  c«_ijc^:»  -h  •  •  •  +  atx  +  a^  is  a  polyhojnial  with  integer 

coefficients,      ¥^  0,/^»  5^  0,  ^"ind  if    is  a  rational  root* of  P(x)  written  as 

fraction  in  lowest  terms,  then  u  is  a  divisor  of  ao  Qjpd  v  is  a  divisoT  of  a„. 

13.7  (Fundamental  Tlie<>fem.of  Algebra)  irP(;r)  is  a  non-constant  polynomial 
with  ctimplex  number  o^effieients  then  there  is  a  complex  number  c  such 

•   that  P(c)  -  0;  i.ey  P(;i:)  has  »  root  in  the  field  of  complex  numbers, 

13.8  If  Fix)  is  a  real  polyjwnial  and^||i^a.c^mplex  number  which  is^  root  of 
.  .  P(x),  th^n    is  also  a  root  of  P(:c)r  * 

13.0  Over  tlie  fields  of  rational  numhere^  real  numbers,  and  comi/tex  number^, 
if  P{x)  and  Q{x)  are  different  poiynomiak  then  th^  deten^ne  different 
|M>Iynomial  functions.  ,    - V 


^  Xl^'  EQUIVALENCE  RE^TIONS  AND  GROUf»S  . 

'"'  THEOREMS   ,    ^     .  '  .  ■ -V  *  •  ^  ' \  ' 

a  and  6  are  integertf  o^d  m  k  a  positive  integer  greater  th^  then 
ss'fe  (mod  m)if  imd  only  if  a  —  6  is  cU^sible.by  m7 

*   14!^  If    6^  and  e  are  ii\tegers.and|  if  m  is  a  positive  integer  ipneateriJxan  1,  ibm 
(u^  ^  (mod  m)  if  aftd  o^Jj^if  a  +,e as  6  +  *  (mcxJ  m).4^      *  . •  * 

If  Ut  and  c  areintegei^  and  m  i^a  poelttiv^  integer  greater  than^lp  and  if 
a     b  (mod  m)^  then  ac        (mod  m).         \  •  -  /  • 

14.4  Jf  a»    an(jf  e  are  Int^gern^  m  ia  a  positive  integer  gi^eat^  than  1,  dhd  if  m 
and  c  are  relatively  primfe  and  oc     6c  (mc^  m),  the  a  ^    (mod  m). 

14.5  If  X  ii*  a  non-empty  s^t  and  dF  is  the  set  of  reveraible  functioiiahfrom  X 
onto  X,  then  G,  together  with  the  operaiioti  of  compo|it|t}n  of  functions, ; 
ina  group,  '  *  .  A 

^  14j6  If  a  an     aTe^\exmnt$4>f  G  such  tjhat  a  &  -«  6,*then  a  ^  e. 

44.7  If  a  and  6  are  element^of  G  and  a      «     theto  6.«       and  a  «-  fr'^^ 

^  14.8  If  a#    and^c  are  elements  of  G  arid  a  ^  b  «  "a  c,  th^  6  c. 

14*9  If  a  and    are.elf^menU  of  G  there  existsra  ynique  element  ^*of  G  i&uch  that 
*  a  Vx  *  6  ai^^  a  unique  dement  y  of  G  such  that  y «  a  «^ 

14.10  If  a  and  5  are  elements  of  G,  then  (a  •6)^^  6^V*c^^K 
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I..  SSTS.  llElAirONS  AND  FUNCTIONS    ;       '    *  *  \| 
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INTRODUCTION  f      .  -      .  ^        *  *      .  '* 

^    /'    .  •  ^        •      ,  .        .."  ■     '       .      ^  . 

Th<(  ixotiW  b£  a  ^'function**  i«  ooe  of  the  aost  importaiat  in  all  fiathe*- 

a^^t^cs.  >vXou  uxfdoubttedly  have  i^^dm  aa  to  wh§t  a  fuoctioji  la; 

tK^Wftvcf  the  definitloD&  givan'ifi^high  school  text  books  oiltep  differ 

deoaidarably  ixm  c^e  book  to  another.    One  definitloQ  given  in  «iny 
^'     •  ■  i  4^  *     •  *  . 

traditional  texts  is  the  following:    "A  variable   y    ig  said  to  be  a 

•  function  of  a  variabj|«   x    provide  that  if  a  value  for    x    ia  giveii 
then  a 'value  f or    y  ^  is  determined."*  Although  tli^a  def inition  "ia  in^ 
adequate  in  a^aral  reapecta»  it  dc»a  contain  the  esaential  idea  of 
a  function;  th^t  ia»  that  for  any  given  *Sr#lue''  for    x    there  16  / 
paired  with  it  aooe  *\ralue"  for    y.    It  Is  tbla  idea  of  paixlng\er-^ 

«  taln  ohjeeta  with  certain  other  objecta  which  is  fimdaaienta'l  in  any 
definlWon  of  functiotit*    The  definition  that  we  will  give  in.  thip  ^ 
unit*  ia  one  which  b^inga  out  most  clearly  this  firing  idea;  it  is 
used  in  many  of  the  newer  texts ^  , 

Another  notion »  similar  in  some  respects  to  that  of  functiqnt  ia  the 
notion  of  a  relation*    You  can  this^  of  many  situations  in  mathimat- 

in  which  there  is  some  kind  of  relationatiip  between  mathmatlcal^ 
bbjecta        (1)  less  than  or  greater  tha^  for  numbers,  (2)  congruence 
of  .polygons  in  geometry,  (3)  ^^erpetullcularity  of  lines  In  geometry > 
etc^   We  Introduce  "^le  concept  of  ''relation**  to  jiroS^ide  a.f  r^mew^k 
for  a  systematic  study jof  aome  of  .these  relationships.    Tlie  deflni^ 
tiona  of  f uhctioa  and  #eIation  yhich  we,  give  have  the  adyahtage  tliat^ 
a  function  is  a  special  icl;^  of  relation*  * 

In  the  defini tiona  of  function  and  relation  we  i*ill  use  the  terms  set 
^  ordered  pair.    We  will, make  no  attanpt  to  define  these  terms,  bu& 


w«  ^fttl  giv0  esiampllss  so  that  you       :  (develop  m  iQtultive  feel  for 
Mhat  they  meac^^  In  mathfioatics  we  h4v<i  to  take  certain,  terms  aa  baaic 
and  undef  ined,  otherwise  we  get  ihto'c^cular  ^e^soalng.  .  Consider  the 
^foliowing  list  of  "dictionary**  def in:^ons;  .  .  ^        '   •  \ 

••miaijer     a  collection  of  units  or  individuals/*  *  ! 

"colljgction  -  a  Rroup  of  obHects  or  Individualism."  , 
•*group  -  a  nuftber  of  persons  or  things.**  *  • 

Do  you  think  that  one  can  find  out  what  the  word  number  means  frc^  the 
aboye  defl^i^flP^?  '  •       .  /  ^        *  . 

As  indipated* above  we  take  the  term^  set^and  ordered  pair  as  undefinetf^ 
and  def  iniJ  function nattd  relation  in.  terms  of  these*.  To  a  c^taia  iex*^ 
tent>  which  terms  we  take  as  undefined  is  a  ^tter  of  cboi^i^  or  taste. 
We  could  define  ordered  pair- in  terma  of  set.    This  procedure  uses  ^ 
fewer 'undefined  terms*  but  the  definition  Is  sc^ewhat  artificia}^    We  • 
could  take  relat^n  as -undefined  and  defiiEie  the  o^er  terms,  in  terms 
of  this  pne^^  ^     .  ■     \   ■  ^ 

, .  .  .•■  ■■  -  ;^  ,  "  ■  •  '    '    '  '  :  ■  ■ 

A  definition,!^  neither  true  nor  false We  can^  However justify ^the 
£^ice  of  a  particular  definition  by  showing  that  the  concept  we  de-  - 
fine  has  the  properties,  we  would  intuitively  expects    .Some  commonly 
^ed  texts  use- definitions  of  ^function  Which  are  incorrect  in  the 
senae  that  the  concept  so  defined  does  hot  agree  with  the  one  ^ery^ 
body^uses/   Here  is  an  examples  •       '  ^ 

V    is  a  function  of    x   if  to  every  change  in    x    there  is  a  corre-  ^ 
sppnding  change  in    y  ,"  '        *  ' 

.  The  function    £    defined  by:    f{x)    «    1,  for*  all    x>  is  no^  a  furift-  - 

'  tion  accdrding  to  this  def  j^nitibn.    '      .  • 

<  ■ 

In  the  first  part  of  this  unit  sets  are  discussed.    We  will  not  g^^ 
a  de,tai^ed  exposition  of  the  theory '<of  sets  bilt  will  sickly  isvtroduce  ^ 
s(Hne  notation  and  terminology  which  will  prpve  useful  later. 


SETS  ■  .       '    ■  \ 

In  mathematics  the  word  set  is  used  to  refe^r  to  a  collection  or  aggre- 
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gate  of  objeccs*    Thus  the  words* s^t,  collection^  and  aggregate  are 
aynoxiy^.    The  objects* 'themselves  may  be  of  any-^ture^lftier  physi- 
cal or^  conceptual.    For  ^^xaipple;  we  speak  of  tlw^^i^et       lett;eVs  in  the 
aXphabetg  the  set  of  states  ^ih  the  United 'Stages,  the  set  of  points  on 
a  line  (li;i  geometry),  the  set^^of  xeal  numberfi»  the  set  of  ^solutions 
(or  solution  set)\o£  an  algebraic' equation, ^ etc.    The  objects  or 
tbings  which  make  up- the  collection  or  set  are,  called  ele^ehts  of  thie 
set«    Thus  we 'say  that    k    is  an  element  of  the  set  of  letters  in  th^ 
alphabet »  5_    is  an  element  of  the  set  of  real  numbers^  &tc,       -  ' 

List  the  eiement^jDf^he  s^t  of  positive  integers  less  than  6. 

r  -  -  -■--•v  -  7-  -  -       -  -  - : 

.ANSWER:  •    ■  "  /  . 

1.'2.  3.  4.-5.      ■  ,         '   .      ,     •  1  ;  • 

":'^V*"  ----------------- 

Sets  may  be  described  in  various  ways.    One  way  ia  <q  .list  the  members 

of'th^.  se^.    Thus  We  will  use  the  no|:atlpn    (1,  3,  5p  7)    to  represent" 

the  seT  vliose  elements  are  th^  numbers    1»  3»  S»  T^l    i.e.»  we  enclose 

the  listed  elements  in  braces.    The  order  in  which  the  elements  are 

listed  is  unimportant;  {1,        5v  7}    and    {3,  7,  1,  5}    are  the  same. 

s^.  .       ■   ^  .....  ^  V  /     ,  ,      .  ' 

\    ^  '  ■■ 

Using  this  notation  the  se't  of  letters  used  in  writing  the  wotd  nimtber 
would  bft  denoted  by  _j  .  - 

ANSWER:  I  /  • 

tb,  e,  m,  n,  r»  u)  ,    or    {n,  u,  m,  b,  e,  r}    ,  etc,     [The  order  itf  » 
'which  the  members  are  listed  ds-not  Important.]  '  .  ' 

VBien  listing  the  elanents  of  a  set  we  never*  list  an  element  more  than 
ince.    Thus  the  sef  of  digits  used  in  writing  the  number  30253  would 
be  denoted  by   .  •         ^  (  ' 


■  •       •    •  '  ' 

*<3,  0.  ^2,  5),    op    {0.  2,  3,  5},  et<:.    The  digit*  3  is  listed  obly 
once  .  . .  ^ 

,-  .      -  -  ...  ....  .    .., .  ._. ..  ...  .  . 

tft  cfta  also  describe  «  set  by  giving  a  distiifguishiug  property  of  the" 
relc»«nt«^of,  the  set.    Thus  the  set    {1,  3,  5;  7}    ©ay  be  described  M 
"the  est  of  xidd  vri^qle  nmbezB  b^ttiieen  b  ^od  8."    The  jiis^ii\guishing 
property  if(  that  of  %eiQg  #n  odd ^vhoie  number^  t^etveen  0  and  i3«"  Th^ 
set"^  coQisists  of  jirefiisely  those "^oB J ects  «vhich  have  tfiis  property. 

^Ifliy^s  it  not  correct  to  describethe  set    {I,  4/  9,  X6,  25}    as  "the 
set  of  integers  vViiph  are  perfect  squares"?'   (By  a  •'perfect  sqiiare" 
ve  a&ean  the  square  of  an  ILnte^er,) 


ANSWEH:  -  ^  '  .  -  • 

The  property  given  is  that  ^*0f  being  ,4n  integer  Which  is  a  perfect 
square    and  there  ate  other  nMiabers  ^ich  h^v^^this  property  but  are 
not  in  thm  given  sat        e.g.»  36,  l9»  etc/  > 

To  describe  a  set  by  a  distinguishing  property  we  must  choose  a  pro- 
^  perty  which  ts  possessed  by  avery  mmber  of  the  s6t  und  bV  no  felement 
,  4^t  in  the  set.  .  t 

iSescribe  the  set    {3,  6s  9,  12}    by  giving  a  distinguishing  property 
of  the  '    I    -  '  *  /  * 

The  set  of  positive  integers  leSs  than  or  equal  to  12  which  are  ®ujti- 
pies  of  3*.    There  may  be  other  correct  answers.' 


.-  % 


We  will  often  use  a  singj^e  capital  letter  to  represent  a  set.  ^or 
ample  we  sight  write;  .        .        '  • 

...  ." 
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A*-  {2»  4,  6.  8,  10}       '  •>  •  ^  .  V- 

and  ^  * 

^    *  the  set  of  positive  even  integers  less  than  or  eqxxal  to.  10. 
4i«re        represents  a  set  aiUi    B^*  r^reseats  a  set.    Is  the  sei:  A 
the  as  the  set    B?       .  .  ^  .« 


■  ^  ■  •  V 

Yes 


.  .  .  ^ 

If'  A  Mnd    B    are  sets  we  say  that  '  "A  is  a  subset  of  B*'    if  every 
elment'  of  A  is  also  $n  elesent  of  Ji.    Symbolically  we  write*  '^A  <Z  B*' 
or  >VB  3  A**"rdr    ^'A    is  a  subset  of    B"^    In  this  treatment  we  will' 
cocuirlder  every  set  to-^e  a. subset  of  itself;,  i.e. »    A   '  A    ioif  e^ery. 
set  A, 


Which  of *the  following  statements  are-  true?  * 

(1)  l^e  set  of  integers  is  a  so&set  o£  the  set  o£  rational  numbers « 

(2)  {2.  5.  8,  9}    3    {2,  5.  8h  / 

(1)    {-1,  2,  3}  C    the' set' of  Ipositive  integers. 

(4J    {a,  b,  a.  k)  3    the  set  of  letters  In  the  ward  "bank".  • 


ANSWER:- 

•       ■'■  ■  •  -  »• 

(1),  (2),  and  (4).     (In  (3),    -1  is  not  a  positive  integer.) 


Is    {2,  9}    a  subset' of  the  set*  {2,  5»  9,  11}?      .    .    Is  {9jj} 
subset  of .  the  se^   ^2,  5,  9,  11}?       '    .    Are    {2,  9}    and    {9,  2} 
different  sets?   .  , 


ANSUM: 


List  ^11'*  the^subsets  of  the  set    {2,  5>  9,  11}    which  hsv«  e»ac|iy  twg 

.    -  i  .  *    ■ .  ■   ■    ^  .. 


•     ,  •  ..■■■'.>» 

ANSWER; 


,  {2.  5},    {2.  9f:    {2,  li).-    {5.  9),    {5,  {9T  U). 

tl  a  Set    A    is^  a  sub'&et|  of  a  €iet    B    an4    H    is  also  a  subset  of  A» 


vhut        you  say  about    A    and  B? 


V  .  _ .  V._  _  ,  ^  _  _  - 


ANSWER: 


A    j|pd    B    are  the^^satae  set.  ^  ^ 

ordered'.  PAIRS  AND  CARTESIAN  PRODUCTS    "  " 

Recall  that  in  graphing  on  a  coordinate  planie  with  rectangular  coor- 
dinates  it  is  custcnaary  to  associate  with  each  ordered  pair    (k,  y) 
of  real- numbers    x    and    y    a  point  in  the,  plane.   'The  auctber^    x  and 
y    ate  called^  poordinatfes  of  tlje  point  or  tnembers  of  the  ordei^ed  pair. 

.Is  the  ordered  pair    {3»  5)    associated  with  the  same  point  as  the 
ordered  pair    {5,  3)?  ^ 

ANSWER:.^        '      '  .  " 

No.   '  V  _  .  , 


We  epeslE  of  "orderedi"  pa^  because  it  is^  necessary  tt>  distingyish  be~  ^ 
tween  pairs  with  tl^e  same  members  when  fhe  ^embers  occiir  in  different 
orders.  «Thua    <3»  5)  .  and    (5»  3)  .are  regarded  as  different  ordered 
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pairs  .  • 

♦  yie  £trat  cifeiabter  of  th«  ordered  pair    <5,  3)    is  the  nufiber  ^  ,  and 

^  •       *  ■  ■  * 

tf/e'  liecoad  BU&mber^  is  the  number  '         •      ^  y 

'  t  -  -  -  -  -  -  —  " -r  -  -    -  '  —  - -  -  r  -  -  -  - - 

'answers  . 


>         "  -  -     ^  ^1  1.  «  -  -  .  _  -  J  

Which  Qoe  of  the  order  pairs    (X,  2)V,  (2,  4)»  (3,  2)/  (4,  3)    has  - 

.    itii  first  i^^ber  froia  the  set  ^  {!»  2,  3}  and  its  second  member  from 
#  the  set    (3,  ^}? 


iWSMER;  -  . 

C2.  4)  ' 


The  first  and  second  meabers  of  an  ordered  pair  i^y  be  the  samet.  as  , 
for  example  in  the  ordered  pair    (3»  3)rju^ 

,^       '    ✓  .     .  •  ■    •  ■ 

List  nXl  the  tvo-elefflent  sets  that  can  be  fonaed  with  one^ element 

\  /  '    •  • 

from  thfcrset    {1,  2,  3)    and  one  elonent  frcsn.the  set    {3*,  4).  (B*^ 

care|ulO        ^  .  > 

3)^  {i,  4},  f2,  3),  {2,  4},  {3,  4).    No tV  that    {3,  3)  i8>BOt 
included  since  it  baa  only  one  element t  3.    The  notatign    {3»  3}  is 
a  violation  of  our  agreement  i^t  to  list  an  element  of  a  set' more 


i 


^  %    ^han  once. 


^  .  >-------•-■-----------■-----:- y-----. 

♦It  will  save  you  some  confusion  if  you  will  try  to  use  consistently 
thft  notation  that  we  have  adopted •    Always  enclose  the  lijft^d  ele- 
laaents  of  a  set  in  braces  while  using  parentheses  to  enclose  the  mem- 


7 


FRir  '  ' 


beirs  of  an  ordered  pair.    You  should  thus  vrittf  "the  set    {2,  4}*'  but 
"tha  ordered  pair  *  (2»  4)",    Ttie  choice  of  this  no^a^iou  is  of  pcmrse 
arbitrary  but  consistent  use  of  i't  will  hf Ijp  to  prevent  your  coi^ua- 
lng^"aet"  with  "ordered  pair". 

List  ail  the  ordered  paiVs  that  can  be  foteed  with  first  m^'erg  froiQ 
the  set    il^  2»  3}    and  with  second  meoibers  fro®  the^set    {3/  4}. 

-  ^  " "         z.'  -^  ^  -  -  ^  ,^  -  •  ^ .  ^ 

•'ANSWER:  ■•■.'■*«'  ' 
<1,  3),  (1,  4)r(2.  3),  (2.*4);  <3.  3)/(3/4),  — 


The  ordered  pairs  in  the  discussion  above  have  m^^ers  which  are^  puir- 
bers.    (tore  g^ner#lly»  we  can  speak  of  ordered  ^air^  whose  ambers 
are  objects  of  any  kind. ^  We  will  see  examples  of  ordered  pairs  whose 
members  are  iipt  nu^ers  a  little  latere 

\  ■        .    :   ■  .  \  '  .  •  • 

In  mathcssltics  we  are  often  concerned  with  sets  of  ordered  paiu; 
i»g.,  sets  whose  elmen^s  are  ordered  pairs«    Consider  tiie  set 
IU»  2),  (3,  5)^  (-4,  2)}*    The  elemeats  of  this  set  jSVe  %dered 
.pairs.    Is  the  number  3  an  elment  of  the  set?    .       .  * 

•  ANSWER:       •  ^  '     '  . 

No  (3  is,  not  aa  ordered  pair).  The  ordered  pair  (3,  5)  aa  element, 
of  thp  set.  ,  ^  '/ 

•                                          >                          •         ■  ■ , 
_/A  •«  _    _ 

How  many  elements  aire  in  the  set  of  or^red  pairs  .  {(1,  2),  (2,  4), 
(3.  .2),  (4,  3V?    -      .    ^  ^       .  '  ' 


ANSWER:     -    .  -  . 

Four;  the  «|leneats  are  ordered  pairs  and  there  arfe  four  oxtered  pairs. 


DEFINITIpN  1.1:.    As(^ume  that  each  of    X  .and^  ¥    i*  a  Bet;  X 
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suiy  b«  the  same  met  or  differe|it  «et«.    Ilie  Xarteslan  product  of  X 
and   Y    la  thm  sat  of  ail  ordered  pairs    (x»  y)    such  that    x    U  «» 
elemeat  of    X    and    y    iM  an  elen^ht  of    ¥.    We  deaota  the  Cartesian 
product,  of  -X  ♦and  Y    by    X  ^<  Y    .{read    "X  crosa  Y'*),^ 

Th^  Cartaaian  product  X  «  Y  of  seta  X  and  Y  should  not  be  con- 
:fuaad  vfch  the  ordinary  product  of  m^tipHcation  of  niaal>er&. 

tmp    X   -    {1,^  2,  3}    and   Y    m /  {2,  3,  5}-  ^  ' 

X  «  Y    la  a  aet  anid  each  i^lenent  of    X  «  y    is  a(n)   : 


ANSWER:  *        ,  O 

ordmrtd  pair,       ^  , 


^    i*.  {I,  2,  3}    Y   -    {2,  3,  5}       '  . 

*    ,  * '  '      '  '  • 

Which  of  the  following  oiriiered  pair?  are  elements  of    X  x  Y?    (2,  1), 

(3,  1).  (3.  3).  <2.  5).  (sl  2). 


ANSWER: 

(3,-3!  and  (2.  50- 


X    .    {1^  2.  31    Y    -  .{2.  3.  5} 

(1)  List  alX  the  members  of    X  Y. 

(2)  tist  all  thfe  members  .of    Y  *  x/ 


ANSWER: 


f 

CI}     (1.  2),  <X,  (1.  5)^  {2.  2);  (2.  3).  (2;  5).  (3.  2).  (3.  3), 

C3,  5)?  ■  .  , 

(2K  (2.  1).  (2.  2).  i2i>  3).  (3.  1>.  (3,  2),  (3,  3).  (5^  1).  (5,  2), 


If  %  i«  a  set  with  two  ele&eats  mi  Y  is  a  set  with  three  ele- 
aents,  how  axaay  ordered  pafrs  are  In  the  sey'  X  x  y?  the  set 


6.  .  ' 


/ 


Let    X    «    (l,  2,  3»  4}.    Is  the  set    (l,  3,  41    a  subset  of  X  x.x? 

Why?  .  •        ■  • 

*  .  O  .  .. 

ANSWER:  ,  .    •  •  -  - 

Ka,  btecause  the  eleseots  1,  3,  and  4  are  not  ordered  pairs » 
{I,  3,  .4)  'i^  a  subset  of  X. 

Fiod  aeta    X ^  and    Y  'audi  that  ^ 


X  X  Y 


■  '<(5.  1),    (7,  3),    <3,  3),    (5.  '3),    (7,  1).    (3\  1)}. 


ANSWER:  , 

X    -    {5,  7,  3).    Y    -    {i.  3)  .  •  '  , 

_     .  •    '      •  .        .       ^      \  ' 

^If  (x,  y)  is  an  eleaent  of  the  Cartesian  product  of  the  set  of  in- 
tegers ahd  the  set  of.  rational  numbers,  then  x  is  a(n)  ^  and  y 
i»  a(n)   •  ^  * 


ANSWER:  1  ' 

integer; 

rational  aun^eri  * 

■  ■.        ■   •  air 
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la  gra^hioij  oa  a  coordiiifiitft  plane  li^th  rectaxigular  cQordinates^  an  or-^ 
dmtfid  Pftir  (x^  y)^  which  ^ives  the  coordloateii  of  a  point  Is  an  ele- ' 
MUt  of  tha  Cat^aian  ptoduct  of  the  aet  of  raal  nus&era  and.  the  sst 


ANSWER: 

b£'  raa^  numbers  * 


RELATIONS      -  ^ 

One  of  the  moat  important  ideas  in  mathesBatlcs  is  that  a£ 'a^  cbrregpon-  . 
'daiica  between  ^he  el^enta  ot  a  set    X    and  li  set   Y    (where   X    and  "\ 
Y    laay  be  the  jiiuiia        or  different  sets).    We  speak  of  auch  a  CQrre- 
spondance  as  a  relation  between  the  elements  of    X    arf^    Y.    (^nsider  » 
the  sentence    "A    is  the  father  of    B*'«    This  aentence  will  be  true 
f i^r  many  ordered  pairs    (A,  B)  .  of  people  and  false  for  others  •  *'Is 
the  fiither  of^*   describes  a  relation  between  people,  ^  . 

Aa  another  example,  consider  the  sentence  Is  less  than   y"^  where  ^ 

X    is  in.   X,  y    is  in   Y»    and    X   «   Y    -    the  set  of  al^  rest  num- 
bers,   the  sentence  determines  a  subset  of  ,  X     Y   which  ifi(  the  set  of 
aillordered  pairs    (x,  y>    for  which  the  sentence  is  true.    "Is  less 
tl\an'^  describes  a  relation  between  numbers.    Relation  involving  the» 

comparison  of  a  pair  of  el^ents  are  Known  as  binary  relations.  The 

>  ,  ■  ■ '  '    '  ■  .  ' 

two  examples  discussed  above  are  examples  of  binary  relatiox^. 

Thus  far  we  have  been  discussing  thi^ ;:oncept  of  relation  in -a  gener£^ 
wa^,  without  making  a  formal  definition.    We  nqw  proceed  to  do  this.. 

DEFINlfloy  1.2:    A  giiiarv)  relation    R   between  a  set    X    agd  a  set  . 
Y,    is  a    non-empty  subl^et  of    X  x  Y.   \hus  a  relatidp  is  a  set  of. 
ordered  paire^ 

(Note:    The  term  "nonreapty"  .  above  simply  means  that,  the  subset  con--  • 
tains  at  l^ast  one  e^lement.) 


If    R    in  a  relation  between    X    and  we  say    x    la    R-telated  to 

y    and  ttriU   x  R  y    if  and  only  if    x    lit  in    X,    y    is  in   Y»  and 
the  oTdared  pait    (x,  y)  ia  in  the  subset^, of    X  >  Y   lAich  is  the  re- 
iatioii,  i.e.^    (x,  y)    is  ii^  R/ 


Ut  -  {1,  2,  3>  4U  Y^  -  {2,  3,^4},  and  let  R  be  the  set  of  all 
»  ord«r»d  pairs,    (x,  y)    where    ?c    la  in   X,    y    Is  io         and   x  ^  y. 

-tBoas  this  define  a  binary  relation  between    X    and  Y? 


-   ^  — ,  

■  .  • ;  J    ■  ■■ 

ANSWES:  ,                                   i  A 

Yet.          '     ■  •     •  '                                *  . 


Let    X   -    {1,  2,  3.  4},    Y        {2.       4},    and  let    R   be  the  set  of 

(ill  arijefsd  pair ^.jVjCx,  y).   wfidre    ^  is  in    X,    y  is  in   Y.  and 

Llat  the  elements  of ^ the  set    R.  "  . 

ANSWER:         •      /  ,  '  | 

•Jf  2).  .(3,. 2),    (3.  3>.    (4,  2).  ■  (4,  3),  (4.  4)}. 


Give  the  subsets  of  X  «  Y  which  are  the  relations  defined  fey  the 
fdilowing  sentences,  where    x    is  in    X    and   y    is  In  Y. 

X    -    {3,  5}    and    Y    -  .{1,  6,  9). 
(a)    k  <  y. 


ANSWE^f  / 
(a)    U3.'  6),'   (3,  9),    (5,  6),    <5.  9)}| 


X  -  (3,  5}  and  Y-  -  {l,  6,  9), 
(b)'    ^  >  y. 
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(b)  {t3, 1),  (5, 1)}  :  '  ' 

-    {3,  5>    MKl    Y    -    {1.  6,  9}.       ;  • 
<c)    X  t  y    •    10.        '  ' 


<c)    Thar*  are  nb  prdet«d  pairs  '  (x,  y)  x  T    «ttch  that    x     y  - 

^0.    Hiar afore  no  delation  #E is ta. 

■  *      ■  ■   ■       -r.       '  •_  ■   ■  _  -  ^      ■  • 

y      i  *         y  •  .  '  *  ' 

X   -    {3,  5).  and   Y        U,  6,  9).     ,        ,      •  ;  • 

(d)    X  +'y  <'lO.         '  - 

-     \^        *^   ^    «    ^    •■'^'\,,»  -    *  -    ^   «P    ^         *   ^    -         ^         ^  ' 

, ANSWER:  ■. 
^(dX    {^3,  l)\    (3,  6>^    (5,  i^K  , 


^  .    X   -    {3;  5}    ana   Y    -  6.  9). 


1 


ANSWERS..  ,  o 
(e)    U3.  9)}* 


X  -  {3,  a)  and  Y  -  il/^..^> 
(f)    X    ia  a  factor  of  4y. 


ANSWER ;  c 


/   (f)    «3,  6)  I  (3,  9)}, 


The  elemental    x    and    y    Iji  the  ordered  pair    (x'g  y)    are  called  th^ 
firMC  aem^er.iind  the  second  meaiber,  respectively.    It  may  happen  that 
in  the  ordered  pairii^  that  make  up  a  relation  between  a  set   X    and  a 
»et  not  all  the  elaaent8/<tf    X    or  of    Y    will  appear,    §ince  we 

vill  want  to  refer  to  the  set  pf  all  f ir^t  members  and  the  set  of  ail' 
second  memben*  tha£  actually  do  appear «in  the  ordered  pairs  in  the  re- 
l^tion^  It  will  be  convenient  to  have  names  for  th^.    Accordingly,  we 
pjake-  the  following  definition*  i  *' 

DEFINITIOK  1.3:  'If    R    is  a  relation  between    X    and    Yj    then  the 
set  of  all  first  members  of,  ordered  pairs  dn    S    is  called  the  domain 

of  K   and  the  set  of  all  second  membefs  is  called  the  range  of  R. 

*■  *  •  ' 

,Let  X    -    {-7,  -4»  -li  2, '5),    Y^  -    {0,  1,  .2,  3,  4}»  and  let  be 

,the  aet  of  all  ordered  pairs'  (x^  y)    where    x    is  in    X,    y    is  in 

Yp  and    X    «    3y  -'4;.  . 

(a)  List  the  elements  of  the  set  R. 

(b)  List  the  set  of  elements  which  is  the  domaia,^a£_£-_ 

(c)  List  the  pet  of  eiem^entb  which'  is  the  r^e  of    R.        .  . 


ANSWER:  • 

(a)  g    «    {(-4,  0),    (-1,  1),     ('2.  ly,  JS.  3)}.     :    \  [ 

(b)  {-4,  -1,  2,  5). 

(c) ^  {0.  1/  2,  3),  ^ 
(Remember^o  enclose' the  listed- elements  of  a  set  in  braces*) 

DEriNITION  1.4:  For  any  binary" relation  R  between  X  and  Y,  con- 
si^tin^  of  ^  set  of  ordered  padrs  (x»  y)»  there  is  a  second^elation 
obtained  by  reversing  the  ^fembers  in  each  of  the  ordered  pairs  of  R, 
and  thus  obtaining  tlie  set  of  ^ordered  pairs  jy^^in^  J|his  new  rela-- 
tion  R'^  j.B  said;  to  be  the  ittverse  of  the  relation  R.  The  ordereji 
pair  (y,  x)  is  In  R:^  if'and  only  if  (x,  y)  is  in-  R.  That  is, 
yR  ^x    if  and  only  if    xRy  » 

The  roles  of  the  domain  and  range  are  interchanged  for  the  inverse  of 
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a  telacios  so  that  the  4oisaia  of  R"^  la  tine  of  K  and  the 
of    i   ia  the  range  of    R"^.  *  * 


ANSWER;  -  ' 
dooiain  * 


1^ 


Ut  X  -  {3,  7,  11},,  Y  -  {4,11},  and  let  R  be  the  aet  of  all 
ordered  palra  .  (x,  y)  'In  X  k  y  auch  th^t,x  <  y.  Thep  R'^  would 
be(_^  aet  of  .all  ordered  paita  (y,  x)  in  Y  x  x  such  that  x  <  y. 
(a)    Liit  the  ordered  pairs  in  R.. 

(b>    Llat  the  ordered, pairs  in    R"^.,  ^  ,  ' 

(c)  What  ia'the  dooatn  of    R?  of  R'^?   , 

(d)  :<  What  is  the  range  of    R?   _^  of  R"^?  ' 

ANSWER:  ...      ,     ,  ,-.  ^ 

(a)    R'*    {(3,  4),     <3,  11),-  (7,  11)): 

<b)    R-^    -    {(4,  3),/  (il,  3),    (11,  7)}.  '  " 

(c)  (3.  7);    {4.  11} . 

(d)  {4,  11}':    {3,  7}. 

A  reIiit;^oii  is  often  defined  by  means  af  an  equation-  or  an  inequality. 
The  cquatloijj  or  inequality  may  contain  vari^iies,    »    and    y>  which 
refef  to  sets    X   and    Y    of  real*  i^umbers  •    The  set  of  ordered  pairs 
(x.  y)    fpr  which  the  equation  or  inequality  is  a  true  statement  is  a 
aubaet  of    X  ^  Y,^  ^nd  ^  a  relation^  ,  10%  relation  may  bm  graphed  in  a 
C06rdinfte  ^lane,  since  it  is  a  set  of  ojrdered  pairs  of  real  numbers  a 

Suppose  X  *  {2,  4,  6),  Y  -  {1,  ?},  and  the  relation  is  the  set/ 
of,  ail  ordered  pairs,  (jc,  y)    '^lere.x    ia  in   X,    y    is  in   Y,  and/ 


(a)  List  thft  prdftred  paite  in  the  relatioti* 

(b)  Ura^  a  grapih  of  the  relation. 

(c)  What  ia  thu  domain  of  (he  relation? 
^d)  What  i«  the  range  of  the  relation?  -  ^ 


ANSUER:  '  ' 

(a)    (2.  1),    C6,  3). 


<fa>    The  graph*  cona is te  of  jtist  ^he  two  points,    A(2,M)  and  ^B(6,  3). 


y 

2-  - 


■B  (6,3-) 


Ir-     -  A  (2,1) 


ttt 


S  6   7  8 


(c)  The  set  §). 

(d)  The  aet  (1,3). 


Suppose  X  -  Y  -  the  set  ol  all  r^l  aun^ersT  and*  the  relation  R 
is  "the  set  of  all  ordered  pairs    (x»  y)    such  that    x    »  .2y  -  3.  / 

(a)  Three  ordered  pairs  in  the  relation,         are    (0,   /  - 

(  1,  0)i    and    (i^.  ^ 

(b)  Draw  the  graph  of         "^^(Be  careful  to  note  that    R    contains  all 

•  .         '  ^*  ' 

prdfered  pairs    (x,  y)    such  tha^   jt        2y  -  3.) 

■  1........:.^.........:...  


ANSWEH: 

<a)     <0,  3/2) 


(^^,  0),     (5,*  4)  . 
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R«f«r  to  the  preceding  exaaple.  Three  ordered  pairs  in  the  |reIatlon 
r?    fl*e    <1,  ;  ),    (  5),  and    (Cp^^  ).  '  _^ 

'  ■'    •  ,     >•   '        •  ■  - 

ANSWER:  ' 

(1,  -1),  <4.,5),  (0.  -3).  - 


To  sketch  tlm  graph  of  tfa  equation  1&    x    and  .  y    it  is  cosm&cn^  proce- 
dure to-^  construct  a  tab Xe' of  values  fo^    x    and    y.    For  a^spXe,  If 
va  wate  interested  in  sketching  the  graph  of  the  equation;  )| 
near  the  .origin  ve  might  construct  the  following  tab! 


0  . 
1 

■1/2 
1/6 

•1/4 


/  0 

.-1 

m 

-1/8 
1/64 
-1/64 


■  f 
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In  CQxistructiog  this  table  we  have  actually  found  ^evei)  of  the  order*** 
fsd  paii^ii  ia  then  relation    R    conj^l&^tVng  of  all  ordered  pa li-s    (x^  y) 
oC  ra«i  numl^ara  auch  that    y    «  To  sketch  the  graph  we  plot  the 

pointa  in  the  x»y.^pldn^  determined,  by  the  seven  ordered  pairs    (0^  0}» 
(i,  1),  (-1,  -1)^  (1/2,  1/8),  (-1/2,  -1/8),  (l/4p  1/64),  and  (-1/4.  ^ 
«rl/64)  •    Then  we  draw  a  smooth  curve,  passing  through^the  plotted' 
pointa.    Note  that  we  could  n&t  possibly  writ§  down  ail  the  ordered 
pairs  in  the  relation    R    sltece  there  are  an  infinite  pumber  of  , 
these*  I  '  ^  4 


Although. in  algebra  we  are  ptimariiy  concerned  wi.tir  relations  involv- 
ing nuiibers,^  the  *con:.ept  ofi  relation  penoeates  all  ofv^atheaatlcs^  and 
umy  otcur  in  many  different  waysv    In  gepmetry,  for  ex^hle.  we  find 
relations*  between  pointa,  linej&t,  planes,  angles,  segments,  polygons, 
etc*    As  an  Illustration,  cpns^der  the  sentences: 
(a)    l-ine    i    "is  parallel  to"    line  m. 
.(b)    Triangle    ABC"  "is  congruent  to"    triangle  DEF. 
(c;)    Angle    A    '4s  supplementary -tt)"    angled  ^* 

Each  of  the  sentences  (a) ,  %(b) ,  (c),  describes  a  relation;.    For  ex- 
ample;  in  (a)  we  are  describing  the  set  of  all  ordered  pairs  /  (t,  m) 
such  that    ^    and    m*  are  l^ines  and    ij  lm.    In  (b)  we 'are  describing 
the  ^et  of  ali^  ordered  pairs  of  triangles,     (ABC,  DEF);  such  that 
A-ABC         A-BEE.-  .  . 

What  relation  \sdescrlbed  tn  exkmplfg  (c)? 


ASSWERt  ,  :  ,  ' 

(e)  desfcribes  the  set  of  all  ordered  pairs  of. angles    (A,  B)  such 

that    A^and    B    are  lupplemet^tary  to  each  other*  .  . 

In  the  preceding  escaiaples  the  words  in  quotes  are  tiie  defining  words 
of  the  relations*  Tlie  phrase  "is  vertical  to"  in  geometry  describes 
a  relation  between  a  set  of  angles  and  •  , 
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.  ANSWER:  ■■  /     '  '  .  ' 


Why  doM  the  sentence  '^Aagle   A    i«  >  yertlcal  aijgle"  fail  to  define  « 

ANSMEH:  _  ^     ■  .'—        '       _    \        '  '        '      •  * 

It  doMf  apt  give  a  proper^ty  of  gaira  of  elMents,.  The  notion  of  ver- 

tfcal  angle  always  involves  a"  pair  of  angles;  so  the  given  sentence  Is 

Of  ti)e  following  sentences »  soise  describe  relations  an^  soro  do  not. 
The  variable^   x   wuA^  y    r^fet  to  tl]ie  set  of  real  nua*(^rs; 

Check  th^  sentences  which  ^o  nqy  describe  relations* 

(a)  y^    •    X  * 

<b)  Trimble  ^  ABC    is -isosceles « . 

Ci^)  A0&ie    A    is  ji^n  alternate  interior  angle.  ] 

.j^d)  Triangle.  ABC    is^siiailar  tb  triangle  DEF. 

(e)  Line   m    is  perpendicular*  > 

<0  Angle    A    Is  a  right  angle. 

ANSWe(;  -•  ... 


_  _ . _  _  _  ^  V. .  „ ...     . .  _ . 

In  sentence  (a)  ^bove,  describe  the  relation  completely  in  t&rms  of 

<         ■  .  ■ 

ordered  pairs.  ^^yr^  .^--^  *  ' 

Th«  reitftiou  is  the  set  of  all  oAe^ed  piirs    (x,  y)    such  that  x 
and    y    are  real  nuab«r«  and   y^    -    x.    (It  is  also  correct  to  write. 


**The>^0lation  in  the  &&t  of  all  ordered  pairs    (y,  x)    such  that  x 
and    yt    are  real  numbers  and  •    x,"'  nie  uaual  notation  for  writ- 

ing ordered  palra  involving    x    and"  y    is  to  write*  x    as  the^^rst 
member  and^y    aa  the  aecond«    Although  we  will  ado^pt  this  convention 
here.  It  should  be  noted  that  the  decision  as  to  which  variable  ^ia  to 
tie  written,  flrat  ia  entirely  arbijt^rary^    Once  the  variables  in  the  or- 
dered pair  have  been-Bpedified*  however,  the  ordered  pairs  in  the  're^ 
lation  mu9t  confotm  to  this  i^pecif icatioigi«) 

^.  ■•  • '  ^      \  ^   ;  '  .  <N  .  ■ " 

FUNCTICMiS  *  .  ♦  *  ' 

DEFINITION  1.5:    A  functional  relation  or  function  is  a  relation  in 
which  no  two  ordered  paira  have  the  same  firat  member. 


From- the  definltion.we  see  that  for  no  x  \can  .we  have  ordere'd  pairs 
(x,  y,  )    and    (x,  y^ )    in  a  function  if  '^y     «    y  • 

Which  of  the  foll'i^ing  relations  are  functions? 


(a)  the  relation  {(-2|  4>,  (-1,1),  (0,^0),  (1,  1),  (2,  A)\ 
<h)    the  relation    {(4.  -2),     (I,,'  -1).     (0,  0),     (1,  ^) ,    (4,^  2)} 

(c)  the  set  of  all  ordered  paira.    (x,  y)    of  Integers    x    and  y 
auch  that    x,  «    2y.  « • 

(d)  the  s«t  of  all  ordered  pairs  (x,  y)  of  real  nuti^ers*  x  and  y 
.  '    such  that    y^    *  ,x. 


7 


ANSWER:  '  * 

(a),  and  (c).  yin  (b),  {1,  -1)  and  (1,  1)  are  differ^t  pairs  with  the 
same  first  member.    Xn  (d),  these  same  two  pairs  occur. 

Since  a  function  is  a  special  kind  of  relation,  the  notions  of  domain 
and  range  are  already  defined  for  functions.  .  What  are  the  domain  and 
range  (k  the  function  given  in  part  (c)  of  the  previous  question? 
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ANSWER* 

dooain;    tlie  Met  of  €vea  iptegery.^  /  . 

>«nget      the  «et  of  Ititegers. 

(It  Mhould.  be  noted  that  the.  fuaction  in  part  (c)  Ig  defined  oyer  the 
Integers,  and  not  the  real  niuaberg*    Th^Sdefining  sentence    x  ^-  2y 
guar^teee  that  for  any  choice  of  integer  f oi>  the  ae:;oiid  coordinate 
y    in  the  ordered  pair    (x,  y)    the  first  coordinate    x   will  be  2^ 
timaa  dn  integer ^  and  hence  an  even  integer 

lu  the  following  relation  a  function? 


The  «et  of  al'l  ordered  pairs    (x,  y) 

<of  integers    x    and    y  such 

that    y    -    2x  +  1? 

ANSWERS 

■         t.  • 

•What  are  the  dooaln  aod  range  of  the 

above  function? 

ANSWEEi 

dos8ain:^the  set  of  integers^ 
Tange:  ^  tfte  se^t  of  odd  integers. 


We  can  completely  de&ctibe  a  function  by  specifying  its  domain  and  a 
rule  of  correspoaderice  which  pairs  with  each  element  of  the  domain 
soiae  unique  element.    The  function  so  described  consists  pf  all  or- 
dered paixs    (x,  y)    such  that    x    is  in  the  domain  and    y    is  the 

.'•,.»  '  '  ■ 

el«ttent  paired  with    x    by  the  rule. 

"    '  .    '  ■     ■      ■  ,  '  '  .  '   ,  ■  . 

Consider  the  function  described  as  fallows:    the  dcmain  of  tKe  fu^c^ 

tion  is  the  set  {1^  2»  3,  4,  5,  6/7,  8}  and'the  rule  is  —  pair  up 
with  each  elwetiit  of  the  domain  the  number  of  its  positive  integr;ai 


divifiors.  For  exra&ple»  -  the  ordered  pair  (6*  4)  is  in  the  fimetioa:* 
bepLO&e  the  i^ua^^r  6  has  4, positive  Inte^al  diylsors*  vis.  It  !;2|  3». 
and  6«    Liat^ali  tjie  ordered  pairs  la  thr^ii€tlon« 


ANSHERt  .  * 

(1,  I),    (2,  2>.VC3.  ^i.    (4,  3),   '(5.  2),    (6,  4),    (7.  2).,    (8.  4) 


Deacribe  the  function  {(2,  4)i^  (4»  16)»  <6t  36),  (8,  €r4)}  by  «iv- 
ing  ita  domain  and  a  rule      correapoiAence.  ^  .  ^ 

-  »  -  ^  -*  -     •     -  -  ^  *  -  ^     -    ..-^  ^  ^  ^  ^ 
ANSWER:  .  ... 

Domain:    {2,  4,  6,  8},  Rule:  j^air  up  with  each  element  of  the  doisain 

ita  aquare.   '  r    ■  -  "  ^ 


tte  have  diacueaed  previously  the  idea  of  constructing  ^rapha  of  rela- 
tions uhoac^  elesents  ari^- ordered  pairs  of  numbers.    We  can  often  tell 
iss&ediately  from  the  graph  of  auch  a  relation  whether  that  relation  ia 
a  function. 

What  property  will  the  graphs  of  functions  have  to  distinguish  them 
from,  the  graphs  of  tf^lationa  which  are  not  functions?    (We  assuxse  that 
l;he  0rde]|^ed  pairs    (x,  y)    ia  the  relation  are  graphed  in  the  usual  , 
way  on  a  rectangular  coordinate  p^lane.) 


ANSWER:      . .  •      -  . 

No  vertical  line  will  contain  two  or  more  points  of  the  graph. 


W^^ibh  of  the  following  are  graphs  of  ^functions? 
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(iO,    <b),    and  <d^  •  ^^'^ 

In  cxA&pIea  (c)  and  (e)  the  y^axla  aontaius  tiro  points  of  t;he  graph « 
Thufi  ,^ach  of  uieae  relations  contaiila  two  ordered  palrs/wltb  first 
meober  Q« 


FUNCTIONAL  NOTATION 


If    f  Menotu  a  ctirtala  {unction  aad  If    x    Is  an  elssent  of  the  do' 
isain  of    f.  than    f  (k)  (finad       of  x")    is  i,}sa<f  to  denote  the  element 
i>i  the  rangeji^^^^itucb  is  paired  with   x«    Thusi  if  the  ordered 
pair    i'^^k)    l\in  the  function    f»  we  would  hrfve    fj[3)  - 


ISUER: 

(3)    •  18. 


The  reader  is  warned  against,  interpreting    f(x)    as  jthe  product  of  f. 
with   X.    As  stated  fhove*  the  symbol  <^ftx)M    is  simply  a  convenient 
notatianal  symbol  used  to  denote  the  el^tent  of  the  range  of    f  vbich^ 
Is  paired  with  Thus  if    x    is  an  elment '^^the  d(^iain  o^f  f> 

the  ordered  pair  .(X|  f (x))    would  denote  an  ordered  pair  in  ;f. 

Wbfltt  difficulty  would  we  encounter  if  we  tri^  to  use  the  notation 
f  (x>    for  a  relation    f    which  was  not  a  f unctibn?  « 


ANSWER:  '   .  ^  ■ 

f (x)    would  not  W  unigueiy  defined  for  eoEafe    x.    For  a^  .^^s^  Pne  x 

in  fcife  dc^ln  there  would  be  two  or  more  ordered  pairs  with    x  km: 
f irst  MBfflber. 
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the  abbvc.aotation  1«  very  helptul  in  giving^,  a  r^ie^of  cor^pondence 
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which  de^cribM  a  fuoetion. 

Let  f  be  the  functionr  deacribed  by;? 
fix}    •    i|2     2,.  tor        real  tii^grs 

*     *      ■  • .       *  •  •  '  •  ,  •         .  , ,  •  . 

The  4oouiin  p£  f  le*  the  eet  of  real  auali^ers  aod  the  rule  of  cor- 
reftpondence  la:    for  each    x    in  the.d<maln»  pair  w|th   %   f.he  number 


3  -"-.:  -  L  ^  ^  .   1.  •  ^  ^  -  -   !  • 

The  equation    S(x>    •        +  2  *  Is  often  incotrec^ily  referred^to  aa  a 
function.    The  equation  is  not  a  function  but  gives  a   whlch^  to- 
gether wlUi  specification  of  tke  dc»iain,  coi^letely  descr4be8  #f unc- 
tion*         ;^                       .     .  \       "  *  ' 


AKSWER:  \ 

rule  of  correspondence 


The  equation,  y  -f  2    defines  the  above  function    f  •  .  f  ^  con- 

sists of  all  ordered  pairs    tx»  yf  of  real  ntimbers    k    and    y  such 

■  *        t'  ..... 

that  the.  ©quMtlon  holds,  JSote  th^t  in  the  ordered  pair    <Xj>4c}»  x 
dfcrotes  a  numbe'r  Sn  the  detain  of    f    and    y   denotes  a  q^ber  in  the 
range  of    f,    Uovever,  be  careful  to  note  that       is  not  correct  to 
Say  that    x   Is  the  dc^ln  and    y    is  the  range,    x    is  Wed  to  de- 
note a  number  in  *the  dc^aain*    •  ^ 

-You  may  have  ji  atroi^  tendency  to  say  -that    "f  <h)    is  a  function". 


This  is  incorrect.    You  should  say    ''f    is  a  function".    f(x>  de- 
notes the  element  in  the  range  of    f    which  is  paired  vith    x    by  the 


^  function    f ,       .  # 
Let    g    be  the  function  defined  by? 


g(x)    <•   i/k,'  lor  all  oon-s«ro  re«l  tnimbsrs  x. 


'    ^     AMSUEft:  .  , 

tttt  of  non-zero  real  tuiab«rt. 


Wh«t  !•    g{15)?  '    '  »  . 

What  !•    g(l/2>?  "'    ,  V 


t 


ANSWER:  1^ 

g(15)    -  1/15.  .  ^ 

gU/2)  -  2. 

g(/2).  HJt 


Vbat  ia  g(3)  -i-  1? 
What  ia 


ANSWER: 

\g(3)  +  1    -    1/3  +  1    -    4/3.     .  . 
'  '    g(4/3)    -    3/4.  d?  ^ 


t  ia    g(gC3)  +  D? 


ANS^E&: 

g(g(3)  +  1)    -    g(4/3)    -  3/4. 
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What  !•  g(g(/2))? 


■  * 


^Anathar  notation  which  is '*8o®etis«s  used  for  fvmctions  is  describedi 
i:^th«  foll^io^;    If    f    is  m  function  axui  tfia  ordMsd  pair    (x«  y)  ia 
in    f    than  va  dndicata  thia  f  act  by  the  ay^ol        -^y",    Itiia  nota- 
tion taphaai^aa^a  idaa  that    f    datarminaa  a  i?ula  of  jcorraapondandfe 
which  aaaociataa   x   with    y.    Ua  ac^atiMa  aay  that    fV ,  •Saapa"   x  to 
y   and  call   f    a  ^"mapping"*  ^a  can  raad    **x  ^  y"   aa    "f  mapa  x  to 


y". 


If  /f    ia  tha  function  dafiMd  by: 

l(x)    «   x^»  ^(tti^acb  raal  uuffihat  x»  wa  could  write 


-i  . 


Va  coull^-^4ao  daficriba  the^  function  f  in  tha  following^  •  x  f  for 
aach  raal  nuiabar  x« 

tiaixtg  thia  notation  dascriba  tha  function  f  coniiteing  pf,  all  ordar- 
•d  paira  '(xt  x^  -  3)    auch  that    x    ia  a  raal  iiiiffibar.      .    *  . 


ANSWER;.-  .•  ■  , ,  ^  -  _  .  ..• 

«  ,  -1  i.-.^-.    «  _         -  _  -  _  -  i  -    - _  >    ^'^  . 

If  ■  X    and   Y    sr«  seta  and'       ia  a  relafclon*  we  have  called    S  a 
rclntion  betwflfsQ    X    aod    Y  >ti    R    ia  a  aubset  of    X     Y;  ,  I.e.,  if 
the  doiaaia  of    R    ia  a  aubaet;  of   and  the  range  ,  of  .R    ia  a  aub' . 

aat  ot  _,  ■■   ■  . 


AKSWER: 
Y 


If  £  Iff  a  functtoa  frc^  X  to  Y  and  the  range  of  f  i£  all  of  Y 
"^^wa  will  aoaatimaa  say   "f    ia  a  function  from   X    onto  Y^. 

.  Lat  ua  auaibariza  tha  tarminolc^y.    If    X   and   Y    ara  aeta^  a  function 


tunct 


.  from     X    to   Y   faaa  d:  domain  that,  ia      '  and  a  rang.^  tiiat  ,ia 

 1- -  - 

ANSWEK:  '  • 

ail  of  X 

a  auhskt  of    Y    (nay  or. nay  not  b«  all  of  Y) .  V 


A  function  fro«'  X  onto  Y  haa  a  dosain  that  ia  ____  aiul  a  range 
that  ia         .  ^ 


ANSWER: 
all  of  X 
all  of  Y. 
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Thtt  function  .  £   d«fiQ«d  by:  /  —  .  ^ 

^  •    ,  •       ...  ■     *  .  , 

f(jt)    «    Zxp.    for  Mch  intiigftr   sc,  ^  , 

Ifi  a  function  froet  the  «et  of  integers  to  tlie/set  of  integers  «ixd  onto 


thu  set  of  even  JLi^tegers  becaui^e  the  range  of^  f    is  V 


the  aet  of  even  integara.  ^ 

Every  fui^tioil  ia  a  function  from  ita         onto  its  -  , 


dadiaip 
range 


INVERSE  OF  A  FUNCTION 

,  The  inverae  of  a  teiation  ia  a  relation,.    I^jeref ore,  since  a  function 
ia  a  apecial  kind  of  relation, /the  inverae  of  a  function  is  a 

r.     -  r  -  -  -  -  r      -  ^ 

ANSWES:-- 
relation. 

V  -  ,  .  _  .  -  _  ...  _  .  -  ^  -  .  -  -  _        ^  _  _  .  1  .  _ 

.   If    f    lis     function  wlthi ordered  pair    (x,  y),  then  tHe  inverse  of 
^,    (f^),    i«  a  relation  with  ordered  pair  . 

-  ^  .  _  .  .  -  .  _  _  ... 

^•AHSWEil:   •     ■  ".  ' 


t»«.t  f  b«  tilt  fuiictioiiY^f^tiiNi  by  f(x)  for  aach  irea?nuiaber  x. 

TWO*  otdsr»<i  pairs  in-   f    «r«    (2.  4)    and    (-2,  4)  ..  T^jus  (   ^  2) 

(  '  «  -2)    ar«  ordecsd  pairs  in  f"^, 


ANSWER:  '.''■■.') 
«(4,  2)    and.  (4,  -2). 


4 

tihat  can  you  conclud«  ttom  tbm  above  axasple  about  tha ^inverse  of  a 

fUQCtlOQ?  ■  *  .  * 


ANSWER^ 

^It  naad  oot  ba  a  function* 


It  ift  clear  frcm  tbe  abova  dlscuaslon  that  i£    £   la  a  function  con-* 
slating  of  tha  sat  of  ordered  palra    (x,  f<x))    for  all  x    in  tlie 
d(miip  of    f,    than    f  ^  is  a  relation  conaisting'  of  ordered  peirs 
(f(x)i  x)»    whose  dos#in  is  the  J        of    f.  '  . 

range 

— . .  j^.  ^. . . .    — . . . _ . \. 

Thus  the  role  of    x    and    ittx)    are  interchanged  in  the  it^verse  of  a 
function* 

DEFINITION*  1.6:    In  a  function    f  >    for  each  el^ent  of  the  doealn 
tjiare  ia  exact ly- one  eltoent  o^  ^te  range  paired  with  It.    But  an 
ele&Mt  of  the  range  taay  be  paired,  with  several  elements  of  the  dp-  . 
^  ea^n*    If    f~^    is  also  a  function^  then  each  eleiaent  of  the  range  of 
£   V^^^ixmi  with  erectly  one  element  of  the.ddmaln»    If    f    is  a 
fuistctibn  and    f^^  is  also  a  function  then  we  say  that  £  ia  reversible* 


r 
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Ubich  o£  th«  fimctioufl    f  In  the  folXovis^  <are  r^^tsibltt? 

(1)  f(x)  for  each  re^l  noiaber 

(2)  f  (x>    «  '  for  ench  positive  real  mimbar  x. 

(3)  f(x)    •    2x  for  ittt^er   x.  '       ,  - 

(4)  f    ie  the  function    {^i;  3),    (2,  5)»    (3»  3),    (4.  6)). 


ANSWER:  '    '  / 


If    f    le  a  r^versibX^  function  thed    £    sets  up  a  correspondeiU;e  be^ 
tveen  %hm  elements  of  its  domain  and  the  elements  of  its  range  such 
that  each  elment  of  the  domain  corresponds  to  exactly  one  element  of 
the  raoge  axxd  each  ,  element  of  the  range  corresponds  to  exactly  one  - 
#lemeiit  of  the  domain.    Therefore  if    f    is  a  reversible  function  from 
X    onto   Y  ""we  say  that    f    defines  a  one-to-one  corrfesoondlinee  be- 
tween  the  elmentfe^  of    X   and  the  elements  of   Y.  / 

The  functios^in  example  (3)  of  the  preceding -exercise  defines  a  one?* 
to^one  correspondence  between  the  eles^ts  of  wba^  two  sets?  « 


ANSWERr  :  '  '  ^ 
The  set  of  ^integers  and  the  set  of  even^ntegers .  -  ] 


I    f    MS  rever^.i 


If  f  is  a  reversible- functidrn  a^d  %  is  in  the  domain  of  then 
(Xg  f(x))    is  in  the  func^on    f    and  ^  is  in  the  function    f"^.  , 

•    ■■  '         .  -  it 

ANSWER:  •  . 


Suppose  we  cosaider  the  fimctlon    £    with  dc^in  the  set  o£  sIX  real 
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suu&bttrs  «n4  such  that 


3x-'4/  for  eaqh  real  ntaaber^x* 


The  formula  f(x)    •    3x-4    gives    f(x)    explicitly  tn  terms  of  *We 
can  find' a  aimilar  fdi^iula  for    f'^    bV  replacing,  in  the  formula 
f(x)    •    3x-4,    X    with    f"^(y)    and    f{x)    with    y,    and  than  solving 
for    f  ^y).    Thua^  f(x)    •    3x-4    becoaes    y    •  '3f"^(y)--4,  *  . 


Solving p  we  get 


for  each  ^eal  nustbeV  y. 


Since    f"H5)  - 


5  4  4 
3 


3,    then  the*  (jrdered  P^ir^;  „  is  In 

and  «tQce""f(3)    «    3  •  3  ^4    #    5,    the  drdefed  pair    is  in  'f, 


ANSWER: 

,  (5.  3)  ^ 
<3.  5) 


V 


If  the  rule,  for  a  fuc^ction   i    is  £(x) 


2x  +  3 


find  the  rule  for- 


ANSWER 
Keplfllciog 
2f 


8  kx) 


with  y  and  x  with 
-   or    f  ^(y)  * 


f  ^ (y) .    we  obtain 

3  .       '■  ■  / 


In  the  example  above,  compute    f(ll)    "         ■  f%^i/5) 


ANSWER: 
5 

11  ■ 
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.XI    f    la  cbt  function- who«e  rule  is: 

'         3x  +  4  .... 
f(x>    •  ^  ,    for  e»ch  r««X  mmb«r   x        3/2,    find  the  rule  for 


ANSWER'?  ■  '■  . 

t  '  3y  4*  4  ^         i  1 

f"^*(y)    •    2y '!r"3  >  i^ach    y    In  the  dpGiain  o£  f"^» 

This  can  be  found  hy  raplVcing  £(x}  wit!)  y  sn^  x  with  £~^y)  ^ 
In  thi  rula  for    f   as  folli»i;«:  «  . 

\  3fliCv)tji  ^  > 

"  y    -    2f-l(y)  -  3  / 


-   2f/^<y)  •  y  -  3  •  y    •    3f'^(y)  4  4 
f'My)    (2y  -  3)    *    3y  4-  4 

^  2y  "  3 


i 


Tha  ta«uit-      the  last  item  is'  interestlnlf  in  thet  the  rule  fnr 

is  the  ewme  aa  tb^  rule  for    £•    In  general,  it  can  be  proved  that  if. 

£    le  a  function  whose  rule  le    £{x>    •  for  each  real  number 

^  ■  cx     a  . 

X   #   Wc,    then   f*^    is  a  function  whose  rule  iM  also    f^Uy)-  * 

'H^'^'T    for  each  real  number   y    ft    a/c»    The^i^ret  • 

*      ■  •  f  -  \  . 

DEtlNITION  i.7;    If    X   "is  a  set,  a  very  special  function  with  dom^ftip' 
X    1^  the  function    f    ciefined  by;    f (x)        x,    for  each   x  4.n 
This  function  is  called  the  identity  function  on  X. 

Let    f    be  the  idsntity  function  on  the  set  of  real  numbers, 
(1)    Xs    fa  reversible  function?  . 
<2J--What  ia  tije  range  of    f?  ^ 
C3)    What  ia  fC/3)?,.^ 
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ANSWER: 
(1)  Yes. 

(2>    fbfi  Attt  of  real  mimbirs* 

(3)  hS}  -  vs. 


CQ^SITICW  OF  FUNCTIONS     '  \ 

iMt  §  And  bB  the  £imctlon8  defined  i&g  followg:  . 
fix)    ^  '  for  fi«c%  noQ-zero  real  ni^er 

g(x)        ic^  -  Ip'  far  ea^  real  nM^er   x.  . 

CD    Wtat*iB    f(g(2))?  .  \ 

(2)  W^t  U  g(f(2))? 

(3)  Uhy  does    f  (gCD)    have  m  leaning? 


ANSWER?       ,    ,  .  .■     ■   w  ■ 

(1)  f(g(2»   -  f(3)         1/3..    ^'  '  . 

(2)  g(f(2))    -  g(l/2)  -.  -3M. 

(3)  g(l>    -   0  «uA  0  is  not  in  the  d«ft»itt  of  f. 

_ .  ..    . .  .'ifi-. . .  ■ :  ■  ^ 

tfe  <f«£iae  ,th«  composite  of    f   with    g    givea  above  to  be  the  function 
h    deflDed  by:    h<^)    •    f(g(x>),    for  €&ch  real  number    k    such  tixA 
it^  -  I        0.    We  require  that^  g(ic>    i*    0    because  . 


ANSW£R: 

0   ifi  not  in_th^  dcawiin  of  f. 


< 


DEFINITION  i; 8:  ,Itt  general,  if  f  and  g  .  are. functions  we  define 
the  eocpogite  of    f  .  with        to  be  the  function  ^   such  that 

-    f{g(x))^    for  each    x    in  the  dc^io  of    g    for  ^hleb  g(>t) 


j/*  ia  the  dogutin  of    S  :   Hpt«  that;    g(x>    b««  seanlog  only  if   


ANSWER:  "  *  ■  .  • 

in  the  d(»di]a  of  g. 
i«  19  thft  domain  of    f  .    .  i 


:  W«  denote  thft  com|>oalte  of  £  wit^  g  by  f  o  g. 
littt  f  and  g  bfi  functions  define  as  follona;  . 
f(x)    -         +  2p    fot  i^acib  real  niaabar   x>  : 


-  ^ 


g(^)    «    A  ^  X,    for  each  real  number   x    leaa  than  or  equal  to  1« 

/tfiiat  ia  the  range  of    f?  ^         "  ^  , 

...  •  .  ■■  ■  \  ./  •  • 


AllSWER;-  . 

The  a^t  of  real  numbera  greater  than  or  ^equaX  tc  2* 

..  /  ■   /  \  '  '  .'  . 

la  there  a  nusdber  x  *ln  the  dc^ln  of  f  such  that  fCx)^  la  in  the 
dcWin  of  -g?*  -  *  • 

'  'Sit  .   ' ■ ^      "  II  *  "  :  " 

ANSWER: 

^o;    for  eveary    x    in  the  domiiin  of    f,    f  (x)\>^  2,    and  nui^ara  great- 
ar  than  or  equal  to  2  are  not  iq  the*  domain  .of  g* 

^  .....  .  .  .  ^  ..........  .  .^«.  ^  -  . 

Tbarefofa  the  <:<»posite    go  f    is  not  defined  lis  tfaia  caaa-  However 

 ■ '      X  ,   -  ,      -  -  -  -  -  •  '  .- 

f  o^jg    la  defined.    What  la  the  dociain  of    f  o  g? 
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■■■■  >.  ■  .■         ^3-  : 


set  of         tti^tirt  IfiM  tbiui  or  fqual  to  1, 


ia»«t  U   t  o  8(-3)? 

V      ■      I  . 
^  "  "  *•  mt  ■  ^  m 


-  10. 


Am  «noth«  exaaple,  Utv  J    tad   g.  bs  funetions  dtfined  ae  foUow#: 

f(x)'  -        r  3,    for  mach  reaj.  nuaber"  k,  j| 

g(x)    •        t  4,    for*e»i;h  r«al  nuBb»r    X    greater  then  or  equal  to 


Wh«t  *i«  th«  ir*nge  of  f? 


The  §mi  at  tmI  mmbftrs  greater  then  or  equal  to  ^"3. 


le  tfiere  a  nuiaber  x  in  the  ddCMiiq^bf  f  such  that  €<x^  le  ngt 
the  dooain  of    g?  * 


ANSWER:  '  ^  | 

Ko;    fqr  every    x    io  the  dcnsala  of    f,    fCx>     -3,    axik  aumbera 


greater  than  or  equal  to    -3    are  in  the  doqmln  of  g. 


la  ^e  dbi&posite    got    def'iaed  in  thla  caae? 


,  ANSWER 2 
Yes. 


f 


—  \ 
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My  find  th«t  ru3^«  for  the  ccmpoalt«  g  6  f  in  tbe^above  example 
u  follows* 


for  each  r««I  nuB^er    x    in^^be  dosyiin  of  ^  t  *  ItHus  if  4  iu  in  the  do- 
main of  f»    we  m^  iiM    (g  o  f)(4>    by  replacfng  x   with   4  in 
/jfe^  -f  i.  pb^taining             Ihny  the  ordered  pair^  in  the  func- 
tiw>    g  o  f  ♦          *     ^  f 


ANSVER: 
<4. 


^  in  tbe  latft  exaaple/  ia  the  composite    f  o  g(x)  'defined  for  •every 


^mml  nuffibar  x? 


ANSWERJ  '  ■ 

Hp;    f  o  gdc)    is  {»£  defined  for    x  <  -4    since  these  values  of  x 
era  not  in  the  dc^in  of    g/  < 

W^t  ia  the  domain  of    fog?  ^  .    *  ■ 

ANSWER:.  /         '        .  '  jf  ' -  '.''X^ . 

The  set  of  real  nuabers  greater  thdn  or  equ|flTto  -4.'  /.v. 


Find  the  tule  for  the  compoejite    f  o  g.* 


X  i-  4      3    «    X  ^t*  1^    for  each  real'  i^uaber    x    in  the  dcn^ain  of  g» 


Wwit  !•    (f  o  g)(5)? 


•  "  .  • "  • -----------  -,-  -'-'-^  -  -  -  ■ 

AfclSUEK:.  •       *     -.  .      ,    .  ■  • 

(f'o  g>(5)    -   f  (g{5))    -    fCa)    -   6j.  'oE.  •ince    (fo'g)(x)  > 
»  +  1,  a  0  8>(5)    -    5  +  1   •   6.  . 

*        .  :  "       ■      ■  •    ■  ■    .       •  . 

WtjAt  Iji    (f  o  g)(r5)7  ^ 

•■  .  *    ,  '         '      '  •  . 

m    mm-  —  ^    —    ^.    _    —    m    —  — ^fiP    —    ^    —    .i*  •    —  »\ 

<f  <Ji_g)(-5)^  is  not  dftflnsd  sitxca   -5    Is  not  in  the  doUatn  of  g. 


«h«t  U    (g  o  ^)(-5)2  ^ 

ANSWEy  ,        "  ■  "  .  '  ' 

(g  o  f)(-5)    -   g(f(-5))    •    gt22)    -  or.  since    (g  of)(x) 

^5FTT.    then    (g  o  f)(-5a    -    /(-5>^  +  1    -  V26^.  ' 


Whet  ie    (f  o,  g)  (0)? 


ANSWER:     -     /       •     '  *    ■  ..     '  ' 

Cf.  o  g)(0)    -    f(g(0))  >    f(2)    -         or.  since    (f  o  g)(x>  - 
.     '  x  +  li    then    (f  o|t)(0)    •  .t)  +  1   -  1. 


The  notion  of  the  cottposite  of  two  functiona  can  be  aade  e  little 
deerer  by  the  foll(?wlng.    Suppose   f    and    g    are  functions.    If  x 
im  in  tSile  dosiain  of    g   ve  can  write   x  f  g;(«s)>    If   k(x)        ^  the 
dMwln  of    f   we  can  write  „  •. 
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Thus  It  g^)  ^  £(g{x))  .  we  'qaa  regard  fog  «#  tbt  result 
of  luccesslvt  •Wppings"  by  the  function  ^  end  ^;  in  that  or-* 

dir»       •  .         .  ■     .  ^  ' 

•   ■  ■ 

_  ^  - .  ^  - :  .-  -  -  - .  -  J*.  , ...  ..L .  -  ^  _ .  - . .      _  _ 

.  '  '  ■  ■     ■  ".v  •       ■ .  .     '    '  •■  •         ■■■    '   ^  '  • 

Tfa«  following  noCsti^  is  tiuggestlye.  - 

■  •    ■  ,  ■  ■  s    .  .■  ■    ■  ■ 

■  f  9  8  ■; 

x.  ^  8(x)  ^  f{g(x)>.  • 

Do    {J  Xf  g)(x)    at^    f<g(ai^)>    denote  the  eme  thing? 


ANSWER: 


............... s^..  .  

■  » 

If  g  Is  the  ld$Rfeity  fur-ctlon  on  a  get  jth^i^  have 
X  -»   ,  •    »  for  cvsry  el«a*nt    x    iii    X.  . 


ANSUEH: 


c 


Let    g   be  the  identity  function'on  the  set  o{  all  real  m^ers  and 


let 


fv(x)    *    2x'^  *f  1,    for  e^ery  real  number  n. 


. - . ... <j... . , 


2x.^  +  i,  2x^ 


Thin  tfhowa  thae  , 

0  r  * ' 

x»"~^-»  f or  «v#ry  nu^er 

3j     .  for  «v^ry  reil  nusber  . 


Tb«r6£or«    g  o  f    «    £   'and   f  o  g    «    f .    In  a  siMllar,  vay  it  can  ba  , 
aaan  that        i    ia  a  function  item  a  act  'X.   tp  a  set  \  and  if  g 
ia  tba  identity,  function^on    X    then    f  o  ^      •     '  .  - 

. . - . - . . - , .  — ...... ^ . . .... > . 

ANSWER:    ,  * 

f  .  ^-  ■  .    .     ■■  •  ;  .    .  ■•  ■       .  _  ■  . 

...  .  ....  .....      .  .......  .      .  -  .  ...  -  -  -  -  . 

Similarly    h  o  f    «    f    if    h    is  the  identity  *f unction^  on 
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•  ■         '  ...»  J  ^  ■ 

^  If        Htf  «  tttV«t«ibl«  fiwctioti.  It,  reversible  fuActlon? 

.  .  _ . .....  -  ^ - ,      .  -  ^  — 

ANSWEE:       .  ,  ■  ■    ,■  . 

-  -:-  -  -  - .  -         -  ,  - 

Let    t  .be  e  ceyerelble  function  with  detain   X         re^e   Y.  ^Tben 
:     J       if  a'  wvereSble  ftmc^oa  vitb^oeielii  '       imd  reoge  .--li^' 

 -  ■ 

\AHSWER:    '  •        -      J  '  - 

*      ■.  ■  .       .  •  .  '  .       '  -  ■  ■    ■  ' 

If   X.  Ift  in   X    th«n         f(x>^>        t  l.e,,  o  f)(jt>  ■  / 


>  ■  .ANSWER:  ..  .    ■  «j 

? 

Xberefore    f  ^  q  f    is  thf      /  function  on  X, 
^     *v  -  -  ^        ^  -  -  -        «  ^  ^ 

■   ANStfgR:  \, 
identity  '  .  * 


f  o  ie  the  identity  function  oh 


•    #     ■    .  ■    '  ....  ,  ■  V 


■  •  I 
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-ANSWER;   ■         '      '  ..  •  "  • 

y-  ■  •  • '  ■  ■  ■     .  ■  .  * 

Lm%  ;  f  b«  a  ir«v«riiibl«  futictioa  frc»^4  Bmt  X  onto  «  set  ¥.  If  g 
ii  'any  funcfeititn  froiR  •¥  to  X  iuch  that  «lt;hM  £  o  g.^is  th«  Idaq- 
tlty  'fuoction  on  Y  or  g  o  f  is  th«  lOfcatity  fewickioD  on  X»  mn 
g    is  MCfsnarlty.  f  *. 

For  exaapIiB,  •maum  that    fog    i«  the  Identity  fuoction  oti   Y.  If 
(y,- x)    1b  any  ord«r«d  pair  m   g,    th«tt   g(y)    «   x»    Dance    f<it)  « 
fXg(y))    -    f  0  i^)"  -    y,    aiHi  so    Cx»  y)    if  In    £.  C^mvarsely, 
if    (x,  y)    is  in   f.    then^  y  -  But   y  /•   f  b  g<y)  - 

£<g(y)).    hWs    (g(y),  y)    i«  also  in    £.    Since    (x,  y)    and  (g(y), 
y)    are  ordered  pairs  in   f    and    f    is  reversible,    x   -  gCy), 
W$t^m    (y,  x)    is  in    g,    Th»rfefor«    {y,  x)    is  in   g    if  and  poly  if 
<36»  y)    is  in    fe    So   g    •    f  '^        *  J 


IMPLICITLY  t)EFINEI)  FUNCTI6NS  ,  - 

•     ■      .    '  .  ■  ■ 

Although  functions  mxtuiftu  many,  iiituationt  in  matbamat^cs^  thay  do 
^  '     '  '  ^'  '  ■  ■.    -  . 

not  ua&ally  arias  with  tha  praclss  *f ors;ulatiOQ  that  va  have  aamoaedi 

.  ■  .  *  .  ■  •      "    '      1         '  ' 

'i,a^»    as  a  sat  of  orderad  pairs«    For  as^pie*  wa.sMstisiaa  aae  such 

a^ta^ants  as:    tha  volima' of  a  ct^a  is  a  functijoy  of  tha  langth  of  a 

4aida,.    Implicit  in  this  stataaani  is  the  function  conisiating  of  all 

or4ar^  pairs    (a ,  v)    of  raal^nujabars  such  that  thara  is  a  cuba  with 

aids  of  langth   s   and  /voli^a         Vm  knmf  fnm  gaoaatry  that    y  « 

s^.    So  tha  function    f    involvad  hara  i^y  bsidaacribad  by; 

f(a)    •    a^i    toi  aach  positive  raal  nubbar  Sa 

OascribS'the  function  f  ^^plicit  in  tha  followi^  s^at^ant,^Lvl 
^ha  dosoain  and  a  rule  of  correspondence;:  The  area  of  a  circle  iV  a 
function  of  its  ^diasjetar  •  ^  . 
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ASSWiUls  .     .•  "■  ■      .  ,  • 

f    coMiiCa  of  ell  ordsrM  pairs  /(d,  a)    of  reai  nualers  such  that 
tttars  la  «  circla  with  dl^itcr   4   and  acea   a.,    f   t^y  h«  deacribad 

^y*    '       '.• ."     ■     '.■     .  •  .  •  .  • .  ■■ 

^(d)    -  ,    for  each  positive  repi  mi^er   d,  ' 

;or  \    .  , 

^*  wch  positive         nuab«r    d  • 

*    '  '  '    -  '  *  ,  •  *       i  ,  ■ 

K6'£tr  to  tti«  above  fusiction.  Criticise  tha  atataments  For  the  func* 
tioQ    fCd),    d  _ia  tke  doteain  ami^  a    is  tip  range »  v' 

V.  ...       .       .  ^•u  w  ^  .  ..  .  :  , 

ANStf|£Rr  *         .      ^  . 

the  function  is  denoted  by    f  p    not    £(d)«    f(d)    denotes  the  nui^er' 
paired  with :  the  nusber    d    by  the  function    f.    Also    d    ia  npt  the 
d(^lQ  and    a    la  not  the  range;    d    v^fers  to  a  number  in  the  dosMlin 
and    a    refers  to  a  nuad^er  in  the  range, 

-----  -:- -  -  -  - ----- -     -     -  -     -;-  -  -  -,  -  -  -  ->., 

what  is  the  dooiain  of  the  above  function    f T 


ANSWERS  ^ 


the  »0t  of  positive  resl^immbers* 


Suppose  the  locus  of  m  point    P    in  a  plane  is  such  that  its  diatance 
r    from  a  fixed,  point    A   and  its  distance    s    from  a  fixed  point  8 
are  relatid  by  the  equation 

tie  say  that  s  Is  defined  as  fulM^ion  of  r*  Give  an  explicit  de-  , 
scrfptlon  of  the^  function  -f    implicit  in  the  above  description« 


ANSU£ft:  •  ;    ^  ••     .  ,  >  .  ^    ■  ■  •  "^'^ 

t^t'  functtpa    i    ifl  tbt  6«t  ol  «11  otimtid  p^irs    (r»  a)    such  that;, 

and  a  ara  poaltiva  masbtra  ai^  r  *  a  -  10.  Othar  ways  of  da^ 
actibiog  the  fuMtioii  ara:     !    .  ^  - 

£(r)    «    10ft ^    f0t  aach  poaitiva  raal  nuabal:  r» 

r  ^  10/r«    for  ^ch  poaitiva  raal  miabar  t. 


Hoat  of^  tha  fuQ^tioua  that  va  hava  diacuaaad  ao  far  hava  h^  dcoaltia 
which  yera  aata  of  raal  mmbars.    ^aaa  functiotia  ara  oftan  raferrad 
to.aa  **functiosui  of  one  r^ftl  vari&hla"t    Howavar^  consider  ^he  sta^te- 
9mtkti    the  valuaa  of  a  cylindar  Is  a  function  of  tha  radlua  of  the 
baaa  and  of  the  heights    Lat.iia  aaa  If  wa  ean  detarmiA^  iAiat  fu6Gtloxi 
la  laqplicit  iu  this  ptat^ant.    If  wa  ara  given  tha  radius.  of 
tha"  baaa  of  a  cylinder  and  height »    h»    than  we  can  deteraine  the 
voi4ma.«  Thua  for  each  ordered  pair    (r»  h)    of  positive  real  nuotbers 
there  is^a  uniqUe  positive  real  hwber   v   |»airi^  with  it.    Thus  we  \ 
have  ^d^teriained  a  function    f   whose  doa^in  is  the  set  of  all  oirdared 
pairs    (r».h)    of  positive  i^eal  supers   r    and^  h* 

'The  function    f    consists  of  ordered  pairs  whose  first  mashers  ara 
  and  vhoa.e  second  ^tphers  are  '.^  :.  ./  * 


ordered  pairs  of  positive  real  ntuabers 

♦ 

poaitiva'  r«al  musbers 


Aa  Qtdcred  pair  In    £    would  h4ive  thp  form    ((r,  h),  v)  <       less  con- 


fusing notiltlon  Is 
(r,  h)  i  V. 

W«  ksuM  Chat    V    •    irr^h.  So 
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AKSWEH: 
1  r^h 


Usually  we  do  not  write  both  parentheseii  in   f((r.  h))    but  write 
«liaply    f  (r,  h) .  .  >  - 

A  function  whose  doaain  la  a  set  of  ordered  pairii  of  real  aiaabera  i# 
.  often  cailed  a  "function  of  two  j^al  vari^bletf'*.    By  analogy  a  '*func- 
^  tion'of  three  real  variable4^'  woulii  be  dne  whose  domain  is  a  set  of 

"V  ,  -    .        ■  >      '  '  .  .  •     *  " 

■  ANSWER;  .  • 
ordered' ttiplea  of  real  nmrtiera. 


Deapribe  the  function  f  implicit  |h  the  following^atatement,  giving 
the  doiaain  and  a- rule  of 'COtreapohdence:  ^he  volu^ie  of  a,  rectangular 
parallelopiped  la  a  function  of  Ita  leng|h,  width/  and  height. 


ANSWER: 

The  domain  of    f    iu  the  set  of  ordered .triples    (£,  w>  h)  where 
w,  and    h    are  the  length,  width^  and  height  of/^some  rectangulai' 
parallelopiped.  /The  function  uiay  be  deacribed  oy: 

(tf  h) ^  4 ' T  w  •  h,  for  each  ordered  triple  (£,  w,  h)  of  posi- 
tive real 'numbers  i  , 

or  by:  ■      .  .  ' 

,{Hf  w;  h)    -    ^  •  w  •  h»    for*each  ordered  triple  h)  of 

pdaitive  real  nujobers,  •  -  ^  ^ 

(Have  you  specified  the  doiaaln  in  your  answer?) 


-  ■■  '     " .  ■        ■    ■  *  .  •  • 

REVIEH-' itiEMS .  '       '  .  .  '''  "  ^- 

1.  Describe  Che  sec  {1,  4,  9,  16,  25}  by  4ii\(ing  «  4ii»tia^ul«bii3g 
property  of  the  Mt.  . 

1.  ^-  -  -  -  1. .  -  -  . ,  -  _ . 


Th«  .Mt  of  positive  ia tigers,  equal  to  or  less  thftn  25  which  are  per*^ 
fact  aquarasir    (Nfota:    There'^te  other  cpr recti;  answers e) 


^   ,  .  2^    Whljch  of  the  follow^sig  statements  are  true?  - 

(a)    the  set  of  natural  nu^ers  la  a  subset  of  the  set  of  integers  ^ 
(W^itt  1,  ftlCthe  set  of  l^ttero  in  the  word,  "totfeger". 
(<ftLj3>  4}    and    {^3}  different  sets. 

ANSWEK: 

(a)  attd  (b)  are  true« 


3-.  How  many  subsets ' of  the  set  .  {a^  b*  c,'d}  contaio  eitactly  thrill 
•     elenentsf         '  h    ■      ■   "  ■ 


ANSWER: 

"  \  ■  ■■  \  ■  *      .  .      V     •■  ■  .  :.  ■ 

4*    Is  tl^e  nusiber  5    an  element  of  th^  iset    A     B    if    A    •*    (2f  5) 

.  and    B    m  {3,  5,  7>?    If  inot,  why?  ' 


( m     ANSWEK;  \ 


No.  The  elWi^nl^  of  A  &  are  ordered  pairs >  «id  5  Is  not  an  order*- 
e^  pair* 


■I 
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5.  Llat  «ll  the  «l«Ben£«  A  x  b  if  A  «  {2.  5}  aad^B  - 
{3,  5i  7}    an  tn  lum  4.  .  *  "  . 

{(2,  3),    (2.  5),    (2.  7).    C5.  3).    {5t  5)»    (5.  7)U 

6.  What  auat  bis  tru«  «bout  jets    A   aad    B    if    A  x  b    -    B  «  a? 

.     ANSWEH:  '\    .    '  ^  •      ,  • 

Th«y  tmiBt  be  th«  swe  sst;  i^e.,    A  • 


7.    Ltt    A,».  {2,  4,  6},    B\  ^    il.  \  5,  7)1    aad'  g    be  tlit  set  of 
all  otdttrsd  pairs    (x,  y)    auch  that   x    i«  4   A,    y    ia  in  B, 
,  "-'.and    X     y  >  JO*  -  .■  . 

(a)  Llat  the  eXmanta  of    8,  ! 

(b)  Llat  the  ela&enta  In  thfe  clomaln  of  R, 

(c)  Llat  the  el«anta  in  the  range  of  '  " 

(d)  Deacriba  the  aet    R"^    in  words  .  ^  / 
;^  Ce)    List  the^ieleaianta  in    R"^  . 

(f>    List  the  eli^ianta  in  f]ie  ddaain  of  R*^* 
(g)    List  the  almanta  in  the  range  of  R"^, 


^ANSWER:  .  ,  «       .         ^  t 

<»)  R    -    {(4,  7),  '  (6,  5).     (6.  7)}.     •  '  V 

(b)  Domain  of    R    »i    (4,  6}.  •  A 

(c)  Range  of    R    -    {5,  7}. 

(d)  n  5    is  the  set  of  all  ordered  pairs    (y,  x)    such  that    y    is.  in 
B,    X    i«  in    A,    and    x  +  y  >  10. 

(e)  R  1    -  (7,  6).    (S;  6)).  ' 

(f)  D«8aio  of  kR-^    «    iS,  7),  ' 


EMC  ;  .  ^ 


.  ..1-    ■  .         ■•■  ^     .  ■        .  , 

(g)  of    8- ^    -    {6.6).  V  / 

8.  Let  K'  b«  the  set  o^£  «11  ordesad  ttaixa  of  real  ouabBrs  (x,  y) 
•uch  3j£  -  2y  ^   9^    Describe  the  graph  of 


■r-^'-  ANSWER: 

The  grei^h^  of    S    is  the  set  pt  ell  points  oa  a  ^-ioe.  (whose  equation  is 


iiic  grapn^  Q£  fc  li 
3x  -  2yA«  9). 


9,    Let    S        I5t  7^  8t  10}    &n4  ^   he  the  get  of  ell  or4«gred  pairs 
(tl^  y)    euch  tjhat   x    is  in         y    is  in   S»  "^nd      +  y  ^  15.  De- 
scribe the  graph  of    8;  ,  ,  . 


■  .  ANSWER:  .  ,       ■  \ 

The  graph  of  R  consists  of  just  the 'four  points  whose  coordinates 
.     are    (10,  5).    {5,  10),    (7,  8).  (8/?), 


10.  Every  function  i«  a  relaticto,  *  I»  -it  true  that  every  relation  is 
e  function? 


ANSWER:  ^ 
*  No. 


11*    Describe  the  following -£ijnction  cc»&pletely  by  giving  its  domain 
and  'e  rule  of  correspondence:    f    ■    {(1^  4}^    (3^  12)^    (5j  20), 
\  (7,  28),    (9,  36),    (11,  44),    (13,  52)}.  ;  • 
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AHSWER:-  .        ■  j 

"Dk  doBAlB  of  f  is  th«.  set  of  positive  o4d  integers  le«a  than  ^5: 
Th«  rul«  U  "pair  vith  each   x    In  the  AomAio.  df    f    the  «lea«nt 


4  •  x». 


^1^^.  t«t    f  *b«  th«  function  dijfinsd  by: 

ftx)    »    2x  foif  ««?h  inttger  ». 

<«)  What  i»- the  dcBAln  of    £?  • 

(b)  Wh»t  is  the  r^ge  of    f ? 


ANSWER:    '•  ■  .  ^  ,  '  .  " 

(a)  The  set  of  integers.  »  . 
(bi    TSie  set  of  q44  int«gerii. 

I3e    let    f    be  a  fuactioii  def in«4  byj  * 

f(x)    •        +  7^    fbr  all  real  tmrnbers  x. 
(«)    What^lk  th«  ra^e  of    f ? 

(b)  Ig  this  a  function  Dnto  the  set  of  re^l  nuabers? 


ANSWEfi:       .  ■.  .     .  ^       ^     .    .  -  # 

(«>    The  range  of    f^  is  the  set  of  all  real  numbers  ^7. 

(b)    No.  ■       ••  ■ 

14/   The  functlone    f    ei^i    g    are  defined  as  followsS  ^  • 

f(x)    •        •  3,    for  each  real  nambef    x.  * 
Si?^)    •    «^2x  +  i^^for  each  rai^l  auabeY    n  l£2^ 

(a)  Wiat  is  the^tange  of  f? 

(b)  What  is  the  dooain  of  fog?, 
(c>   What  is    f(l/2)?  - 


(«y  Fit^  th«  ruie  for  (f  o  gXx), 
(f)    What  in    (fog) (-2)? 


ANSWER^'  /  . 

(«)    The  tiM^e  of    f    i«  fcbft  net;  of  all  real  auis&etfi  gre^tfr  thmn  or 

«qiial  to  r'i*  ■         *  ^ 

^{b>    The  doi&aln'of    fog  /  is  the  net  of  all  real  nu^ere  ^ 1/2 
(i?)    f(l/2)    •  -IIM 

(d)  .  ga/2>    -   A  ^  .  I 

(#)    (f  t>  g)(K)    •    2x  -  2»    for  each  reel  tiimfaer   x     -  1/2 
(f)    <-2)    ie  ttot  In  Uie  doaaln  of    g   sior  of    f  d        so    (f  o  g) 
(--2)    ie  aot  defined. 


15.    Let    f    be  the  functioa  defined  by:  n 
^'(x)    ^    2^  4-  3»    for  All  real  aumbers  x* 
^    Eind  a  function   g   euch  that  .f  o  g    is  t;he  Identity  faactlon^ 


AKSWEK: 

g    is  ^Jr«i function  such  that    g<x)    -   ^^"^         all -real  numbere 
X*    The^'rule  for    ||    can  be.  found  an  followss 

Since  we  want    (f  o  g)(sc)  x 

then    f(g^K))  •    X  *^ 


or  2  •  gU)  ^  3  -  X 

•■•  g<x)  *   ^  I  jf*  ell  real  nubbfere  x? 


16;  If  f  in  a  function,  then  f  "^  in  a  felationi  Is  it  nece«- 
^ar^iy  true  that    f  ^    In  alno  a  function? 


^     'so    ^ETS.  RELATIONS  AND  EUNCTlOKS 

ERjC  .  (is 


{ 


.Wo.  .■• 


17,  imt  f  And  g.  b«  function*  defined  t>y: 
£(x)    •    3s     1,    £or  each  real  ntuabitir  %. 

(«)  I»  a  fuactlon? 

(b)  la    g'V   a  function? 

<c)  Find  the  rula- for  £:^.. 

(d)  Conpute    (f  o  ,f'*>b). 


ANSWER;  : 

(a)  Yea  .  ) 

(b)  No 

<c)    f"^(M)  •  : — ,  for  Mch  real  tiui^«r 


18.  D««cx:lb«  the  function  f  iapliclt  in  the  fdll(«?lng  atat^iit» 
giving  thti  {ic^mlp  and  a  tulm  of  ^orraapoii4«t»ce£    Th«  &r«a  of  a  trt- 

ani^le  ia  a  functloo  of  ita  baae  and  height. 

■     ■      ■  ^ 

ANSWER:  '  '    .  ,■  «.  . 

Th#  do®aln,o£    f   da  thejiet  of  ordered  palra    (b,  h)    where   b  aod 
b  ^  are  the  baae  an^  ^Igbt  of  uomd  triangle.    The  function  »ay -be  de- 
acribed  by    f<b.  h)    -    l/2b  •  J>,    for  each  ordered  pair    (b,  h)  of 
poaltlye  feal  nisalrera.  ' 


|9.  :Lft  X  -  V  the  aet  of  all  real  nuiAberae  Let  H  be  the  re* 
latlon*  between  'X  j^nd   ¥    consisting  of  ell  ordered  palra    (Xt  y)  in 


.  X  «  Y    i*uch  that    3it  >  2y  +  I.    Which  of  ^l^e  foliowiug  ia  (ar*)  cor- 
r«ct? 

(li)    R"^    lit  th«  ist  of  «ll  order^^  pairs    (x,  y)    In    X  ^ ^  puch 

that    3it  <'2y  +  i.  *  ""^"^^ 

{h)  R^^  ia  ths  aiit  of  all  ordered  pairs  (y,  in  ^  «  X  such  • 
,        th#t    3x  >  2y  +  .1.  . 

(c)    R^    ia  tbt  act  tjt  ail  ordered  pairs    (y,  x)    in    Tf  «  X.  such' 
that    3x  <  2y^  -f-  i . 


(b)  U  correct,  %&)  ami  (c)',ajre  tiot  correct.  (R<m«6!jer  that  (y,  x) 
i»  In  if  and  oaly  %i   ^Cx^  y)    iu  in    U}.  "  . 


29\,    Lejt    f    be  the  fuibctioa  defined  by: 

f(it)    m         >  2;  for  all  real  ntUBbtrB  xV  ^ 

/  la  tbe  followlop  a  correct  way  of  findlag-  f  (2)? 
Explain*'..  .    :  .■■ 

^  f(2)    »    f (3(2)2  i  2)  +  2)    -  14. 


ANSWER:  ^  V  . 

Ko*    Tha,  result  ia  cp^rect,    f(2)    •    14  •    However,  the    f    iti  the 
aeaonci  and  third  axpreaaions  should  befitted,    A  correct  Veraiofi  imt 


f(2)    -    3<2)2  +  2    -  ■  12  +  2   *-  14. 


(Note:  Thia  kind  of^  error  waa  made  by  laafty  atudecta  in  an  experiment;^  4 
■  al  veraion  of  thia'^etiurae.)  ,        |.  ....^r^/  ,  /  -  * 


II,    ALC££M  OF  UUl  |i(l»0m      ■  * 


* 


liJTkOllUCTlON  '  , 

Thu  foundfttlon  upon  which  soat'  of  ,th«  MthcMtlca  vl»  high  «choal 
algebra.  »ml  ttl«®^atary  calcMluii  courseii  im  ba«td  Is  the'  real  number  . 
^yi^ttsg^  A  gxmmt  d^al  of  the  work  done  in  high  school  algeUra  Is 
signed  to  give  the  student  basic  ©mnipul^^tive  skills  {tt  woifking  with 
r««l  nuiibers.  N  The  studfiiit       given  a  set  of  rules,  or  principles, 
by  which  he  learns  to  solve  eqiiationfi^  factor  algebraic  ejcpressloos, 
«tc\    These  skills  are  important,,  and  ths  student  will  not  go  very 
far  in  mathematics  without  theis*  v^t  students  ne^  tq  gain  more  than 
this  from  tHeir  study  of  mathwatics,    Anoth^  goal  of  th^  teacher  of 
mathematics  should  be  tc^  help,  students  learn  ecsaethiug  about  logical 
reasoning  and  pi^clsion  of  thought*    It  is  traditional  to  teach  the 
geometry  course  in  the  high  school  in  a  way  tltat  emphasises  the 
logical  structure  of  gcosustry,  but  this  approach  has  been  noubly 
absent  from  courses  in  aijgebra,.    Everyone  knws  that  one  proves 
theorems  in  geometry  but  1^  often  comes; ^s  a  surprise,  even  to  teach;- 
era  of  mathematics,  that  the  mmm  can       true  of  algebra.    The  alge-, 
bra  of  the;  real  nimibers  is' just  as  well  suited  to  study  as  a  logical 
system  as  i^  i^lane  geometry.  *. 

In  this ^unit  many  of  the  usual, rules  ami. principles  for  working  with 
t^aai^^umbers  will       presented,    however,  these  will  be  given  in  a 
way  that' emphasizes  the  logical  dependency  of.>%o©'e  of  these  rules 
upon  others*   Urn  will  choose  a  few  of  thea«  tules  or  properties  as  * 
basic  assumptions  or  postulates.    We  will  then  derive  the  other  pro- 
parties  im  theor^s.    Proof s'of  mos^of  these  theorms  will  be  re- 
quired.   At  first?  the  proofs  will  be  outlined,  for  you  ^nd  you  will 


only  have  to  tmpply. «  f«%i  ittepii  or  rtMcma.    iMtmx  you  vill 

bm  s^Umd  to  dincovvr  proofs  for  yourself »  oftsfi  with  bints  to  guide 

'     -  '         .  • .  *      *      .    ■.  * 

yout  ♦*  *  ;  * 

^  V«i  try       wphasiiec  pr^cissnsss  in  the  iitstiog  of  deficdtioiui  , 

and  thsornos^    It  olten  rsquirss  &  greet  deal  of  cere  to  insure  that- 
e^'stet^nt  says  precisely  ^at  you  want  It  to'^say.    It  perivaps .  seens 
too  obvious  to  say,  but  it  cannot  l^m  stress^  too  mucb^  thut  you  cSnr* 
not  hope  to  construct  a  proof  for  a  statMsnt  unless  you  understand 
whet,  the  statesent  says        the  mewciiings  of  ell  tenas  in  tiae  stata- 
sent'.  '■.*'.".■  " 


/ 


OPERATfONS 


We  often  speak  *  of  the  oparasions  of  addition,  mnltiplicertion,  «nd  so 
forth*.    What  .is  an  operation?    To  anawer  this  we  first  observe ^^het 
the  operation  addition  provides  us  wit^^  a 'rule  whereby  we  assign  to  ^ 
^very  peir    C^t  V)    ot  real  nui^ers  some  other  number.    Thus  p.  by 
additioii  we  assign  to  the  pair    C2|^  3)    the  su«  of  the  o^ers  of 
the  pair.  t>«'t  thf  nioaber  S.    SiBilsr^y  BUbtrsctioa  asfilgns  th«  pair 
(2,  3)    tP  th«  olmber  and  Eatltiplicatioti  ossigiuk  th«  satM  pair 

to  tlw-miabar  •  " 


ANSWEK: 

-I 

6. 


r 


thfi  usual  nota'tlon  48,  the  folloving: 
2  +  3-5        •  , 
2  -  3  ^ 


Since    2  -I-  .3--  ^  |  ekn4  J  2  ^  3    -•  3' 
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2    the  order  in  vpi^!iv%htt 
'^f'%t^'-'^£vm  is  isBsatarial  f dBugdSitlon  and 


■  ^  . 


•ultlpiicatloa.    la  this  ord«r  iaportMt  for  #«btr«ctioB?   Why  or 

■why  not?  ^  • 

Ym.    2  -  3   •    -1   t)ut    3-2        1.    aq  tb«  r»ult  depftodt  upon 
thm  brdar  of  thf  aMmb«rtf  of  tiw  given  pair..  . 


< 


Wi  wottid  ll|t«  «ub  trail  tion  to  b«  an  «x«Mple  of  ah  oper«tioi»»/>i&lch  ; 
Man*  th«t  th«  ii«f  loitloo  auat  t«ka  iQto  accemat  tb»  order  of  the 
a^ara  of  a  pair  upon  whidb  th«  opeiretioft  V  to  «ct.    Thla  iaa^a  ua 
to  conaidar  orderad  paira.    You  are.  already  f  miliar  with  ordered  ' 
palm  frw  Unit  !• 


2*3   -  -1 
2  •  3*6 

■   -  ■  ■■  '  ■    ' ;       '   "    ■  ■  ' '  ■ '    '    '  ■ '  .■      ■■■■ ' 

In  each  of  tbeee  ex^plea  the  oper at  lom  asaigtui  ttm  ordered  pair 
it2»  3)    to  a  imi4U«.i}(i»bcr.    Ualag  futtction  notatloo,  this  cAn  be 
exhibited  a*  followa I.  -  ^ 


Y 


ANSWER J 


(  -  -  _         ^  . .. 

The  above  diacuaaion  laxdii  ua  to  a^k^e  the  followiog  definition. 
DEiflNITtCHi  2. 1 J    A  <bi&ary)^  operation  on  a  set    S    ia  a  correspon- 


.  d«s)^«  which  fiui^lgiui  iiiich  ordered  pair  of  «l«Matii  uf  th^.n^t  *S  tQ 

■ .    .  •  .  ^    .  •,  •  • 

■  ...  ■ 

lu  9th#r  words  •  an  oparatioK  ott    S   who^^a  doMio  la  tha 

'    of  aiesienta  of    S»    (be  caraful.y 

ANSWER: 
, fuoctiob 
sat  of  ordaraii  palra 

■  •     .  !  ■  '  .  ■    .  >• 

•  ','-.■*  ■■.        •  -  '  >  ■ 

Kacali  ftom  Unll^  X  that  tha  aat  of  all  ordarM  pairji  of  alamanta  of 
S    ia  callad  th«i   and  ia  danoted  by    S^^  S* 

ANSWEE:  " 

Cartaalaa  product  of    S    with  . 


Tha  aparatioa  of  a4dltion  of  raal  nus&era  ln^a  lucctlon  of  "two  r^al 

variables**  4>ecauaa  ita  domain  ia  of  ^  Of  ^  *  , 

^      mm      «      M                ^      ^                mi       ^  ^     ^  —  ,^ 

AfiSWEHi                ^                  '  ^ 

or dara^i*  pairs  .  ^ 

raal'auBib^ra.         <  ' 


DEftNITmN  2.2i         an^oparation  "o"  aaalgna  each  orderad  pair  of 
alwaots  of    S    (i,e^,  aach  elaaant  pf    S  x  S)  to  an  al^eot  in  S 
wa  say  *'6**  is  a  closed  operation  on  the  set    S*  ^ 

In  othar  wordsg  a  cloaad  operation  on  a  set    S    ia  a  "function  from 


S '»  S 
S. 


^      If  «•  add  two  pofitiv*  lnt«ger*,  ia  %ha  ftvm  alwfva  n  positive  lnt«g«r? 
ANSJHEH:  _  ■  ■   '  .  ■ 

IP  •  .  •        V  ♦  . 

Sine*  addition  Mil ignfi  fitch  ardtr«d  pair  of  positive  intrngf^ta  %Q  a 

pogitiya  iatagar.  We  can  gay  that  addition  ia  a  ^      bioary  operation 

on  tiia  sat  of  poaitiya  integera.  V  ^ 

*  . .  .        ■  ■  ''  •  . 

•  - •  ■  •    '  »■  .  '   '  •■  .  -  Y . 

'   ANSWEK:  ^ 

^    :  -  -  -  -  "  -  -  r      -  -  -  -  -  -  ^ .  ^ 

la  aubtraction  a  closed  opiiration  on  tha  sat  of  poaitlvs^ntagars? 

,      ANSWEKs  '  .  ' 

Hot  fo|r  axaspXa,  2  a»d  7  ara  poaitiva  Int^g^Sg  hut    2-7    •  -5 
^  and    *5    is  not  a  poaitiva  ijit^ager*  .[  ^ 

■    •  ■  '  '  ■  f" 

-----,-"'"A"""' ------.-.---r---- 

A  closed  oparatio|i  on  a  aat  is  a  function  whoaa  xaflgfi  ia  • 

ANSWERS  ^  . 

a  siibpat  of  (orfia  contained  in)  the  given  set.     '     (  - 


Sa|»poM  ^0**  Is  «  clua^d  -CHp^ratiua  on  m  M^t    S«  far  tach  1  m  miA 

b  .  iti    St    (St  b)  wh<rtt    c    la  in  S« 

If  thm  4ip«iratt0ii  ^a"  w«rtt  not  cia4iaa»  vluit  {lart  of  thii  abov«  utatt- 
MUit  would  bm  dt£f«rcatf 


\  C'  nouliji  not  Mc«ifiarily  be  la   S«  ^  , 

Sluctt  ^o**  1»  «  function,  if  wa  arc  given    (a,  b)   ym  know  that  tba 
^  fiaaant    c   paltad  with  it  is  unlqualy  datarainad*         it  ali^o  ttuo 
that  if    c    is  kodVQ,    <b«  b).  is  uniquely  decsrsiaed? 


Mo. 


For  vxanpls,  if    «,  o  ,b    -    e   )tad  if  *'o"  is  th?  widitlon  op«rat^oQ 
on  tha*aat    S    oS^paal^ve  intagarai,    than    (1>       >    «uJ  (3, 
ara  dlf^f arant 'ordarad"  palra  Wbieh^rraapond  to    c  '  «    S . 


AKSWER: 
(3,  2) 


This  axaaplfi  shows  that  th#  addition  opatation  on  the  set    S  of 


ppaitivesinteg^rs  is  not  a(n) 


function  item    S  «  S    to  S. 


iB^^iLCEBRA  or  REAL  NUKBEH^ 


'    •  .  .  .  •  '  ' 

. h . . . ..........  J... . .  ■ 

Btifortif)  roofed  log  further  we  tihouid  mmkm  momm  res^rli^  about  the  mean- 
ing Qf  ihi^.  equnl^  »lgn«    In  thlv  Qourtie  w  will  xfue  the  nymbol 
to  maun  or  "iii  thp  sa^a^",    Thuit»  wh^  appii^ed  to  real  num-* 

barg,  thii  iit«teffl€int  a  b  ae^mi  that  the  real  number  reptesentecT 
by    a    iM  the  name  aa  the  real  nuaber  repreaented  by  b. 

♦  Threft  Important  coosequencea  of -thia  definition  of  equality  are  Hat- 
ed feeiow,    We  wlll.atate  theae  properties  for  equality  of  real  num- 
bera»  •        "  '  •  ^  \  ■ 

.   '  ■  •  .  -  •  . '  v 

1.  if    a    la  a  real  maaberi  then  ^  a    •    a.^  * 

2.  If    a    ia  a  real  number  and    b    iu  a  real  number  and    m  b« 
then    b    •    a.  •  *  , 

3.  If  each  of    a,  b^  and    c    la  a  real  number  and^lf    a    *    b  '  ai^ 
b    *  then  -  a    «  e. 

Property  3  ^»bove  ia  ju#t  the  uaual  aubatitutiW  rule  for  equality. 

We  will  uae  theae  baaic  propertiea  of  equality  in  prxKjfa  without 
mentioning*  them  explidity;    It  would  be  unneceaaarlly  te(|iouii  to  have 
to  atate  them'aa  reaaamf^  each  time  we  wished  to  reptaci  a  symbol  for 
a  number  by  a  dlf ferent  i^mbol  for  the  same  number »  i.e»,  "to.sub- 
atitute%ne  quantity  far  fn  equal  quantity",  ^ccaaioiially,  for  the 
aake  of  clarity we  wijl  give  "subatitution"  as  a  reaaon  when  one  or 
more  of  tl|^e  propertiea  of  equality  are  uaed,  .  * 

Two  other  faffliliar  pri^pertles  ,relat<^  equality  of  real  numbers  to  the 
operationa  of  addition  |ind  miiltiplication* 


i.  If  aquala  afe  added \^ to  equalap  the  auma  Ere  equal.  Thus,  if  a^ 
b^  c,  asid  d  are  real  '^umbera  and  if  a  b  •  and  c  •  d,  then 
a      c    •    b.4:  d. 


11.  If  equals  are  mu 
Thua>  if    a^  b^  anc 


tiplied  by  equals,  the  products  are  equal 
d    are  real  numb  era  and  if    a        b  and 


•        th«n  8  •  c  -  fa  •  a*  ' 

Thttitiik  propi*rtiiiM  follow  f rom^  tii£  o^anin^  of  eqtmlity  aad  the  aiisuap- 
tioa*  that  addition  Mod  mu],tiplicatloOt  respectively »  Hire  binary  oper-*  ' 
oj^odtt  (fimctiolui) « ^  If'  ft,       c,    and    d    ar«  real  mmbers  and 
a    •    b    and   .c        d/  than    (a,  e)    -    (b,  d);  that  ia,    (d»  c) 

^  -  .    ■  *     .  *   ■  -I 

and   (b.  <i>    arfe  differeat  uAses  for  the  saae 'ordered  pair  of  liiuis- 

■  '  ■      ■  ■  '  ■ 

bttrM.    The  opKratioo  of  addition  associates    (a,  c}    with  the  real 

ntW)^r    a  +  c  \  and    (b,  d)    with  the  real  . number  


-    b      d.       •    .                                      I  ^ 
 .  _  ^      -  _  ^         _■  •_■  ■ 

Wa  know  ainca  addition  la.  a  function  that  the  ordered  puir    (a,  c)  r 

(h\  d)    la  aaaociated  with  oni,y  one  nuq^er*  .      ^  \ 

\  .    •  ■  -    '     ■  ^  • 

^Tlmrefore»'  a  4  c    •    b  +  d, 
«        .  ■  .  ■  ■         ,/i  ■  '  ■    •       -  . 

\^  '       ■    ■  ■  '    ■  ■  . 

A  aisilar  argument  would  eatablisb  the  abiive  multiplication  property 4 

We  will  generally  uaa  th^se  propertiea  in  proofs^  wJ^thout  explicl'tly. 
Hating  thesp  ail  reaaona^ 

»  .  ■      ■  .  '  .  •  "  '        ■     \.     ■ , 

PROPERTIES  Of  ]l.EAL  NUMBER  OPEfiATlONS 

.  In  thifi^  section  we  ^11  pick  out  a  few  of  the  b«alc  proper t iesi  .of"^ the 
'  reel  number  aperetiomt  addition  and  piiltiplical^ion.  11\eae  baaic  pro- 
pertlea  will  b^  aaauaed  #a  poatu^atea  for  th|  real  mmbel  syettm.  In 
^  Jt^ter  s^ectiona  we  wlLl  d^riye  other  piKsp^jtiea  on  the  baaia  of.  the 
aaaumed  poHtuiale^,  Be  careful  to  note  t^t  the  poatulatea ,  ate  baaic 
aaaumptiona  and  that  we  oake  no  attesupt  to  give  proofs  for  t Hep). ^  You 
may  feel  that  aome  of  the  properttea  whit^h  w  wil,|  provea  aa  thecarreisa 
are  just  as  baaic  aa  aome  of  the  postulatea.  Th4^  may  be  true* 
Hiere  is  alWaya  ao^e  arbitrariness  in  the  selection  of  the  properties 
which  will  <be  taken  a^  pofigtulatei^«    Howevert  we  will  "choose  ^  set  of 


> 
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poBtulate*  which  4o«*  not  hav«  naedlwis  duplication  and  which  will 
perait  fairly  e#Hy  dtiv«lop««ot  of  all  the  aoat  important  proper- 
tl«»  of  real  nuaher  addition  «ad  »iltipllc«tiOrt. 

W«  wiU  now  discuiiii  th«s«  proper tiai»  Inforaally  liefbre;  stating  then 
aw  postulatea,  '  .  , 

TKr-COISlUTATIVE  PKOPERTV:    For  real  ausbera    a.  "b.  'and    c,    if  we 
ka«iw  that    (a.  b)    -i*  c    than  it  followe  that    (b.  a)   

Arm  there  alaiilar  tAe  stateoenta  for  any  of  the 'dthaf  three  opera^ 
tlona  on  re«i  ouabara,  subtraction,  multiplication,  and  dlvlalon? 
If  ao,  atate'^thent. 


Thar*  la  a  slullar  atateaent  for  Baltlpllcatloni  For  real  ntmbera  / 
a,  b»  and    c,    if    (a,  b)  A>  e,    then    <b;  a)  c. 

A  counter-example ^hich  deisohatrates  that  »  atatSBent  similar  to  the 
above  i«  not  true  for.  subtracti«ja  ij^  the  foilowlng;  )vX2,  7)  -5 
md    (7,  2>^-^  5?  Division  irfto  fail^o  have  this  property. 

The  foregoing  property, » which       posaesaed  by  addition  and  aailtipli- 
catioa»  la  called  the  ooroiutatlve  proper tv .    The  ccamutative  property 
for  addition  atates  that    a  +  b   -    fa  +  a.    for  all  Aal  ouabera./  a 

THE  ASSOCIATIVE  PKOPEm:    Addition  has  been  assumed  to  be  «  binary 
operation.    This  means  addition  is  «n  operation  whose  drasaln  is  a 
set  of       « .  V  .  ' 


i 


\  ■ 


ordartd  pairs  of  elesesti  (rm»l  numbers).  < 

: .  :.t . .     . ...  i .  rr;/. .  -■. . . .......... 

Uov  could  you  todicatft  thm  H\m  of  the  thre«  suikbtitfi  2t  S«  and  3» 
k«iiipiai(  Id  mind  that  addition  In  a  binary  opii^tlcti? 


;.jr,-- ---------  — 

AUSWEKs  .'(2     5)  +  3    or    2  +  (5  +  3). 

;  ^  ..  ■ 

•  To  clarify  £ha  maaciiag  of    (2  -f  ^  -I-  3   wa  u^a  fjonctlon  nbtatl^. 
'  (2,  5)  ^  2  4*  5 

\        (2  4^  5/3)         (2-h  5)  +  3 

Froa  our  fuq>erienca  we  knpw  that    (2  +  5)  +  3    «■    2  +  (5  +-3),  The 
diffar^Dca  batwaatt  tha  two  aigpraaa^ioni  ia  paly  in  tha  choice  of  tha 
pair  to  ba  add&d  firat.    The  property  involved  hare,  which  la  called 
the  aaaofiiattVe  property  of  additiont  can  be  st4tad  aa  followa: 

~     J  For^i^any  teal  nuobara    a,  b,  and  c*    (a  +  b)  +  c    •   a  +  (b  4-  c). 
f  Kbta  thi^gt  the  order  of  the  terms  is  not  changed, 

Sacauaa  li^l^he  aaaociatlve  property  of  addition  there  is  no  affibiguity 
in  writiiig    a     b  4-  c   without  parenthaaea<    Then*  by  de^init|.on, 
a  -t-  b  +  c   •    (a  +  b)  4-  c.  '  ; 

\     Kow.^ould  you  almilarly  fsalgh  a  meanly  to    a  4-^4*  c  4*  dt    for  ^ 
-real  nuiobare        b»  c,  and  d?  , 

,        -.-  -  -  -  -    -  -j^  -  -  -  -  " 

AUSWER;  '    .  f 

a     b  +  c  +  d    -    (a  +  b  +  c)  ,+  d,  where    a  +  b  +  c    -    (a  +  by+  c 
Thars  are  other  correct  answers,  e<g.,    (a  4-  b)      (c  4;  d>. 

By  an  extensson  o£  this  idea,  the  sua  of  «uay  fittite  sequence,  of  nua- 
*^     bcrs  cais  b*  defined.    The  sssocistive  property  of  add-ition  cotild,  be 
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iu»«d  to  M^u3^'  thmt  tim  grouping  of  thm  tit£^«rs  in  m  sequ^ncft  does  not 
Aflftct  tluB  HUM  ol  t;h«  mmtmrn  In  th«  ««que&c«.    For  exmpld,  for  th« 
scquftiic^         bg  c,  d)    we  luiv^  ¥ 
(U  +  b)  4-  c)  -¥4    -    (a  f  fa)  4-  (c  t  4)    «    «  t  <b  4-  (c  4fii)>  • 
(«  +  (b  +  c))      d    •    «  4-  C(b  4^  c)  4-  d)^ 

Clv(»  ft  stfttttSftnt  of  tbe^  asaoqiative  propftrtjr  for  each  of  th«  other  . 
thtM  baiiic  real  m^aber  operations  for  which  th(K  t^ropertv  is  valid 

AKSMEg':       v  ■  .  .        '  f     '       ^   .  '  ^  •  .  ' 

Tha  property  JLi^^ot  Valid  for  subtraction  or  dlvif^on;  >For  ^Itlpli-- 

catioQ'it  can  b0  atatad:  r 

For  aiiy  raal  numbara    a,  b^    a^    Ct    (a     b)  *  c    «    a  •  (b  •  c))i 


-/-.- 


IME  WSllilBmVE Wa  will  iiow  turn  our  attantion  to  a  gro- 
party  which  ralataa  addition  and  aultiplicatlon«    Whan  you  wrl|:a 
3j£  4"  5x—    83t    ydu^fftaka  uaa  of  thVs  property  although  many  people^ 
do  so  without  recognising  itJ    33^  4*  5jc    «    (3     5)  •  k  > 

Is  it  true  for  all  real  nvmbara  <^    tbat    (b  +  c)a 

Cb  •  a)  4^  (c  •  a>?  .---^  y 

—  ^   

ANSWEK:  '    .    '  ( 


I«  it  alHo  true  that  a(b  +  c)  -  (a  "b)  +  (a  •  c)  for  all  real 
nuabers    a,  bi  »^  c?  ^       «  ^ 


Y*8. 


Octuiir  fttAtaMat*  «iiULl«r  la  fore  to  tbs  one' givoc  ai>dv«  In^ludd  tlMt 

<i)    4»(b  -        -  'im  •  b)  «  («  »  c)  . 

(2)  (b  -  c)*    "    (b  •  a)  -  (c  •  «) 

(3)  «  +  (b  •  c)    -    (a +'^)  •  (•  4-  c) 

(4)  (b  *  tfi  *  «   -    (b  *  a)  +  (c  t  a) 

Uhlcb,  p£  thtt  above  acatsiMmca  ar«  true,  for  al,l  real  mmbets    a.  b, 


1.  2.    Statevaat  (4)  is  neaniogl^sa  1£    a   "   Oi    but  it  is-  ttue  if 
a    ^  0. 

:_  _\  ^  ^  i .  ^ _ ... .     .  _  _ 

■  •      .  /       ■        .  • . 

'  Th#  wq:  prpp«rti#8,  a{&  4-  c)  *  C«  •  b)i  ^.tn  ^  c)  and  '  <b  'f  c)a  »*»\^ 
(b  •  a)  ^  (c  *  .a)  for.  'all  raj^^yitS^e^fi  a^  b^  aod  c  ara  ordinar'iiy 
cqobinail  and  called  tha  distriby.|;^va"  pro^egty  p£  mult^pl^cationi  over 

add  tt  Ion  a  ^  ■  .     /  ^  '  ^  "    .  ■  ' 

Many  ta^^a  in  higti  achool  algabra  will  aay  that  iot  a  raal  owbar 

3«  4        «    8x    ia  ''coaAiaiog  like  terma*^  and  give  no  itulfcatioa 
th4it;  tha  dlatrlbutiVe  property  ia  involved*    Similarly »  io  writing 
axpraaa ions  lika    3Ky   no^antion  la  mada  of  tjie  aaaoclativa  proparty 
of  fluiltlpliea^ioii.  *Thia  Ir^yan  don^  in  s|ma  booka  vbich  ar#  carfful 
ta  ua^  tha  diatrlb}itiva^(id.aaaociativa  propartiaa  ia  other  aito^- 
tieiQa«  and  hare  it  can  be  a  rea}  source  of  copfuaion  £or  the  atMi^t* 
Ua  la^  likely  to  gat  the  idea  that  th^  d|atrlbutive^pr0perty  a^f'co®- 
>i0<Dg  like  tarma"  are  unrelated  ideas*  s 

Cdnaider  the  follovis^  discuft/ion  ^oted  from  a  wall  kn(»irn  high 
Bithool  Algebra  1"  text«   [  ^ 

^'^u  will  recall  that  in  arithmetic  you  can  add  5  peyQcila  to  2  pen- 
cils mid  obtain  7  pancila  as  the         because  you  are  cc^itiing  two 
groups  of  like  thtnga*    Similarly >  in  algebra  we  can        th4  term  . 
to  the  term  2x  and  ^^tain?^    aa  tiie  sua  ^x^^^^^*  2x  ^ 
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7it  ~-  becAuif«  \m  «ra  combining  two  like  tgrgg^.    Like  tevmm  are'thoie 
which  have  the  ^ama  lltc^ral  |actar£.    Thuii  4y  and  9y  i&re  like  tarma; 
land  ayr  ata  %b    and  ,6ab,  V  . 


w  that  wii  cannot  add  6  p^ciia  to  3v  houra  and  obtain  a  total 
of  paricila  or  a  total  Qf  houra' becauaa  these  are  two  gtoupa  of  unlike 
•thinga*    SiflSilariy^  w«f  cannot  ^dd    6x    and,   3q    (except  to.indicate 
the  au^  aa    bx.^  3n),  becaOap  theaa  are  unlike  t tiring Unlike  rerms  ^ 
is  th«  same  literiil  factora..  .  Thus    4c,  5a,  5y,  xSind 

'xy  are  all  ualikii  .ter«ui*^' 


The  alrova  paragraphp^'a^  ill^trafed  aa  followa. 

"3  naila  and  4  tSiAlu  oake  #  total  a£  7  nalla.  *  3p  +  4n       '  7n.  Like 
ter»a.  can  ba  combined  J'  ^  ^ 

Ueneath  a  pieturr  of  3  bricka  and  4  naila  la  tbe^  caption:    "All  .1 
can  aay  h^re  ia  3  brieka  aSid  4  Mila*    3b  +  4n^    Unlike  tarma  cannot 
combined/'  '    •  r 

It  ia^  difficult  to  iiiagine  a  more  mialeading  diacuaalbn  of  a  baaie 

'  ■ '  *         ■  I* 

algibraic  propBirty  th«n  that  quoted  above.  .  If  there  i«  anything 
that  iihould  be  «a(le  perfectly,  clear  to  a!,  student  concerning* addition, 
it  Iw  lhat  we  add  nifflabera.  not  panetla  br  hour*  or  nails  or  bricii. 
When  we  write  as  axpreiiaion  in  al^ibra  like    3b  4-  4n    It  ia  alapat 
always  Witii  <;he  understanding' that  th«  letters    b -Tn®   n   are  used 
to  stand  for  numbers,  not  bricks  'and  nails ,    To  say  that  we  can  add 
3n  +^4n    b^t 'c¥nnot  add    3b  +  4n    is  utter  .nonsense  aiid' cannot  help^ 
but  be.Bialeading  to  the  student*    if    b    an^   n    stand  for  nu^erm 


•i' 

then  we  can  'certainly?  add    3b  +  4n    as  weli  as    3n  +'4n.'  What  Is 

*  e* 
^ht*,  of  courae,  is  that  the  distributive- property  can  be  applied'  to 

3fl.  4  4n  to  get  3n  +  4n  -  d  ^  4)n  -  ■7fi'*whtle' tU  distribMtive 
prqpext^  ,d^8 'jpot  apply  in  the.  s««e  way  to .  3b  +  4n    unless    b    -  n. 

Hon  i^y  feel  tl\at  the  CQOButtatlve  and  associativa  |>cep^tias  of'^'- 
d  It  ion  and  multiplication*  a«d  the  diatribut^a  property  are  intui- 
tively obvious,    rour."  feeling  can  perhaps  **  jus tif  led,  -when  the  nua- 
hjf^a  involved  ara  poijCitlvB-  lnte|erfe^  on^the  bsairf  of;  counting  no- , 
itlone.    Hbwaver,  you  sight  try  to  fotwylHte  in  your  mind  reaapns  vrtiy 


thii  following  stattafihtiii  ithould  be  intuit ively  obvioutts 


IDENTITY ^JvJjUiSe^       Th6  number  zero  b^av0«  In  a  special  way  "relative 
to  thiK  ^dditioo  operation.    Thuii«  if    a    ia  any  real  number  then  we 
Know  that  t*ur  the  ordered  paira    (ai  0)    and    (Ot  M)    we  have 

<0^  a)  ^  V  •  .  ^  ' 


We  <:alli.  ;iero.  the  identity  elemet^t  for  addition  or  the  additive  Iden^ 
tlty  element*    Ute  identity  property  for  addition  is  given  in  the 
follotting  atateiiHent«  v  r  : 

There  la  a  real  nu»ber«  0,  auch  that^   a  4*  0'   •  '0  4  a        a.  for 
each  real  number    a»  ^ 

Thi,k  atatesaent  will  \m  one  of  qu|!  p6«^ulatea  for  the  real  misaber  aye- 

taia.  *  The  numbHtvsero  alao  bahavea  in  a  apecj^al  way  relative  to^  the 

multiplication  opafation*    Thua  .  a  «  0        0  ■  a    *         for  each  rea^l 

number    a*    Ve  will'  not  tak^  thla  atatessent  aa  ot^e  of  our  poatulatea 

aipce  it  c^n  be  proved  ea#iljr  from'' the  other  'poMjtikataa  vhich  wie  will 

aaaii^*       '  ^         .     •  '  /  » 

»    .  ,       .      t.  ■'     \     ^    '  "      ' '      '  m 

There       al&o  an  identity  elesaliat  for  multiplirca^'ont    Uaing  the 

'  '        ■  ^    '  ^  '  /I 

i,det$tlty  property  for  addition  as  s^tated' above  as  a  guide,  static  th«  , 

Identity  {froperty^^  for  isultipllcatloti,       '         </ .  '  ' 

'  ■  I         •,  .  .  > 

•JUiSttEil:,'  •  ■    '■■  '  y      '  -      ,     •■-    ■'     .       -"^    *  *  ^  ' 

Tbi^a  is  a  real  auabsr»  1,  such  that    a  •  1    ■    1  '  a    ■    a  for  each 
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Tbii  property  vill  niuo  bm  one  of  mir  postulataU.    V  fill  add  to 
this  property,  tlm  wauaptloQ  that    1   #   0.    This  is  don*  for  a  tccb 
iilcall  raasoQ  which  «ra  will  mt  go  into  hare.     ,  ' 


INVSRSE  EL^jprrS:    Each  of  t&«  oparatiooa,  addition  and  ttultiplica*- 
tiop,  a«al«nayto . any  given  real  nuaber  saeny  ordered^ paira.    For  ex- 
•aaple.    {2,  5).    <3..75,  i.25),    and    (V/ll,  6  4/11)    are  all  eeeign- 
•4  to  7  by  th«  ^  ^  op6ratfion.  *  . 


s      ^  ^  ^      ^      ^  ^   ■     -p  ^  » 

ANSWER:     .  ' 
additicTn  ' 

-  *  .  -  -  ^        -  .        -  -  ^  -  -■  -  "  '  -  -  -  -  - - 

Conaider  the  paira  whicih  are  aasigtied  to  0,  the  additive  identity; 
by  ^he  addition  oplivation.  If  4  ia-  the  first  »«aber  of  such  a  pair, 
the  ijacond  raatber  -of  the  pair  is   < 


ANSttEk: 

-4.      '  '  ' 


V 


J  M  th«^  first  mi^bsr  of  th«  pair  afisighsd  to    0    by  addition  4s^-*^g 
than  tha  aacond  maabaf  ia   ^  > 

-  -     ^  -  tr-  ^  -  .  .  

ANSWER:     ^.  *  . 


lafiXa  pair  of 


Ij^aayi  pair  of  raal  nii^^ra^  (a^  b)    ia  aanijgned  to    0    by  additioti 
^-      wa  call   b    tha  additive  inv^rsR        a*  and    a    tha  additivtr  li^verife 
.  of    b*    Slnca    (4*  -4)  -^^  0,    -4    ia  callid  tfia  ftdditi^a  invaraa  0f 


Atid  4  in  calliNi  thu  additive  t£ivtr««  of 


-4. 


Thi(  nuabiits  ordioiirlly  Ktumd,  in  iiX«mi«ntaty  aritlmetlc  art  the  poiltivt' 
IntiigftrSi  (os  natural  nus»barfi)  •  th«  nag^iva  Intagers  ara  firat 

introducad  in^^Igabra  it  ia  anjiuMd  that  for  aalch  {loaitiva  Intagar 
SI    tbai^^  ia  an  i^agar  * -a   with  tha  proparty  that    tt  ^  (-n)    •  Q. 

ia  than  calla^l  a  nagativa  intagar.    Xt  la  unfortunata  that  in 
fiany  high  achool  cTigabri^  taxta  *tha.'iiatroduction  of  tha  oagativa  in- 
tagata  ia  accoapaitiad  by  a  atatflsiaot  lika  tha  follcsfviog:    '^A  oagativa 
Quabar  ia  a  am^ar  which  haa  a  ffilnua  aign  attach^.-* 

What  Uia  author  »aana  of  couraa  ia  that  if  a  siilua  aigti  ia  ^attached** 
to  Qtm  of  tha  nimbara       alcaiantary  aritiuMtic,  i*a,»  ona  of  tha  poa- 
Hiva  intagara^  than  a  nagativa  nintbar  ia  obtalnad«    Hc^avart  if  a 
ttittuavi^ign  ia  '*attaphi4'*  Co  a  Mgativa  fumbati  than  a  poaili^  noi^ 
ia  abtkitiad.    Thu«»  for  axanipXat  if    a    ttprasenta  tha  raal  nopbar 
whjlcii^a  a  aoiution  of  tha  aquation  »  and       va  ^Uttach^ 

a  Aini^\  aign  to    a»  than  wa  obtain  a  poaltiva  nun^af* 

Tha  primary'  uaa  of  tha.  Minuia  aign  is  to  indicate  tha  )^ditive  in-- 
varaa  uf\a  nuabar^  and  latar  tf;i^indi€:ata  aubtraction*  llV.^^^da|iotaa 
a  nuttbar.  than    -a    danotea  tha  nuabar  ^i6h  la  tha  additive  Inv^raa 
of    a.        carafi)!  vJkt  to  think  of    **^aV   ^  ^  ^yt^oi  for  a  tiagativi" 
numl^ar.    Ism  can  ba  ^aitiva,  negative^  pr  searo*  dapendii^  upon  the  * 
nunbat    a-**  ^  ^   .  • 

tha  invarsa  prbpaf^ty  of  Edition  of  raal  nia^ra  can  ba>|atad  aa 
£ollow|i2    For  each  raal  siiai^^r    a    tha^a  HJtiata  a  raal  ntoabar^  da^ 
aignatad  by   ^a»^  auch  t!ii^    a  4-  (-a)    «    C*-a}  4-  a   •  0* 


a 

4  ' 
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36 


The  carrttjipoddlim  special  pairs  uiui«r  mtiltiplication  wmld  bft  thonts 
which  attt  itiiiilgttiid  to  \ 

■---^------------v--*-- 

ANSWER;. 

1    (the  E^lnipiicative  id6ntity)\^ 

•  *^  ^ 

^  ^  ^  ^  ^-  ^  ^.     ^  .  <^   ^  ,  


An  Mxwplis  of  0ii«  such  pair  is    {   ^,  4). 

ANSWER:  »  t 

m        '    ■  .  •  ■ 


} 


la  it  crae  for  ajj^  real  ntmbers    a    that  a)  —♦^7 

 s'  •  _    -  _\    -  .  -  . 

ft 

Ho»  It  is  not  true  for    «   «   0.  * 


But  ior  ^ach  non-ggro  real  nus^et    a,  it  Is  trua  that    (i/a»  a)  — ^ 

'■■  ^  .     •  • 

W«  will  uaually  represent  th«  sulC^pllcative  inverse  of    a    by.  the 
nymboi    "«         Instead  of  "1/a.", 

F0fkulate  ^  statanant  of  the*  inverse  property  of  multi^jlication  of 
raai  nuffibars  (recaHtiig  that    0.  has  no  mulitiplicative  invarae). 

-  -  ^:  _  ^  .  .  ..  .  ■  . 

Fojr  each  real  nuober    a,    a    if    0,    there  exlsta  ^  real  QudS«r,  de- 


aignated  by  a  such  that  a  •  a"'  •  a  '  •  a  -  J.  (Noti~that 
ll  is  not  sufficient  to  ^aay  just    "a  •  a  '         a  '"' •  a."    Yau  niyit 


W«  are  aoi^  r««dy  to  statft  th«  propertiss  we  h«v6  3i8cu«««d  m  po«tu- 
itttiiii  for  th«i  r«iil  ausib«r  ayiit«tiBi%    Thin  list  of  postviiates  contains 
thtM  cats  of  propartiaa; 

(1)  proparttaa  c^ncamitsg  addition, 

(2)  propartiaa  conca^^g  miltiplicationi  aad 

(3)  a  property  concarning  both  addition  and  multiplication. 

Thaaa  propartiai  ara  eaU#d  tha  fiald  gifogertie^  oC-  the  real  number 
ayatatt. 

Wa  aaauata  that  ve  ftava  a  aat    R    called  tha^  ^al  number  aet  upon  ^ 
ifhich^are  defined  two  cloaed  binary  oneratiofaA  addition  a^aailtl- 
plication*  having  tha  following  propartiaa $ 

Nfflaa  o^  the  Proggrtjea  ^  . 

Aaao^iative 

Addition  Pgooertiaa 

:    For  all-  a,  b.  c    in  R;  («  +  b)      c        a  t  (b  c)* 

a-     ^  •       .  .        -     ,  •  ' 

Multiplication  Propartiaa 

11^        For  all  a •  bp  c    in  fe,  («  /  b)  •  c    -    a  •  (b  •  \ 

Cooi^tativa 

A^ 

For  all  a,  b  ^iiK'  8,  a  •  b    •    b  •  a, 


k  - 

^    ;    Par  all  a,  b*  in    R,  a  +  b        b  -f  a. 


M 

9 

Identity 
A^ 


V 


.  :    R    containa  an  el^aent    Q    such  that    a  'I-  0 
for  all    a    in  R. 


0  4  a    •  a 


M.^  :    R  'contaitM  an  slwaetit,  i    4    0    such  that    8*1         I  a 
•  »«    for  all    a    in  R. 


Invar aa 


V 


A^^  I    For  ea^h    a  ^  in   It    there  aitiata^  -a    in   R  *auch  ^bat 


t  ^or 
thmt 


a  4^  (--a)    •/  -a  +  a    ■    0,     .  , 

aech  la    in    Rt    It   iT  0>    there  ikiata  a 
a  *  a  *         a  *  •  a    -  !• 


in    R'  auch 


ERIC 
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Addltiofl  aad  HuUipIicatian 
DiMtributlve 

D    :    Far  all  a»  b,  c    tn  «      (b  4^  c)    -    (a  •  b)  4-  («  •  c),  , 

and    (b  4  c)  •  a    -    <b  •  «).  4  ,(c  •  «)\   ■   '  ^ 

Note:    A.Mhorthand  outatlon  hmi  bten  iutroductsd  ior  tb^  a]>ove  pro- 
par  ti<iM  mid  will  be  us«d  iti  the  r^wilnder  of  th«  couriiii*    For  «x-* 
aaipla.    4     dnignataa  th«  cowutatlve  property  ^or  additiccip  H: 
dattignatiia' the  inv«rae  property  of  sultlplic^ti&n  while.  D  daalg- 

fmieii  the  diatributlva  property  of  multiplication  over  additloW* 

1*  '  ■ 

Note  carefully  the  aisilarity  pf  the  proper  ties    A^,  M  ;  A^^  M  ; 

M,      and  A.  ^  M.  •  . 

id     Id*  .  '     in  in. 


FIELD  THEOREMS  FOR  THE  REAL  NUMBER  SYSTSI 

Having  choeen  the  pet  of  poatulataa  we  will  now  begin  to^^itov^  . 
theorefiia  giving  additional  pra|itertie$  of  the  real  nwbet  ayatea.  Aa 
haa  been  pravioualy  noted,  ®oat  oi  the  pi^opertiea  will  be  well  known 
to  you^  and  you  may  fi^al  it  ia  unaeceaaary  to  prove;  theiae  as  theo^ 
eifta*  but  y^ou  ehould  ra^eall  that  our  purpoae  in  thia  unit  ia  ta  ax^ 
aiBine  th^  baaic  structure  underlying  these  well-kncmi  properties. 
This  iu  best  acccMpHished  by  sMasini^  the  logical  dependence  of  the 
pro'pertiea  upon  one  anothar.^  In  carrying  but  ^haa^  proofs  we  ^'st 
'he  careful  to  iiae  only  the  postulates  we  have  l^id  down»  fogether  . 
with  the  theat^s  which  we  will  have  already  proved* 

THEOREM  2.1a:     If    a»  b*  and    x    are  real  numbers  and    a  4  x  m 
b  4  KL^  then    a    «    b,  "  ♦      '  v 

Starting  with  t^  hypothesis    a^  4  x    «    b  4-  x   va  can  add  _ 


to 


a  4  X    iAd    b  4  X    to  atrive  at  the  equality  of    a    and    b«  ^ 


ANSWEK: 


«•  will  wrlt#  thin  proof  in  a  fom  that  1«  often  u«W  for  proofs  in 
high  8ci|ooi  geometry.    Giv«  the  symbol  for  the  property  applying- to. 
BtMyM  4t  S,.  and  6, 

PROOF:    .  *  ' 

1.  a     K    •    b  +  X  1,  Hypotheeie 

2,  -X    itxifita  \  2,  .  ' 

■to 

(a  f  k)  +  (-x)    -    <t  >  x)  4  (-x)-,       3.    Notes    At  this  point  In 

-  \  '  the  prcfof  thci  author- 

.  ^  ity,  **If  eqvtale  aibe 

'  '     f  '  ■,.     ^  "     added  to  equala«  the 

'  .etuae  ate  equal'*  could 
^  be  supplied;^  but»  aa 

V        ,  ^        Waa  previoualy  explain*^ 

^  ed,  we  will  ordinarily 

.  .     make  use  of 'this  prop- 
.  .  erty  without  ccnneot^ 

4.    (a  -I-  x)  4^  (-^x)    -    a;?[x^(-x)j        4,  •  ' 


5.  .    a  4-  Q  5, 


6, 


« 


7..  (b  4  x)  +  (-X)  b 
8.  •    a    "  b 


ANSWER: 
4.  A 


lo^he.  above  prdof,  the  atateinents    <4>»  C5)»  and  (6)'  should  be 
thoughtt       Hi  a  ^eriea  o&  equal  expreaalona  which  could  be  written 
«s-,follow»:     (a  4-  x)  +  (-x)    -       +    [x  4  (-xi]    -    « >  a    «  a. 
In  writing  proofs,  the  fornat,  whicH  lists  steps  i^T^e  colunn  and 
ifeaBons  in  an  ad jacent  ,co}.uj&n,  pensits  one- to  sas  at  a  gla'hce  just 
wh*t  steps  s?«  used  in"  the  proof.    lkjwever|_afte^Amo Ji«s"  s<«8  esKpari- 
«nc«  la  constructing  proofs        prefer  to  wlte^he  proof  in  p«r«- 
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gruph  tora^    Ititl  is^art^t  th^ng  is  that  m  pvoof  ahould  consist  of  a 
Mttqumctt  of  itaUw#nt»  wKich  will  convi^i^the  reader  th*t  the  cone lu- 
iiion  of  the  th«orto  i^i  a  logical  conttequenla  of  the  hypothanis  of  thfi 
thgiorim  m4  q(  th«  poKtulat&u  uhich  have  hwn  aaau^d.    A  proof  of 
Th«or«m  2^yk  la  given  in  paragraph  fotia  below. 

;i»y  hypotheaiai  a  4-  x  >  -F  x.  Property  A.  tells  ua  that  x  haa^ 
an^ additive  ,i^v6ra«    -x.    If  equals  are  addad equals  the  aumis  ar«  ' 

aqual,  therefore'  <a  x)  +  (-x)  ia  equal  to    (b  ^  x)      (-x) .  Using 

■         ,       '.    ,  ■       •  ■   ^  ■  ^    ■  "  -  .  >  ' 

the  property  A    wi*  aee  that  the  statement  (a  -f  x)  -h  C-x)  » 

.  .  «  *          a     •    '                            ^  .    .  ^ '  .1 

.(b.-f  x>      <-^)  ^impliei^i  that    a  -f  [  x  4^  (-x>]    *    b  t  [x  +  t-x)].  By 

f  ^  .    ^  •  '  • 

property  A.  .    x  +  (-x)    «    0^    hence  ,a5S  4  0    •    b  4-  O.v  Then    a    •  \ 

b,    by  propwty  A^^, 

THEOREM  2.  lb  J     If    a,  b,  an4^   x    are  real  nu^eVa  and    x  +  a  - 
X  +  b,  then    a  ^ b. 


PROOF:  Let  x  +.  a  •»  x  4  b.  Then  by  A  we  hive  a  +  x  ■»  b  +  x,^ 
and  by* Theorem  2.1a,  we  know    a         b,  • 

Thim  proof  ia  a  good  illuatration  of  hw  a  statement  Qa^  be  proved 
by  relating  it  tp  a  previously  proved  theorem.  .  ' 

The  property  of  teal  numfaera  given'  in  Thiorema  2.1a  and  ^^Ib  is  often 
call^  the  canc^^ll'ation  property  for  addition.  We  %rill  combine  these 
two  thfiJTtc^s  in  the  following  ijingle  theorem. 

TliEOHEH  2.^1:     If    a,  b,  and    x    are., real  numbers  and  either    a  +  x 
b  +  X    or    X  +  a    •    «  4-  b,    then    a    ■  fa.^ 

State  the  analogue  fpr- multiplication  of > Theorem  2*1^. 


ANSVER: 

THEOREM  2*2a:  If  a,  b,  and  x  are  real  huiabara 'with  x  0,  * 
arid  if    a  •  X    •    b  •  x,    then    a    »  b. 


Not!  that  the  eoiutition    %    ^    Q*^    Im  aecei^nary  in  the  statemmt  of 
Theorem  2.2e.    For  eKa^pie,    2  ^  0         3^0^    but    2         3.  Look 
egein  at  tha  proof  of  Theorems  2. le.    Each  of  ^he  baai^c  properties 
uaed  Ike  re^cma  in  ^hat  proof  ^J^oncerned  with  addition  and  each 
haa  an  aoalogue  for  sul^tipllcation.  ^In  which  of  the  miltipXication. 
propt^rtieai  doea  th^  coodition    x    ^    0  arlsa? 

ANSWER:  •    ••  •    .  '  ' 

N     ',.  ■  .    .      '    .  .  .  ■ 

Thu«  k  xmml  auabar    ic    is  sfcsualid  to  have  a(n)  ,  ^  on}.y  if    x    ^  0 

y 

........ 

^ANSWERt  .     "      .  • 

sultlpXlcatlv*  inv«rs« 

Give  a  ciimplete  prcKif  of  Theorem  2«'2a  (using  the  proof  of  Theoreia 
2,ia  for  hints,  if  necegaary*)    Try  to  uae  the  same  fonsat  uaed  la 
pirovlng  Theorem  2.1«*^ 

l*    a»x*b*x'  ^         1.  Hypothesis 

ANSWER: 

Ig  a  •  X    •    b  •  %   ^  1.  Hypothesis 

2.  X    #    0,         X  *    exists  2.    Hypothesis  and  M^^ 

3.  (a  •  x)  •  x*^    -    <b  •  x)  •  x"^ 

41,  (a  •  x)  y  x"^    •    a  •  (x  •  x'^>      4i.      M         *  / 

<.  •  ,      .  a 

4ii.  -    a  •  1        -  4ii,  • 

In  . 

4lil,  -    a  4iii.       .  '  '        ■  i 

"  ,  io 

Similarly  '  , 

5s    (b  •  x)  •  x"^    •  b 
6 .  •    a    *    b  ' 

■   ■  ♦ 
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NoCf:  W«v  u»«  the  coiiy«ntic0«l  three  dotm^  ,  *  ta  represent  the 
word-  "therefore".  *  , 


You  muy  have  written  the  part  df  the  proof  contained  in  atepii  3-6  ay 
foliowii: 

(3)    (a  •  x)  •  X  ^    -    (b  •  x)  •  X  ^ 

44)    a  •  (x  •  n  ^)    -    b  •  (x  •  x^)  ^« 

(5)  a  •  1    •    b  •  I  ^  M, 

(6)  a    •    b  M 

Th.ia  proof  la  aiao  correct  but  ypu  ahould  be  careful  to  note  exactly 
how  tlie  reaaoning  .progreaaea  from  atep  to  atep.    For  ex&iQple,  a  mare 
complete  description  of  the  reasoniqg  involved  in  going  ftota  atep  3 
to  atep  4  ia  aa  follova:     By  Property    H     we  know  that    (a  «  x)  • 
x^    *    a  •  (x  ♦  X         asm    <fa      x)  •  x^^    -^b  •  (x  •  x^^).  Since, 
by  atep  3,     (a  •  x)  •  x^^    «    (b  •  x)  •  it  ^,    we  conclude  that 
a  •  (x  •  x  ^)    •    b      <x  •  K  ^f^  ' 

In  writing  a  proof  -of  your  own,  or  in  reeding  a  proof,  you  should  al-^ 
waya  be  careful  to  note  exactly  ho^  the  reasoning  proceeda*  The 
proof  formiat  that  ia  uaed  should  be.choaen  to  make  aa  clear  aa  pos-*- 

V  ■ 

ttibl«  th«  reasoning  involved.    Ther«  Is  s  proof  format  often  used  by 
•tudant*  which  tends  to  hide  the  logic  involved  in  the  proof.  -We 
viXX  illufitra'te  this  format  with  a  very  sisiprle  sxasiple^ 

EXAMPLE:  Prove  that  if  a  and  b  are  real'  nwabers  and  a  4  b  • 
0,  then    (-a)  +  <-b)    -    0.  ,     '  y 

PROOFi  '  .  - 

(-a)  +  (-b)  -  Q  • 

a  +  [(-a)  +  (-b),]  -  a  4-  0         ~'  \ 

a  -f-  f  <-9>  +  (-b>  ]  -  a  A^^  "  . 

(a  +  (-a))  4  (-b)  -  a  ^. 

0  +  (-b)  -  a  A^^ 

-b  a 


(-b)  4  b    -    a  +  b 


id 


75 


prpot  Hii  given  is  very  tr^ial^adlng .    On  the^  tturtace  it  appears 

that  on«  is  aasumlng  that    (--a)  4^  (-b)    -    0  ^nd  in  proving  that 

0*0.     llilii  is,  df^courtie»  nonaeniiep    We  already  ksix^  that 

0    *    0,  and  we  ar^  tryliig  to  provfa  that    (-a)  +  i-b)    -    0^  Tht» 

correct  argument  above  ItT^o  argue  with  the  given  steps  in  reverse 

order.    A  much  better  way  of  writings  the  above  proof  is  as  follows: 

1-  a  4-  b         U    '  Hypothesis 

•2,     (^a)      (a  -I-  b)    •  .  (-a)  Q 

^  {a  -I-  b)    -    -a  A,, 

id 

4.     [(^a)  .4-  a]  4-  b         -a  A  ^ 

a  ;  • 

5#  0  -I"  b    *  ^f^a  A 

-     ■     .   ^  f< —  .  ■ 

b    -    -a    /  A^^ 

7.  b  4  C-b)    *    (-a)[  -I-  (^b) 

8-  0    -    (-a)  4-  (-b)  A, 

in 

ti^re  the  argument  proceeds  step  by  step  forom  the  hypothesis  (that 
which  is  given)^to  the  conclusion  (that  which  is  to  be  proved) • 

One  other  coiaoent  about  reasoning  used  in  proofs.  It  is  bad  to  de- 
,velDp  the  hahlt  ot  regarding  multiplication  as  s  for©  of ^addition,  - 

as«  for  example,  when  we  say  that  "5  •  8  «  40  means  that  when  we 
'add  five  8*s  we  obtain  40/*    While  this  is  intuitively  correct  when 

one  of  the  factors  is  a  positive  interger,  regarding  faulti^jlicatfon 

in  this  way  leads^  to  such  absurdities  as  •  /J    •  means  that 

when  we  add    /2    many.  we  obtain  /b." 

THEOREM  2.2b:  If  a%  b,  and  K  are  real  numbers  with  x  ^  0  and 
X  •  a    ■    X  •  b,     thei^  a  b^,^^^ 

Prove  Theoreai  2.2b;    Use  the  proof  of  Theorem  2,1b  as  a  guide. 


ANSWER:  '      '  ,  • 

Lfet    X  •  a    -    X  •  b/   Then  by  w©  hav0    a  •  x    ■    b  •  x.  Sin 
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X    |t    0,    wt  can  VL&d  conclude  that    s    «    b    ixvm  Theorem  ^. 2a. 

Wn  combiM  Thaor«a«  2.2«  and'  2,2b  aa  *  . 

TiUiiOHBH  2.f;     I£    a»  b»    and    x    ara  teaX  numbera.  with    x  0, 
and -if  aithar    a  *  x    ■    b  •  x  x  •  a        x  /  b^    th^n    a    ^  b« 

Tht  proparly  givap  in  Tliaorm  2,2  ia  usually  TafarraB  to  aa  tha 

cangfellation  property  for  muitipjication*  ^ 

Xn  proving  Thaorra  2,1  wa  did  not  uaa  any  of  the  poatulataa  which 
have  t<^do  with  multiplication.    Tha  propettiea  A^,  A^,  A^^^i  and  , 
A^^  ara  concerned  oniy  with  addition.    Theory  2^2  ia  a  theory  for 
multiplication  which  is  alwiat  an  exact  analogue. of  11ieora]^  2.1«  The 
only  difference  ia  the  added  raatrictipn  "^t        ^    Of  which  is  re*- 
quired  bacauaa  of  thia  reatriction  in  Property  proof  of 

Theorem  2« 2  ia  baaed  bn  properties  H^/M  ,  H       attd  M.    wliich  are'  ' 

■  '  v.,    •  •    a  ■    c     iCi    f ; ;  in 

multiplication  properties  and  ar<^  connected  with  j^ddition  only  in 
an  incidental  way,  viz,  in  Property  M^^  there  la  tha  conditidn 
1    #    0    f^d  in  'there  ia  the  reii trie tion\  ii   #^^0»    ^CHie  num- 

ber 0  ia  defined  by  Property  A.,  which  la  an  addjxiph  property.} 

It  la /mora  important  that  you  underatasid  tjie  relationahip  between  . 
Theorem^  2.1  and  2.2  than. that  you  met&ori^e  the  atepa/in  these 
proof a. 

In  the  introduction  to  the  field  properties  w^  c^aerved  that  the 
pair    (a,  0}t    where    a    ia  any  real  nui^er^  is  aasigned  to    Q  "by 
t&ultip^cation.    It  .was  stated  at  that  ttma  that  thia  ecmld  be  prov- 
ed      uae  of  the  choaan  field  poatulates,  and  we  will  do  thia  now«||^ 

TlJBbR£iC2.3:     If    x    is  a  real  number,    x  •  0>  •    0  v  x    -  0* 

.  V       .  •     .^       I  ,  /  f 

How  ia  addition  involved  in  the  atatement  of  theorm  2.3? 


I 


The  dsfii^itiott  p£  tha  nuab«er    0    involves  addition;  i.e.,    d    is  tHe 


i4Mtity  •X«®«ac  for  itd4itia{^. 


Thim  W4I  hmv^  an  eltii^nt^  wi£h  «  special  ^r^^perty  under  i^dditio^  ap- 
piiarlnMiLn  a  Btattaient;  conceming  SMltl\plicatign>    This  suggeiits  that 
Wf  abould  »5ipet:t  to  uae  property     ,    >tiNi  the  prqof  of*this  theorem* 


•7 


ANSWERS 

dUtributive«.  or  Q.  (Thik  is  the.  prop^^rty  which  gives  a  real  tia-up 
between  the  two  operatlonat  a4dition  and  mult ipllcation*) 


m^ubatit 


Give  three  ways  tha^you  can^ubatitute  in^the  eiiuatlon  a(b  +  c) 
(a  •  b>      (a  •  c)    to  get  an^quation  in  which    x  •  0  appears. 


ANSJUER:  " 

1/    j|(0  4-  c)  m.  (x  •  0)  +  (n^*  c};^aubj|tituie    x'  for    a    and    0  ^ 

for    h.  ^  • 

2*    %ib  ^0)  »  '^x  •  b)  4^-(x  •  0)r  auba-titute    j^*or    a    and  0 

•  ^   '  for        .  '  ^ 

3.    xCO%  Q)  •  (x'^  •  a)  -f  (X  <0);'  subatitiJte    x'    for    a    and  0 

f-or    b    arfd  for    c*  ' 


A  pr^t'  of  Theorem  2.3  can  be  beaed  on  any  one  of  the^e  three  equa- 
tions*   We  will  out^ne  at  proaf  using  equation  3» 

In  the  statement    x  %      •♦'0)    -    x  *  0  4*  x  •  0    we  ^ph&erve  that 
(oW  0)    can  be  replaced  by  a  simpler  expreasiont  namely   


' ANSWER : 
X  •  0. 
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The  authority  for  this*^  refllacement  is   

a'  • 

.  ^ .........  ^ .  . .  ............. 

•Thus,  we  have    x  •  0  —    (x  •*0)  +  (x  •  0).    You^woua^  like  td 
the  cancellst;ion  Th6or€|||^.l  at  this  point  to  conclude  the  proof, 
Doea  this  t^t^teiaent  fit  the.  form  of  the  cancellation  thearem  for 
addition?  ^ 

ANSWER:  *  '  /  r  ,    •  . 

^   .     No.  . 


How  can  you  alter  the  s^tataaent  •  0  -  (x  •  0)  +  (x  *  0)"  so^ 
that  you  can  use  Theorem  2.1  to  obtain    0    »    x  •  0?     (If  you  are 


oing  to  **cancel**  x  •  0  from  both  sidea  to  obtain  0  •  x  •  0, 
vjijat  form  mua^t  thet  ief t  side  have  before  cancellation?) 

f*  — .     —  —  —  ^  —  .  —  —  —  —  —  —  —  —  —  —      —  —  —  ^  —  ^ 

ANSWER: 

ix"-  0)  +  0  (x  •  0)  +  (x  •  0)  (     ^  ' 

or    0  .+  (x  •  0)  -f  -.(x  •  6)  +  (x  •  0) 


1 


The  propert5i''  used  to  Justify,  this  change  'is  ^  . 

•  ■         *  ' 

\^^^^-^-.^^^,^^^^^^.  ,  .  r^.   

'  ANSWER:  .  -  '  " 

^Id  .  '         ■  , 

•    ■  ^ 

.Then'by  Theorem-  2.1  we  obtain    0    -    x      0,    or    x  •  0^  -    0,  TJ^us, 


the  proof  can  be  stated  as  foiiowsj  .  By  t^roperty  ,D    we  have  ' 


C0  +  0)  ^  -    <x  •  0)  +  (x  -  0)  ,    Since    0  4-.  0 


0.^  by  it 


followr  th«t^  X  •  0  -  •  0) -4-  <x  •  O^i  Again  we  can  use  Pro- 
perty  A      to  obtain  '  (x  •  0)  +-0    -    (x  •  0)      (x  •  0)    vrfiich,  by 


Theory  2,1,  implies    0    -»    x  •  0, 

'  ■       ■  I  • 

M.  ,  wa  also  i^onelude*  0  •  x    -  0. 

In  t^e  proof  ve  have  used  the  fact  that  if  0  ■» 
-    Q.    1^  this  an  application  ot  prppert^  M  ? 


or  J  x  •  0    -    0.  rBy  Property 


x  •  0  then 


ANSWER: 


)dli«t 


N6.     The^^^J^er  of  the  f^cjofs  ^io  the  ^todligt^  x      0    is  not  changed. 
The  property  qsed  is  one  of  the  ba^ic  facts  about  equality:    if  a 
and  .  b    are  real  numbeik^'an^i^^^  «    b%  #then    b    «    ^.  x    •  • 

Instead 'of  provipg 
postulates.  .  '^e 


l^em  2,3  wc^  could  ha^e  t^keil  it  .aa^one.  of  our 
t^jat  w^<5an  prove*  in  on  the  basis  of  our  other 
postulat'es  is  n^  of  g^eate^st^art^Drtance  here^    What  ijs  important 

Jowever  ,is  t 
Kl  atid  2 


fact  t^t^thid  result,  in  marked  contrast  to  Theorems 


Is  Intin^tely  ;tied'Up  with  both  the 'operations  addition 


and  mul^ipHxajtipn, 
„;Wit:i»6ut  giving  suffic 


fry  likely  say  that^ 
gone  through  the  proo 


lent  thought  to  the  probl^,  a  student  would 
Theorem  2.3  is  a  multiplication  theorem.  Havipg 
f  bere  you  should  have  a  much  clea^'er  idea 


the  relation  of  tfhe  result  to  both* -addition  and  multip^Lication. 


You  will  find  that  whyp' we  have  a*  t%)eorem  tha 


t 


additive  in  nature 


there  is  almost  always  a  multiplicative  analogue.     But  if  a  theorem 

is  essenfialiy  tied  up  with  boXh  operaDicns- there  is  no  such  ana-  ' 

iogue.     (An  analogous  statement  can  be  obtai^ied  by  interchanging  the 

roles  of  the  two  operations,  but  the  statement  so  o^ained  is  usually 

f  •   ^  * 

not  true.)  '  '  -  * 
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V 


Consider  the  equation        +  (-2r]  •  [x  +  (-3)]    -    0.    To  solv^  this 
equation  W  4t«y  that  either    %      (-2)    -    0    Of  •  x  +  (-3>    -    Q*,  so 
that  either        -    2    or    x    -    3.    Fo:v  the  equation   |<  +  (-2).]4* 
Ix  +  (-3)]    -    1,    c^n  we  coaclude  that  either    x  +■  (-2)    -    1  .or*^ 
X  t  (-3)    -    1?  '  '         V  -  '  ' 


ANSWER: 
No. 


4 


Do  you  think  you  coufJl  explain  clearly  to  another , Student  why  we  can 
make  the  first  conclusion  above  but  not  the  second?    Try  to  fonaulate 
in  your  "mind  such  an  explan^ion,*   (You  need  not  write  any  answer  to 
thld  quegtlon.)  ^ 


Does  Theoreia  2,  3  permit  us  to  conclude  thfi^t        '  ^    2    and   x  >  3 
ar^  ^solutions  of  the  Equation    Ix  +  (-2)1   •  [x  +  (-^3)]  -  0? 

Does  Theoreia  2,3  permit  us  %o  conclude  that    x         2    and    x*  «  3 
are  the  only  solutions  of  ^the  equation    [x^  -f  (-2)]  •  t^3)3  m  01 


ANSWER:  •  .      ^  - 

Yes  *    (If    X    -    2    or    x    «    3    then  one  of  the '.factors    x  +  (-2)' 
and    X  4-  (-3),  is    0{    heneej  by  Theorem  2.3,  the  product  is  0.) 
Nb.  '  . 

-  -  -  -  

In  order  to  conclude  that;  ?x    ^    2-  and  -x    -    3    are  the  only  solu- 
tion* of  the  equation    [x.+  (-g)]   •  [x  -K>  (-3)]         0.    we  need  to 
know  that  the  product    [x  -I"  (-2)]   ?  [x  +  (-3)]  is    0    only  ir  one  of^ 

the  factors  ifllzero*    This  is  provided  by  the  follcwii^  theorem. 

\  .  ^  • 

THEOREM  2,4:    If^  a    and    b    are  real  numbers  and    a  •  b  then 

a    -    0    or    b    -    0.  .         ^  ^    ^  *  -  . 


If  we  wisre  to  as^woe  in  the  beginningp  that    a        *Q,    then  there 
would  be  nothing  to  prov^.    If  we  assui&e  that         ^    0»    the/i  ve 
tauBt  prbve*  that  '       •*     ,      ♦  - 


b    -    0.    ■  .. 

^                                                          .                 ,  - 
1 

»  * 

The  hypothesis  of 

^he  theorem  tells  us  tijat  ^ 

^nd    b    are  real 

uuisibers  and 

-  -  ^  -  

/ 

•  ANSWgR;.  t 


b    1    0  "  ^, 


^'^ ' ,    One  oT^ur"  fl0st,61^ta»*  tells  US  -something  aboui  a  r.eal  number    a  un- 
der .fehe  restrictiorf  that    a    ^^0.    Which  postulate  is  it? 


ANSWER:       '  ^ 


« 


Usi^ng  the  fdct  that    a  •  ^    -    0    and  t-hat    a  ^    exists,  prove  that 

b    -    0,    Glv^  a  ^^lasoti  for  each  step  in  your  proof Be  careful  to 

show  ekactly  how  property    K      isjused.  |  v 

*'    -         '         •     ,      '    ''      ^  > 


ex^-sts  Hypothesis  # 


M 

a 

/  •  5.  \  '  b    «    a  ^   •  0  •  M,  ; 

«  id 


i 
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6. 


b  0 


Theorem  5. -3 


A 


A  proof  can  also  be  given  hksed  oa-the  cancellation  groperty  for 
multiplication,  Theorem  2.2.     It  is  outllnfed  aa  followsV 


0    by  Theorem 


a  •  fa    -    0    atid    a         0,    by  hyj^otheSis,  0  , 

2.  J.    Hencfe  we  have  a  -  b    -    a  •'•0    and    a    ^    0.     By  Theoreja/2,2, 


As  Indicated  earlier,  the  properties  contained  in  Theorems  2,3  and 
2  A  are  basic  to-*heysolution  o'f  Equations  in  filtered  form.  Make 
sure  that  you  understand  the  roles  played  by  these  two  theorems  in 
the  solution  of  such  equations, 

In  the  etiuation    [x  +  (-a)]  •  [x  >  (-b)]    «    0.    we'know  that  x 
is  absolution  thep  either    x  4-  (-a)    •«    0    err    x  +  (-b)    -f  '0,-'by 

 •     Hence    x    ^'  a    and    x    *-.b    are  ,the  |nly  possible 

i^olutlons.     If    X         a    then    x  4  (-aO    «    0    an^  if    x    «    b  then 

X  -f-  (-b)    «    0.    Then  Theorem    tells  us  th^t  in  either  fease" 

[x  4-  (-a)  J  •  [x^-  .i'-b)]  m  0,  so,  that  x  a  and  x  «  b  are  ' 
iind^ed  solutions.         •  •  '  '  ^ 


ANSWE 
2-.  4 
2.3 


1 


Assuming  that  a  and  b  are  real  numbers,  Theoreu^s  2.'^  and  2.4  can 
*e  restated  as  ^pilows:     '     ,  '        *  '  - 


TpOREM  2,3?  U  a  «  0  or  b  «^  0  then  a 
THEOREM '2. A:     If    a  •  b    «    0    then  .a 


0  ^or  b 


0. 
.0, 


These  ^tatelsents  are  related  in  a  spealal*  way .  .  We  can  change  one 
statement  into , the  other  by  interchanging  the  hypothesis  and  conclu- 
sifp.    We  say  that  2.4  is  the  converse  of  2,^  and  that  2.3  is  the 
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converse.  t)t  2*4,    The  converse  of  a  sti^t^ept  is/ obtained  by  inter- 
changing  the  hypotheslii  (or  assumed  part)  atuT*  t^e  conclu£ion  (or  part 
to       proved).  "    '  /  ,  » 

'  /  -    .  - 

The'  additive  ihvei^se'  of      real  number    a    ia  a/  real  number    p.  auch 
  ■■  ,  ^    -^^  ji  /  ^  ^ 

tltat'  a  'f  p    "    0.    Postulate    A^^»   tells  us  yhat  every  nui^er  a 
has  an  additive*  invejse,  which  we  have  denotfiil  by  ^a.    However  A^^ 
does  not  tell  us  whether  ,a  i^al  ^mber    a    might  havfe  cadre  than  one 
additive  inverse.    The 'next  theorem  tells  uq/ that  It  has  o|fly  one, 

THKJRHM  2",5:    The  additivte  inverse  of  ,a  real  xiumber  i8  unique.  \ 
-  •  •    .  '         /     .  •  \ 

PROOF:     Suppoae  eaeh  of 'the  number^    p    and    q    is  an  additive  in^>* 
ver»e  for  the  number  ^x".    We  wish  to^show  jthat    p    ■  q\ 

If    p    is  an  additive  Inverse  of    x,  *x  H-Jp 

-    .    .       J  ''  I* 

Similarly  if  ^^q    is  an  additive  Inverae  df    x,  _^  . 

'  >  I 

ANSWEH:      .  .        *      •  /    '  ^ 

0.  ' 

K  +  ij-    -    Q.  .  /'  •■'9 

'  ■   '     •  ,^  .  J"   /  : 

■ ■  ■  ,t 

-  m    ^  ^,  since  each  exprea:»lon  equals  zero/. 

.   J  -  . 

ANSWER:    ,  '     ,  *     '     ■  " 

^x  +  p    •    X  -f  q  I,       .  C*.  • 

ANSWER:  .  -  •     •  .  . 

•the  cartceiiat  Ion' property  for  addition.  Theorem  2A* 

,  -,  .    ' .     '  •' 
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There^re  often  many  differei^f  ways  to  »tate  a  theorem  without  alter- 
ing its  essential  meaning.    For  ex^ple^  Theorem  2.5  might  be 
stated  aa  follows: 


!  re-  / 


If    a    and    p    are  rteal  numbers  and    t      p    -    0  .then  yp  \  -a. 

-  ♦  I  ■  .  '  • 

'The  prooY  we  have  givfti  fo^  Theori^  2V5  might  thetl  be  rewritten  as 


follows:  ! 

i  '    ■        ■  "i  V       '  • 

-a    is  a  number  suth  that  a  4  (-a)    -    0,    by    A,   .   JiUo    a  +  p  - 
-r                  /  .    ^     •  *     in  ^ 

,0,    »y  hypothesis;  ^-  \  '  '  ^ 

Thus    a-f^p         y  4-  (^a)^ /Sy^  Theorem  2;iy  p    -  .        "  ) 

;  TKe5^£M  2.6:     T^e .multiplicative.  Inverse  of  a  noa-zero  real  nmttbei^  is 

tmique.  Proye  /Theorem  2.6.  (Use  the  proof  of  Theor^^^S'as  a 
.  guide;.)     ^  '/      ^  ,  -  ^  . 


1 


^ANSWER:      .  /  I 


Suppose  eayh  of  the  numbers    p    and    q  i^  a  multtplicat^ve  inverse 

for  the  noil-zero  i;eal  number    x.J^Then  x  •  p    »    1    and    if*  q  » 

\,1.    Therefore    x..»  p    -    Xv  •  q.  ^Since  x        0,    p'       q  V 
l^eorem/2.2.     *           \  ¥^  . 

 _...t 

We  cam  prove  .in  a  sisilar^way  th§t  t4e  additive  identit5?"and  j^oijii-" 

plicfative  Identity  are  unique,  but  we  will  not  do  so  now. 

/    '■  ■  •  ■ 

ioULAP  ARITHMETICS  ^  * 

There  ^re,  in^ddition  to' the  system,  of  real  numbers,  m^ny  mathemati- 
cal sy^t^ii  yhich  are  formed  ftOT  sets  with  '^e  or  mote  binary  opera- 
tions.   Before  proceeding  with  out  development  of  the  real  number 
properties  we  will  take  a  loojc  at  a  few  of  these  systems.  Although 
these  systems  are  'impQrtant(ijas.math^atics  in  their  own  right,  our 
pu'rpose  in  introduce  them  here  is  to  help  you  to  better  under^stand 
'the  real  number  properties.    The  systems  which  we  will  study  havfe 


tjifiir  very 


j]|any  properties'  In  pcHmaon  ^ith  'the  real*  number  systra, 
unf  amillarity  should  forc^^you  to  ;thipk  Qiore  ^cj^i|rly  aba^l:  ^he  real 
number  properties.  •  w',*V'       \        •  ,  / 


C 


•4i 


The  first  example  will  be  <!onstrjucted  from  the  set\of  the  first' 
twelve  positive  integers.    Imse  are  the  numbers  wh^x±  usually  ap- 
pear  on  the  face  of-  a  clock;    The  syst^  that  we  wil^  buj-id  Istdften  ^ 
called  the  clocJc*  arithmetic ,    '%(  we' picture  the  positive' iptegers  ^ 
1,  2,  as  they  appear  oi;^  the  face*of  a  clock  w^  ^Irid' that 

there  is  a  , natural  way  .to  define  an  additioit  op6rati^n  for  tijiese  in^ 
\egers.    We  will  Illustrate  with,  some  exsmf^le's/  , 

To  add    2  +'5,    we  start  at  the  number  2  on  the  cl^cfe  face  and  count 
in  a  ^lock-'Wise  direction  5  units,  arriving  at  7.    So    2      5    «  7 
in  this  arlrthmetlc  Just  as  in  the  arithmetic  of  real  nilml^rs,  — 

t  lo  add    ^  +  6,  we'start  at  the  number  9  on  the  clock  face  i^nd  count 
in  a  clock-wise  direction  6  units,    arriving  at         So    9  +  6    «  3 
^  in  t|jij,s  arlthm^tid,  which  is  different  from    9  +       in  the  arithmetic  , 
-  rff  re^l  numb^r^,  jli^ 

In  the  clock  ^arithmetic,  we  have  *  ^ 

1  +  /  -        >»-  ' 


12  +  2  - 


L 

1 

"8 

2 


■}. 


SWER: 


V 


t  ,S    be  the  sW^  {1,  2,  3,   • . 


^  12}   'Of  the  ^rst  twelve  positive 
It  is  clear  fmn  the  way  that  addition  is  jdefined  ift^the 


Le 

integers 

cloale  arithmetic  that  if  a  and  b  are  any  numbers  in  the  set  S, 
then    a  +  b    is  also  a  numbg^  i/ the  set    S.    Therefore  adddtion  in 
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th«\clock  arlthmetio  is  a    operation  on  the  set^^.  . 


.  aKsweR: 
closed.  ' 


bir 


U 


If  we' take  any  numbrfr  g  -In  the  set  S,  we  hgve 
12  +  a  ■  .- 


ANSWER: 
a 

a.  ^ 


The.nuober  12  in  the  clpclc  aritbineftic  fa^haves  with  respect  to  addi- 
tion like  what  number  1^'  the  .  arithmetic        rea^  ^umbers? 


ANSWER: 

the  puqber  0/i 


In  other  words,  12  is  an  identity  el^ent  for  addition  in  the  cloi 
arithmetic.^   For  thd  clock  arithmetic  we  have,  -therefore,  a  property 
like  Property  ^Z^^ich  we  hgve  assumed  for  real, number  arithmetic. 
It  can  be  stat^das  follows:    ■  "  . 

^id'  elemept  12  in    S    such  that    12  +  a    «    a      12  • 

a    for  each    a  ,  in  S. 

In  the  clock  arithmetic  an  additive  in^se  of  an  element  a  in  S 
would  be  an  element    b    in  ^    such  ^hat  \  +  b         b      a    •      '  . 


ANSWER:         \ «       .  .  *  ^ 

12.  -  (a  'f-  b)  must  be  the  Identity  element  far  addition,  which  ixi  the 
clock  arithmetic  is  12.) 


This  the  additive  inverse  of  5.  is  7  because  5  +.  7  .  7  +  5  *  12'. 
Vn»at  is  the  additive  Inverse  of  3?  ■  ^/ 1?  ..of  12? 


ANSWER:  .  «  .  •  . 

9 

11  '  • 

12  . (O  t?  not  correct,  because    0    is  not  in  S.) 

■       '  f-r-  '        \  ' 


It  Bhould*  now*  be  *c 


in- 


lear  that?  eafch  ei^tnent,  8f    S    has  an  additive 
^rse  in  tlx*  clocl^  arithaaetic^    Sb  the  cS-ock  arfthrffetlc  has  a  pro- 
perty analogous  to  th"e  groperty    k   *  which  we  have  assim^d^or  *  the 
arithmetic  of  real  frnmbers-     It  is  also  true,  atfd  not  d^tf  fi'ciilt  to 


^ov,  thafy  adjdition  iiK^he  clock  ^arithmet^ig  has  th^  aasaciative  and 


)    coramutatSve  $>roVerties. 


There^or^  we  see  that  on  the- set    S-   we  )^afQ  a  closedyfa^inj^^^pera-*  * 
tion,  add i Hon, ^  such  that  prop*erties  *^A^  A^,  A^^,  ,  aSd^   ^  ^  are 
valid .  ^  -      -  ^  * 

We  now  introduce  a  system  wlj^ch -X*^e0^en tidily  the  saa^  as  the  clock  ^  ^ 
arithmetic,  but  in  which  we  will  alstJ  define  a  multiplication  opera--* 

«  k  '    ,  .  •  .   

,tion.  * 

Tlie  syfetem  which  we  are  going  to  dl^cuis  will  be  denoted  by     1/12  - 

and  will  be  called  the  arithmetic  modulo  12,     Instead  of  the  set  • 

.S    -    {1,  2,  3,  ....  12}    w€  take    1/12  ^%    {0;.l,  2,  ....  11};  i.e., 

we  simply  replace  the  numbeir  12  by  the  number. 0.    We  <leflne  addFition 

In'  t/12    Just»  as  it  was  defined  in  the  clock  arithmetic  except  that  • 

whenever  12  occurs  Ve  replace^  it  by  0.    Thus,  for  example,. in  1/12 
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we  IW    8  +  3'             ,  9  +  5    -    2,    8  +  10    -    6,    but    2  +  10  - 
0,    7  +  5    •    0,  etc.     In  the  clock  arithnetlc  the  additive^ identity 
was  12;  in   ^1/12    the- additive  Identity  is   .  *  *  , 

»  ^  -  •*  -  -  -  r,-^  -  - 

ANSWER:    '    :t  L       "     '  '  '  >  '  ' 


We  should  again  emphasize  that  the  system    1/12    is  essentially  the  ^ 
so^  as  the  clock  arithmetic;  only  a  change  iit'notatllon  is  involved 
Ao  go|ng  one  to  thir  other.  »       ^  ' 

The'notatlod  used  In  #1/12    perraic^.us  to  state  the  definition  of 
'  addition  in  the  following  w^y: 

l^.m    and    b    are  elements  of    1/12  .  (i.k.  eloaents  of  the  set 
(0,  i»  2,  ..o"  11})  then    a  +  b^is  the  remainder/ obtained  when  the  * 
^ordinary  real  number  kism  ^  +  b  ^is 'divided  by  ^2.    For^exampfe  the 
real  number  sum    3  4-5    is  8  and  when  8  is  divided  by  15  we  get  a 
quotient  0  ^nd  remainder  8,    So    3  +  S    »    8    also  in  1/12. 

The  real  number  sum  7^+  9  '  f s  16  and  when  16  is  divided  by  12  we  gtt 
a.  quotient  1  and  remainder  4,    So    7  +  9    •    4  "in  1/12. 

We  can  write  down  an  addition  table  for    l/l2.    We  take  twelve  rows 
^ab^led    0,  1,  2,  ii    and  twelve  columns  labeled  alto*  Q,  1,  2, 

...  11.    Thence  put  in  the  row  labeled    a    and  the  coli^n  labeled 
b    the  sum    a  +  b    in    1/12  •    The  addition  tabie  for    1/12    is  given 
below,  ,   .  ^  ^ 


+  . 

0 

•  1 

.  i 

5 

4 

5 

6 

© 

8 

9 

10 

u-  < 

0  , 

i' 

2 

2 

4 

3 

6 

7 

8 

•'9 

■11  . 

1 

i 

2  ' 

t 

3 

4  . 

7- 

8 

9 

10 

11 

.  >•  0  • 

,  2 

2  , 

4 

,  5 

.  ■» 

6 

7 

. — — 

8  ' 

9 

10 

11 

« 

0 

1 

3 

4 

5 

6  ■ 

-7 

8 

9 

10 

0  . 

1  ' 

2 

1 

-4 

5 

6 

.  7 

■ 

8 

10 

11 

0 

1 

2 

3 

5 

fa 

7, 

8 

9 

10 

11 
,  ij. 

(3 

1 

,  2 

3 

4 

6\ 

8 

9 

10. 

11 

0 

.1 

^  2  . 

3 

4 

7 

8  ■ 

10 

"ll  . 

>  0 

t 

1 

2  = 

3 

4 

5 

6 

8' 

• 

■  8 

9 

10 

,  .11 

0* 

  ¥ 

1 

2 

3  . 

4 

•  5 

6 

7  ' 

® 

10 

il  • 

0 

I- 

• 

•  • 

•  '2 

3 

5 

6 

7 

8- 

no 

"U 

0 

-1 

2 

.3  ■ 

5. 

6 

'7 

•• 

9 

11-. 

0 

1 

2 

•3  . 

4 

'5 

'  6 

7 

1 

8 

.  9 

10 

To  find  the  sum    9  +  7,    for  example;  you  lookAin  the  row  labeled 
9  and  the  coiumiT' labeled  7  aia^  you  find  4,    9 /+  7    »    4,     The  4  is 
encircled  in  thS  tabj^e.  '.  '  V  '  \.  * 

1/12    let  us  look  at,  a 
simpler'system  which  is  vary  much  like    1/12.  ^-^la  new  system  will 
be-  denotied     I/i    and  wl/1  be  called  the  arithmetic  modulo  3. 


Before  <^ntinuing  with  \h^d^^ cession  of 

«  {ran  I  pr  *<ivfi?  f  e>m  ufiip-h   i«  ucrv  mtifh  11kf» 


We  take    1/3    »  •  {0.  1',.?}.    lf„  a    and    b    are  elemerfts  of    1/3  we 
define,   a  +  b    to 'be'W^^  remainder' when  the  real  number  suA    ''a'+  b 
is  divided  b^  3.     Thus  the*  real  number,  sum  *  1  +  2     is    3    and  when* 
3    is  dividecf  by    3*        get  a  quotient  1  and  remainder- 0,    Hence  ^ 

1  +  2    -    0    in    1/3. ^  '  . 

In     1/1    what  \.^     ^  '     -  ^  - 

0  4-2?  ,   .  ■  .       -  •  • 

2  +  2?  •  • 
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C«8pi^t^  the  f^Jllowing  addition  table  for 1^3: 


0 

1 

2 

0  ' 

0 

— ^ 

i 

0 

2 

.  0 

1* 

+ 

0 

• 

1 

2 

0  . 

0 

1 

•  2 

1 

i 

.2 

0  ' 

2 

2 

'•o 

X 

In  a  sirailar  manner  we  define  multiplication  in    1/3.    If    a    and  b 
are  eieiuents  of    1/3-  theii    a  •  b    in    I/S    is  th^'^t^ainder  when  ll 
the  real  number  qjfbduct    a  -  b    is  divided  by  3.    For  example,  the 
real  number  product    1*2    is*  2,  and  wheirt  2  is  divided  by  *3  we  get 
a  quotient  0  and  remainder  2.    Hence    1*2    «    2    in    1/3.  Coujplete 
the  multiplication  table  for  1/3. 


ANSWERY  * 

« 

1, 

2 

0-  . 

1' 

0 

I 

j  .0;  ■ 
— — 

X 

2. 

2 

'■  0  " 
[«   ■  * 

*  2 

1 

The  two  operations »  addition  and  multiplication,  cai^  be  described  by 
the  use  of  function  notation.    For;ex8aple^  In^arit^etic  modulo 
thre««  '  /  .      •  ' 

^^^0,  1)   L  .. 

(1,  2)   


(p.  1)  1 
a.  2)  _ 


. .  .  0 


Mathematical ^systsns  .like    I/G    ate  knoVn  as  modular  arithmetics « 
This  system  is  called  arithmetic  modulo  three,  or  simply  mod  3,  The 
number  3  is  called  the  modulus  of  tHls  system.  -  * 


aijdition  mod  3  a  closed  operation? 
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ANSWER:  / 
Yea. 


-J' 


in  ao  operation  table  where  will  the  elem^ts  assoclate4  Vith  ordered 
pairfi  of  the  form    (a,  a)    bfe  found? 

^       r  ,      .    -         ,        ,    ''I  ■•  • 

^  .  -  ^  ^  —  —  ^^J^^^  ^  ,  -..X. 

On  the, main  cj^gonal  ifrcm  upper  lef t  ^to  li^ej  \igh^^  M^ah^^ 

.  —         ^V:.  ^  4. 

What  can  one^        about,  the  relative  poaltions  of  eleisents  associated 
with  the  pairs    (a,         and    (fa,  a)    in  an  ap^rafion  table'J 


ANSWER:  .  -  -  . 

They  will  ber,  f oUnd  in  positions  which  are  •symmetric  ^[ith  respect  to 

the  taain  diagonal.  •  ' 

■   \     '       ■  r  ■     ■  .  , 

----------  ----/--^--  ---- 

If  4t  is  true  that    <a,  b^  — >  p    and  .  (b,  a)         c  (the  same 

element    (^)»  'for  every  pair  .U»,*^b)    in  the' set,  we  can  cdncflude 

that  the  addition  operation  has  '  the   ^  property.  f 

 ,  ■  _  ^  \  ^    ^ 

ANSWER:  *  •  •  i 

couanutative  ^  v 


ar  or^ot 


Thus  to  determine  wherher  or^ot  an  operation  described  by  a  table 

€                  ^  \ 
is  conaautative  yoti  ^ould  check  the  table  to  sqc  if  it  is   . 


,   "         '         .  ■      ■  .  *  ■ 

ANSWER:  _       '  ' 

*  sytoaetric  about  the  main  diagonal «  '      *  s 

\/"'\\^  ----^      :  ^^^---^^-^ 

tt  Is  now  clear  froa  the  tallies  th^  addition  and  nultiplicattbn 
.  ^     ^dMdulo  3  are  c^oomiutativa  operatlci|i8.  , 

Unttl  Indicated  othe^r?;ise,  the'foilbwin^  items  refer  to  arithmetic  • 
.  .  *V  oo'dulp  3.    .  .  *        ;  \  .  ' 

(2  +^  1)  +  1  ^       +  1  -  ■  '  -  ■    ' . 

2  +  (1  +  -l)  «  - '  2  +   ._   -   '      ^  *      *  .  , 

•      ('2  +  I)  ,V  I  '  -    ___  ^"'i  y 

.-.ANSWER:  . 

0      1      I  ■  .        '  o^, 

.21         •  ♦  '  .  ' 

.2  +•  (1  +  1)  .•  V  . 

■  r 

.  .....................  ^  . 

The*prop^^ty  of  addition  siod  3  suggested  by  the  aboye  example  is- the 


ANSWER: 
associative 


In  order  to  prove  that  addition  mod  3  has  the  associative  piro|^rty 


4 


what  wou^jJ.wc?  have  to  provel 

i  -» 

 ^^^--.-/'^  •L\  ^ 

ANSWfiR:  . 

We  wouki  have  to  prove  that  Ca  b)  +' c  "  a  +  (b  +^  c)  for  aljl 
a,  by'and    c    in    1/3.  -  .  • 
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Thare  are  27  ca^es  which  would  hav^  to' be'  examined  iil  order  to  e;)^- 
hauat  flil^l  4^  the  caa^e&i  for    .1/^.    We  y ill.  not  atti^pt  to  examine  all 
cXf  thais' but!  we  wllX  dimply  assure  you  that  additlomaod  3  is  aj- 
ao^iative  operation,   ^  '  ' 

Which  elemeifit       .the  identity  element  for  this  operation? 


ANSWER:  * 


Complete  the^  following  list  by  filling.  In  the  blanks. 


0  + 

m  0 

1  +  / 

+  1    -  0 

+  2-0 

ANSWER: 

y 

^ 

0  4-  0  -! 

0 

i  +  1  ■ 

1 

'0 

-  0 

2  +n 

1  +  2  ■ 

-   0  ^         "  •     •  , 

* 

The  above  list  allows  one  to  conc^t^de  the  following! 

The  additiv^inverse  of    0    «  ^  - 

r" — r — 

The  additive  inverse  of    1    -  ' 


The  additive  inverse  of^  2 


V 


ANSWER: 

0 

2 

1  ■ 


4 

i 


r 
t 


-  Th*«  sji^ol  w«C  uaa^fco  de«lgnat«  tlS«  additive  inverse  of .  a    i«  "-a", 
fherefore. 

-0  -  

t1    -  ^  •  *  / 


 -*r»   —  /^---^  __ 

ANSWER;    -        ^  *  f  ^   '   ,  '..  •    ■  _ 

.'     ■      ■  ■:      ..    -    ■  .         ■        ■  . 

1    .        .  •' :  .    ■  •  ,  ' 

We  conclude  th^  addition  laodulo  thtee  has  the     ^    property.  Vhyff 


ANSWER:  '     .  , 

additive  inverse,  or  A^^«    We  have  dMonstrated'  Wiat  corresponding 
to  each  eleaent    a    In    1/3,    there  id  an  elment    -a    in    1/3  such 
that  ,  a  +  (-a)   >    -a  4-  a    -  0. 


careful  to  note  in  the  abov/that    -1    and    -2    do  not  rtefer  to 
the  real  number  additive  inverses  of  1  ^d  2.    Thf^se  numbers  %re  not 
even  in  the  set    t/3.    The  symbols    -i    and    -2    refer  to  the  ele^  - 
m^nts  of    1/3    which  arle  tjie  Additive  inverses  ia    1/3    of    1^  and 
2;  hence  '  ^1    -    2  .  and  *  -2    -   J    because    1  +  2         0    and    2  +  1 
•    0  ^  in    1/3,  ;  '  ■  ^  '  .  • 

We  have  shown  that  add;ition  mod  3  Jias'all  of  tWei^  field  properties 

which  characterl-^ed  real  number  addition,  i.e.,  A  ,  A  ,  A,  ^,  and  a/  . 

,     #  I    .  ^     c*    14  in 

Ref«r  to  the  multiplication  table  to  test  nail tiplication  mod  3, 

'  /  •  "     ■  ^  ^        ■  ■      '  ^ 

Is  the  operation  closed?    How  do  yo^  know? 
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AJISWERs       '\        .  ■    •        ,  .       •  '  X 

Y<0#«  b^causlg^^  kq,ch^  mtvy  iu  the  ma^tipicntlon  table  1^  an  elmknt.^l 

thia  set    1/3;         .  '       *  '  •  ^ 


Mu9l;iplJLcation  mod'  3'  1^?  .associative.    One  way  to  prove  this  Is^^o 
check  that    (a  •  b)  •  4C    »    a  •  (b  •  c)    for  aj^l  of  the  27  possible, 
ordered  triples.  Jaj'^bt  c).    You  will  not  be  required  to  dd  this. 
We  illustrate  with  p.  siqgie  example.      ^  ;  * 

^    (2  -  n  •  1        '    '    .  _i   «        \  '  -  ' 

.'  2  ••  (2  r  i)  ^  ^.  •  ; 

•    Hence    (2  •  2)  •  1    -    2  •  (2  •  1).  '  ' 

.  ■         ■      ■  ■     •   '  '  '  *  ' 

 ._  _  _  _    L  _  _  _  _  .  

2  •#2         1  "  , 


The  identity 

element  in  the  set 

1/3 

i^iBlative  to  multipllcatipn'Tiiod 

3  Is       '  . 

■  / 

ANSWfeR: 
1 

 - 

'  ll  there  an 

element    x    In  1/3 

SUQh 

that    2  •  X    -    ,1    mod  3?  If 

'»o,  what  is 

it? 

•      ANSWER* . 

Yep 
'  2 

* 

X 

f  ■ 


ERIC 


0 


As  in  real  ^nuaibeK'multlplijcatioti  we  denotl  th^  multiplicative  inverse 
of  an  ftlement    a    in  ^1/3    by  -  a"^.  -  Thus    2"^    ^      '.  ^   ,  ' 

""""""  ^  «  ^  „      ^      «  -  ^  - 


Following      siallar.^'line  of  reasoning  fill  in  the  foJ^Xowing  two 
blanks.  •  %        \  ^[.^  .     '  ^  :       .    '  -  y 

0  *  .  -       ■  ■  >     .        ^  ■  ■  ■    ■  " 

1  ^  -  *  ^ 

------- - .    _  —       — .  _ .  


^  ANSWERj 


0'^    does  noife^lst  since/  there  is  no    x.   in    1/3^  such- C^^i^i/^  0  •  x 


1.  ^{Note  that't^the  am^^t    '*0!^is  pot  correct.) 


Do^^  multiplication  modulo  three  satisfy  the  M^^  property  of  real 
number  multiplication?.-  .    .  ^ 


Yes.    (Recall  that    0    wa^^cot  required  to  have  a  multiplicative  in- 

.  4 


ERIC 
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*  •  •  • 
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verae*  in  |)ropert^    ^in'^  ' 


^Keal  number  arithinetic  had  oife  additional  proper tfy 'Vhich  was  includ- 
ed  In  the  Xi^t  fjf  fie^-pr^^rties.  namely,  the^^  distributive  pro-- 


per'ty.     For  realWumlrer&,   nui  IttpSilat  ion  is  distributive  over  addi*^ 

.  .   ■  .    •        ,  .       ..^         '*  ■, 

tion,    a  •  (b  4-  c)    «    (a  *  b)  +  (a  •  c)    4pr  every    a,  b^/c.lin  ,R.- 

Test  ejich  of  ttte  following  statements  in  arit^^|kc  mod  3  and  check 
those  which  are  true.  *  , 

a.  2  •  (1  +  1)    -  .{2  •  ,1)  +  (2  •  1)  .  .    '  ' 

*  . 

b.  1  •  (2.+  2)    -    (1—^)  +  (1' •  2)  "^U.  -  '  ■' 

.      ,  *        _       ■     .-4      .  ■ 

c.  1  •  (0  +  ,2)     -     (1  •  0)  *f  (1  •  2)  „  .  , 


ANSWER:         -  . 

a.  2  •  (1  +  IX    -    2  •  2    -  1 
(2  •  i)  +  (.2  •  1)    -    1  ^ 

■'•  2  •  (1  +  1)     -    (2-1)  +  .(2 

b.  and  c*  are  also  true.  , 


1).  Truej. 


9  -  - 


One  cc3uld  prove  that  multiplication  is,  in  fact,  distributive  pver  , 
addition  in  aritl^etic  modulo  three  simply  by'  ^xaoining  alX  27  pos-* 
slble  cases,  or  by  more  elegant  m^thod^.    J^either  will  be  required 
»ere,  ^  , 

Each  of  the  field  postulates  for  the  re^l  ttu^ber  system  is  valid  for 

c  .  '  ^ 

the  arithmetic  modulo  }^^^yliencB       say  that  arithr;etic  modulo  3  is  a 
field.  ^    ^     .*  \ 

If  we*  have  any  algebraic,  system  in  which  there  are  defined  two  closed 

binary  operations,  add^ition  and  multiplication,  which  have  the  pro-- 

perties    A*«  A  ,  A,      A.  ,  M  i  M  ,      ^,        ,  and    I>,     then  we  know 
^  a      c      id      in'     a      c      id      in  ^  • 

thafc  any  theorem  which  we  prove  for  the  Teal  numbers  on  the  basis 
of  these  postulates  will  automatically  hold  fpr  that  syst^.  In 


99 


particulars  any  such  theor^as^  Is  tlue  for  .arithmetic  laodulo  3,'  This 
pq4.at8  up  one  of  the  advaatagfes.o^^the  pWtul^tlcnai  approach  to  " 
algebra.    In  general,  suppose  ohe  introduces  a  sef^of  po^jtulates  fo 
an  algebraic  >yste»  aad  proves  a  nui^er*of  theoijeiBs  b^ed  on  t^^ 
^^s^fatas,   *^urther  suppose  that^lhe  pccasioa  §ri^%d  for  pne  to  ' 
study  properties  of  a  new  system,  wi^h  which  he  ls^not  f^iliar.  If 
it  should  happen  that  the  iiyen  postulates  can  be  shc^^to  Hbld  for 
the  'ni5w.44^8temV  the^  it  will  immediately  follow  that  all  of  the 
tlteorems  which  were  proved  on  the  basis  of  the  postulates  &lso  hold 
for  the  new  system.    There  ar»!^n  fact  many  systems  ii>»^lgebra  for, 
which  all  of  The  field  postulates  that  we  have  assumed  for  the  real 
.numbers  are.  valid.    Mathematicians  havje  agreed  to'^call  any  such,  sys- 
tem a  fields    Arithmetic  mc^ulo  3  is  an  example  of  a  fie],d. 

Construct  addition  and  multiplication  tab|te  for  arithmetic  modulo 
4  {denoted    HU)\    The  set  is    {0,  1.  2,  3}/    and  each  sum  (or  pro- 
duct) ii  expressed  as. the  remainder  after  the  sum  (qr  product)  ob- 
tained, by  real,  number  operations  fs  divided  >y  4.    For  example, 
2  4-2    -    0  (Modulo  k  because  when  4  is  divided  by  4  a  reminder  of 
0  is  obtained.  .  '  ' 

 c  

ANSWER:   ,  ■  * 


+ 

1^ 

1 

1    2  •■ 

■    3  ■ 

c  , 

*       *                      '    '  1 

0 

^♦1 

2 

0  , 

0.  • 

.    1  • 

2 

•3 

0 

0 

6- 

.  0 

* 

1 

1 

0 

1 

0 

1 

2 

'  3 

2 

2 

0 

1  , 

2.;  I 

0 

*  * 

2  . 

9 

3 

3 

'  0 

1 

*2  ■ 

»  .  3  1 

0 

3 

2  ^ 

1 

It  can  be  proved,  and  it  will  be  proved  in  a  later  unit^  that-^  adc^i-. 
tion  modulo    n    axjd  mu'ltip;iication ^modulo    n    are  associative  opera- 
tions and  that  multiplication  is  distributive  over  addition,  for   \  - 

«  ...  ■ 
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tvery  positive  integer  n.    ThMs*you  will  not  he  asked  to  test 

ari^thmetlc  modulo  four  for  Xhese  properties.    However,  iia^testing 

atithaVtic  tswduio  four  for  other  prot^rtiel  your  tests  or  proofs 
should  be  complete...*  *         '  . 

I't  ia  clear  fro»  the  above  addition  and  multiplicatiooi  tables*  that 
addition  and  multiplication  are  closed  operations  in,  1/4.    In  tact, 
tlie  definitions  of  addition  and  multiplication  in  aritl^etic  modulo 
ft    eni^ure  that  theae  operations  are  closed  in    l/ti,    for  every  choice 
'of    tij  as, a  positive  integer.        ^  .  ^ 

Having  been  given  ^hat  addition  modulo  four  is  clcfeed  and  has 
'associative  property^  determine  which  additional  postulates  for  real 
number  addition  are  valid  for  this  operation.  '  (Be  sure  to  write  the 
information  required  to  test  these  pr^erties.) 


You  should  h,ave  chec^ied  the  conssutative,  identity  and  Inverse  pro- 
perties.   When  you  have  tested  all  three  above-mentioned  proper^i^s 
go  on  to  the  astswer.  ^  / 


ANSWER^  '  '  . 

The  commutative,  identity,  flnd"A^nve!fse  properties  are  all  valid. 

The  commutative  propeAy  follows  f r<^  the  symmetry  of  the  table  about 
the  main  (diagonal.  .  '  ^ 

0    is  t!.e  requiredylde'ntity  element.    From  the  addition  table/  ' 

d  +  a^  «    »  4-  0    «    a,     for  each  element    a    in    1/4.  t 

-1  *  -    3         -^3    -    1  •  JH 

-2    »    2         -0        f).     Ttierefore  corresponding  to  each  element  in 
1/4  there,  is  an  inverse  whicjj^  is  in^  1/4. 

.      ^^^^^^^^^^^^  - 

In  a  similar  manner,  determine  whi-ch  of  the  postulates  for  x:eal  nian-' 
ber  tr.ultiplication  are  valid  for  multiplication  modulo  four.  (Do' 


J. 
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.  oot  teat  closure  and  the  aa^ociative^r^perty .) 


H^ve  you  tested  t*he  cooBoutative,  ♦identity,  ^d  Inverse  p^operflss? 

.  y      If  so,  go  on,  to  the  answer.        ,  *  /  -         ^  " 

ANSWER:  "J  •    ,  ^ 

-  v^The  conautatlve  a^d  ideriUty  properties  are  held  in  xoBnabn.    If  you 

included  the  Inverse  property  in  ^thls  list  go  tp  the  next  item.-  If. 

you  correctly  left  the  irivierse^roperty  off  this  Us t  go'^o  the  It?) 
below. 


Prop«tty  M^^  requires  that  fqr  every  non-gero  eleaent  a  the 
set,  therfe  exists  an  el^ent- in  the  set,  denoted    a"^--   such  that 


->-: 


(or  a 


a). 


Is  there  an  eleaeiat    x    in    1/4  ,'euch  that    2,  •  x    -  1? 


ANSWER: 
«No. 


Since  2  has  no  multiplicative  inverse  and  2  ^  0,  property  M 
fail^  to  hold  for  ipultlplication  mod  4. 


in 


ft)  ^rithmetlf  modulo  four  satisfies  all  of. the  field  postulates  of 
real  number  arithsaetic  except    M^^.    Sine^    1/3    had . -all  of' the  field 
properties  of  reaL  nUmfaer  arithmetic' we  see  that  tlje  structure  of 
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1/3  iB  basically  different  from  that  of  1/4.  Note^^  however,  *that* 
the  addltton  operations  of  1/4^    aad  the^real  numbers' .satisfy 

the  same  postuiatetf  *    These  fsropertles  ar^  the^  closure •  ^omutatlve, 
associative,  identity,  and  inverse  properties.  *  Many  other  «athe©a- 
tical  systems  have^this  s«w«e  sef  of  properties  for  a  single  opera- 
tion.   Since  so  ssany  systems  have  *thes^,  propertleSsf  in  comon  they  ^ 
1  have  been  given  a  common  n^e,  "^This  is  giVeii  \n  the  next  section. 

DEFINITION  OF  A  GROUP 


■A 


DEFINITION  2.3:  Ah  algebraic  system  made  up  of  a  non-^empty  set,  G» 
and*  one  closed  binary  operation  on  G  is  called  a  grouty  if  the  f di- 
lowing  hold:  ,  .  / 

a,  -the  operation  is  associative,  * 

b,  there  is  an  identity  e}.©nent  in    G    relative  to  the  bpAration, 

c,  corresponding  po  each  element  in    G    there  is  an  inverse  element 
in*    G    relative  to  the  oper^atlon.    %  •  .  »  , 

If  the  operatioi;i  on    G    Is  commutative,  the  grouR  is  called  a  Comr 
mutative  firou£.  .    "  v 

Any  system  which  satisfies  this  definition  has  aaiiy  further  proper-^ 
ties.    If  w1?*"treat^he  parts  of  the  definJ,tion  aS  postulates,^ ©any 
theatems  |{such  as  sense  of  those  already  proved  about  real  number 
addition)  can  be  proved  on  the  basis  of  the  postulates.    Thus,  by  * 
studying  groups  in  this  abstract  form,  one  discovers  facts  about 
many  systei;is  at  once.       -  " 

Which  Qf  the  following  mathejnatical  systems  are  groups?        ^    v  ^ 

a.  the  integers  under  adSlftipn.    ^   -  " 

b.  Real  numbers  under  mu^ltiplication. 

c.  The  posiXiVe  rational  numbers  under 'milltipl^cation. 

Note:  You  should  ask  the  same  kinds  of  questions  as  have  been  asked 
abou^  addi'b^on  modulo, 3  and  4.  .  ' 


/ 
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answer:*,  .' 

■y^     >'    ■    ;  ■    ,    *       J  •  ■ 

^Koteu  b  fails  since  Zfxo  has  no  inverse  under  ^ultlpltcat:^pn  while^ 
ttre  definition  of  a  group  requires  that  every  element  have  an  iA- 
verse  '         "  • 


7  r  ^  -  ^ 


We^have  seen  earlier  that  1/3  is  a  fijeuld,  i.e,,  it  satisfies  all 
the' field  postulates.     Is    1/4    a  tie  Id?  Explaija* 

ANSWER: 

No,  1/4  does  not  satisfy  M.  .  The  non-zero  element  2  of  l74 
has  no  inverse  ^undA  siultipllcatlox^. 


We  haVe  preyioualy  studied  ad^itioo  in  the  arithsietlc  modulo  12» 
1/13^  The  tfiuitlplical;ton  table  for  this  arithmetic  is  on  the  ifollow- 
Irig  page.  ■>  ."  , 
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Multiplication  is  .closecf  is    1/12    and  is  associative.    Using  the 
table  answer  ^he  following  questions. 

The  tabl^  is  syisraetric  about         main^diagonal.    This  shows  that  the 


'Operation  has  the 


property  I 


ANSWER: 
cocusutative 


The  elexnent  is  the  identity  elsnent  for  multiplication  in  1/12, 


ANSWER: 
1 


105 


Whut  elemeata  of  I/l2  have  Inverse -vlth  Vespect  to  multiplicatibn 
obdtflo  12?  ^  . 

^  ^  ^  \  ^  ^  ^-  ,  -  -  '    ■  -  ^      ^    .  — 

 1 — ^     -  —  

ANSWER:    *  ^  •  ^  /  .  , 

IV  5»  7,  'And  H. 


It  can  also  be  sHom^  that  In  the  arithmetic  mqd'uio'  12,  mirtttijjjlcdtion 
is  diatributiVIs  over  addition.    Hence  in    1/12  *we  have  two^closed 
biliary  operations ,  additio|i  Md  multlplicati-an,  which  s^iafy  all 
thl^  field  postulates  except  for 

^  '  ^  ^  ^  1,  ^  .  

ANSWER:  -  '  f 

-------—--.-■-------■------<^---- 

Later  in  the  course  we  will  return  to ''a  discussion  of  the  modular 
arlthmeties*    Nw  we  contitiue  our  develof^ent  of  the  real  "number 
properties*      ^  ^  *  - 

«  *  •  .  .■  . 

SUBTRACTION  AND  DIVISION , 

The  ^ield  postulates  and  the  theoreu^  so  far  considered  are  concern-^  . 
ed  with  the,  opetations  addition  and  multiplication.    In  this  section 
ve  will  define  subtraction  and  dplvision  and  conaider  several  theore;ss 
related  to  these  operations.    Subtraction  is  defined  in  tetms  ^f 
addition  and  division  in  terms  of  multiplication. 

The  statement    b  -  a    -    d    is  equivalent  to  the  statement    d  4-  a  '  * 
b.    We  have  assumed  that  for  each  ordered  pair  of  real  .numbers 
<a,  b),    there  ^is  a  real  nisaber  which  is  their  sum.    Here  we  are 


faced  with  the  question:^.  I^  we  foiw  one  member  of  thf  ordered  pair 
and  the  sum,  does  the  other  m«j^ber  of  the  orde/ed  pair  i^ist  and  is 
it  unique?    In  function  notation  we  could  i represent  the  question  thrLs 
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way;    X'l  a)         b.    The  aearch  for  a  real  numljer  to  fit  In  this  ' 
position  leada  to  tha  difference    b  -  a.    To  establish  the  existence 
Of  auch  a  number  we  conatruct  a  re'al  number    d    auch  that    d  4-  a 
b.    How  can    d    be  written  uaing  only  addition  properties?  ' 

^-  ^    •  ■    ^  ' 

ANSWER:  '  ^  • 

b  +  (-a)*         t  .  ' 


THEOREM  2.7:     If    a    a|id    b  ^re^real  numbers,  there  is  a  unique 
real  number    d    such  that    d  +  a  •  •    b;    and  furthermore   il    »    b  -f 


Part.l:  Prove: 


If    d    -  b^.(-a). 


tben    d  4-  a    ■    b . 


(Be  care- 


ful to  indicate  exactly         the  associative  property  .        is  used. 
In  every  step  parentheses  should  be  used  to  indicate  vhidf^ pait  of^ 
numbers  is  added  first,  if  addft^lon  of  more  than  two  numbers  is  in- 
volved.)  •  ' 


ANSWER: 
1. 

-2. 

t 

3. 
4. 
5. 

6.  •*< 


d 

d  +  a 


d  +  a  " 


b  4-  (-d) 

(b'  +  (-a))  +  a 

b  +  ((-a)  +  a) 

b  +  0 

b 

fa  ' 


1.  Hypothesis* 


3.  A 
4. 
5, 


in 
^id 


Part  2:    Uniqueness  of    d.    Assume  there  is  a  real  number    (iL   and  a' 
real  nuraber    f    such  that    d  4-  a    "    b    and  also    £  +  a    *•    b.  Ftove 
/  that    d    9    f .  >  ' 


!•  d  4-  a    «*    b,'    f  +  a    -    b  *       1.  Hypothesis 

2.  4  +  a         £  + 

3,  .        d    *    f_  3.    Theorem  2.1 

In  the  above  uniqueness  proof  it  is  not  c^orrect  to  asausae  that    d  •« 
b  4-^(<"a>    and    £    «    b  ^  (-a).    This^taounts  to  assuming  what  you  ire 
asked  to  prove*    Vou  can  only  assume  that    d    and    f    are  such  that 
d  4*  a    ■  .  b  "^and    f  -f  a    -    b.    It  would'btj  correct^  however,  to  aih- 
sume  that^   d  +  a    -*   b    and  prove  that    d  |«    b  +  This  would 

sho%<  that^any  'real  nimber  d  such  that  d  4*  a  «  b  has  to  be  the 
(unique)  real  number  b  +  ^--a)  ♦  ThiS  proof  could  be  carried  put  as 
follows :  #  / 

1.  d  -f  a    -    b  .  Hypothesis 

2.  -a  ex^stV  ^         ^  /  . 

'   '  ^  [  In 

3.  (d  +  a)  +  <-a)    -    b  +  C-a)      '  ^     .  I     •  ^ 
dHj  [a  +  C-a)]^  -    b  ^.(^a)  \ 

5,  \d  +  0    •    b  4-  (-a)  ' 

-  in 

6.  '  .  d    •    b  +  (-a}  A^^ 

•    '    -■  ?  ,      ■  :  f 

ngFINITION  2.4:    If    a    and    b    are  real  niJ^Bbers,  then    b'  -  a  is 
the^ unique  real  number    d    such  that    .d  +  a    «    b.  Alternatively, 

b  -  a    •    ^  -I"  (-a) .  • 

*  ■ 

Ai:\pther  connection  between  addition  and  subtraction  \s  shown  in  the 
fpllowi^ng  sj^canent: 

(b  4-  a)  -a    ^    (b,+  a)  >  (-a)    -  • 


•ANSWER:  ^ 


"Vhen  we  add    a    to    b    and- then  subtract    a    from  that  sum,  the  re- 

suit  Is    b*    The  operation  of  subtracting    a    annuls  the  effect  of 

'  ■  ..If 
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adding  a.  ir  ia  tor  thi^s  reason  that  sub^ractidn  is  often  refierred 
to  as  the  inverse  of  addition*  ThuSi^  addition  and  subtraction  serve 
as  exaaipi«s  of  inverse  opf^ratiohe^.  , 

Th^  use  of  the  word  inverse  here  is  related  to  its  .use  in  connection 
vith  functions.  ^Let  a  a  real  nisaber  and  cofisider  the  functions 
f  *and    g    defined  byi         •  ■  .  \ 

f(x>    «    K  4-  a,  •■  for  each  real  number   x,  ■ 
g(x)         X  -  a,    for  each  re^s^l  numb^    x.  ' 
.  f    and    g    ar^  fundtioris  with  dociaih  fhe  '\ 


ANSWER:      '  '  V 

of  real  numbers,      '  ' 


Lft  g  d'f  denote  the  ccHsposit^  of  ^  with  f^/  Rei&ember  that 
g  o  f;  X  — ^  g{f  (x))t  for  each  real  nuaOser  * 

,  Therefore,  in  our  ^example/  ^  ' 

g  o  f:  X  ~>  gCf(x))    »    for  each  real  ni^ber  x. 


ANSWEg: 

(x      a)  ra    •  X. 


The  function  g  o  f .  is  the  ident^it^^ fuiiction  on  the  set  of  real 
numbers.  ^  * 


Siiallarly  ,  * 

f  o  g:  X   ♦:J(g(x)) 


AtlSWER:*^  \  ' 

(x      a)  4"  a'  «  X,. 


So  fog  is  aluo  the  identity  function  00  .the  aet  of  real 
Ther«fore  the  fuiiction   g    is  -the         of  the  function  f 


ANSWER:  { 
inverse 


Next  we  define  diviston.    The  statement    b  *  a*.       q    is  to  be' equi-f 
valetit  to  the  stiiteiaent    q  •  a    «    b.    Tbog  we  ^loofc  for  a^real  nim-- 
ber    q    such  that    (q^*^^)  ---•'b.    If    a        0 «  we  can  choose    q  - 
to  get    q  •  a    "    b.  .        •■  *  •  " 


ANSWER: 


This  ieads  us  to  *the  statanent  of  the  following  thepraa, 

^  THEOREM  2.8:    If    a    and    b    are  real  numbers  and    a    ft    &,    there  " 
is  a  unique  re^l  utioaber    q  .  such  that    q  *  a    ^.  b;    and  furthermore 


q    "  b 

*  . 

Prove  that  If  » 

q    •    b  •  a^^;. 

then    q  *  a  > 

■    b.     (Use  the  proof  0; 

fheoreiB 

2.7  as 

a  guide.) 

* 

1, 

q 

-    b  •  a-'^    .  • 

Hypothesis  ^ 

2. 
3. 

q  •  a 

-    (b  •  a^^)  ' 

a 

b  -.(a  1  • 

a). 

M 

a 

4.  . 

-    b  •  1  ' 

5. 

• 

-  b 

6.  •*• 
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^  Prov«  thm  uniqucsiess  of    q,    (Assume  that    q.  and    r    areJff^al  ni— 

fhmtm  and  tbit    q  •  a   *-    b    and  r  •  a    »   b.    Prove    q  ^f^T.  Re-\ 

•aaaiiar  that  v«  ara  also  aaaualng  that  ,  0.) 

ANSWER:               ^    .          ,  ,V  .              ^     /     .  *  ' 

1.  q  •  a    •    b;    r  •  a        b  ,  Hypothesis* 

2.  q  •  a    «    r  •  ^ 

3.  m    ^    0  ,  Hypothesis 
^•^^  S   -                '  Theorem  2.2 


As  in  t|ie^ddltion  case,  we  can  also  prtyve  the  uniqueness  part  of 
Theorem  2.S  by  shewing  that  if    q  •  a    -    b    then    q    isust  be,  the 
(unique)  number    b  •  a'^^.    The  proof  is  a&  follows: 
^*  /  q  •  a.  «    b    and    a    ^  .0  flypotheals 

2,  a^^  exist;s 

3.  (q  •  a)  •  a"^    •    b  •  a"^ 


in 


4.  q  *  im  ^  m        '«    h  •  a^^  M  ' 

^       ^  ■  -a 

5.  r         q  •  1    -    b  •  a^^ 

in  r 

6.  q    «    b  •  a"^       "       V  M^^  .  ^ 

DEFINITION  2.5:  If  a  and  b  are; real  nmDberrs  and  a  V  '0^  then 
b^  a  is  the  uni^que  real  number  q  such  that  q  •  a  -  b*  Alter- 
natively»    b  *  a    «    b  *  a'^**  ^ 

The  quotient    b  2  a    is  often  denoted  by  b/a. 

Supp6stf    a    ia  a  nop-zero  real  nmaber  and    f-  and    g    are  functions 
defined  by:  .  ,  '  '  ' 

f(x)    -    X  •  a,    for  each  real  number  x, 
g(x>    »    X  r  a,    for  each  r^l  number    x.  * 

Then    g  o  f  ,±b  the    function  on  the  sat  of  real  nutiibers. 
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AMSUHR: 
identity' 


tog  la  skluQ  the  identity  function*  Hence  g  is  the  invetse  of 
the  'function    f«    For  this  reason  division  is  often  referred  to  as 

the  inverse  'of  the  pperation  multiplication.* 

n  ■ 

We  observe  also  that  If    a    )^    0^    then  • 
a/a    •a^.a    *'*a%a'^*  l. 

DIVISION  BY  ZERO:  'in  Theorem  2.8,  we  assumed  that  a^  ^  0.  What 
portion  of  the  proof  of  the  theocem  was  dependent  on  the  condition 
a   ^  0? 


ANSWER:    The  existence  of  the  muUl'plicative  inverse  of    a.  (This 
was  used  explicitly  in  the  first  part  of  the  proof.    In  the  second 
part  it  was  needed  in  order  to  be  able  to  apply  Theorem  2.2,  the 
cancellation  property,    the  proof ,  of^ Theorem  2.2  in  turn  also  re- 
quired the  existence  of  the  multiplicative  inverse.) 


If  ve  wej^e  to  permit    a    «•    0    in  the.  definition  of  division,  we  . 
would  have    b  ^  0    ■    q    implies    b    ■    q  •  Oj 

If  b  ^  0,  is  this  ^statement  true  fpr  scMne  real  number  q?  What 
theorem  can  you  give  as  reason? 

9 


I- 


ANSWER: 
No 

Theorem  2.3. 
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l30 


* 

If  b  -  0,  1?  th«  sUteoent  b  «  q  •,  0  true  for  s«»«  rMl  nuB- 
b«r  qt 


ANSWERi  ' 
Yes,  for  ev«ry  rMl  nmobet  . 

Thuii,  if  b.  *  0  there  is  itijl  di^ficulljr  in  defining  b  i  0.  In 
this  case  every  real  sjasbet  q  satisfies  the  condition,  q  •  a  ^-  b 
of  Definition  2.5.  >  ^ 

Whether    ^    4  0    or    b    #    0    we  haye  4if  f  iculties       defining  '  # 
b  f  0.    HenceS^^ust  make  the  agreement  th6t    b  ^  0    has  no  meaning; 
division  by  Mro  is  never  permitted. 

It  is  a  mistake  to  try.  to  justify  such  symbolism  as    '•b/0    -    »  If 
b    ^    0"    (&les8  one  has  the  required  background  in  limits  (fro© 
calculus).    Without  this  backgro^nd  such  symbolism  can  only  be%>n-^ 
fusing.    Certainly  the  student  shduld  never  be  given  the  Ide^ that 
the  sys?bol  represents  a  real  number*  \ 

the  division  operation  is  not  defined  for  all  ordered  pairs  of  real 
numbers;  hence  it  is  not  a  binary  operation  on  the  set  of  all  real 
numbers.    It  is  defined  for  all  ordered  p^lrs  of  noji-zero  real  nim-- 
bers;  hence  it  is  a  binary  operation  on  the* set  of  non-zero  real 
numbers.    To  prove  that  division (i3  a  closed  operation  on  the  set 
of  non-zero  real  ntsabers  we  have  to  show  that  if    a    and.  ^b  are 
•non-1se;ro  real  nt^tiibers  then  , 

ANSWER:  * 

b      a  .  (or  a  f  b)    is  a  non-zero  real  number. 

Let    q    •    b  i  a,    wh^re    a    ffc    0    and    b         0.    Then    b    f    q  •  a. 


II- 
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Siiic«    b    f(    0,    what  theoress  permits  us  to  cooqiude  that    q    f  0? 
ANSWER:  '  , 

Theoreos  2.3.^   {If  we  had    q    -    0    then  Thieore©  2,3  would  tell  us 
that    q  •  a        b    l8  sero.    HiTt    b    i&    0«    Hence    q        0.  Theor«& 
2,4  is, not  a  correct  answer  to  this  question.) 

--------V----------------- 

All  of  the  theor^  that  we  have  pro^^d  about  the  real  numbers^ 
Theoress  2.1  thro\igh  2% 8,  hold  for  any  field.    In  partic^ular*  these 
theorems  hold  for  arithmetic  modulo  3,  1/3.    Remember  that  1/4  and 
1/12  ar^  not  fields;  Property        fails  for^ these  syst^s. 

In\I/12  we  have    8  •  2    -    4    and    8  •  1^    -    4.    Hence    8  •  2  >' 
8  •  11.    This  illustrates  the  failure  of  what  theorem  for  1/127 


ANSWER:  i       •  * 

Theorem  2.2  -  the  cancellation  property  for  multiplicatioi!*. 


■  "A 

The  proof  of  Thebren  2.2  depended  uppn  Property  H^^*    Hence  there 
was  no  reason  to  ""expect  Theorem  2^2  to  hold  for  1/12.    Theorem  2.8 
also  fails  for  .1/12,  sp  we  cannot  always  define    b  ^  a    for    a  and 
b    in  1/12^    a    ^    0.    For  example  '3  v  4    is  not  defined  in  1/12 
because  there  is  no  element    c    in    1/12    such  that    4  *  c    »  3. 
However  subtraction  is  defined  in  each  of  the  modular  aritluaetics. 

REVIEW  XTEJ^  '  . 

1.    Prove:    If    a    is  a  real  number  such  that    a  •  x    ^  x  for. 
every  real  number    x,^    then    a    »    1*  * 

^ive  a  reason  for  each  step  in  your  proof, 

■   
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■  4 

ANSWER;  *  '  * 

Th«r«  are  several  vaya  to  prove  this,    Ferhafis  the  eaaieist  la  th€ 
£olXaviEigs 

PB0OF:.  By  a  •  X    -    a.    By  the  hypotheses  of  the  thaoresa, 

taking    x    *    1^        have    a  •  I    »    1.    Therefore    a    «    1.^  ^ 


2,  Provet  If  a  and  b  are  real  ou:^ereg  <-a>  +  b  —  -(a  -  b). 
Give  a  reaaoQ  for  e«ih  step  in  your  proof. 


ANSWER: 

t 

1.           [(-«)  +  b]  +  (a  -  b) 

M 

[b  +  (-a)  ]  +  (a  -  b) 

2, 

IK 

[b  +  (-a)  ] .+    a  (-b) 

3. 

V 

ffi  ' 

{b  +  [(-a)  +  a]}  +  (-b) 
(b  +  0)  +  (-b)  / 
b  +  (-b)         •  ' 

6, 

m. 

7,           U-a)  +  b]  +  [a  -  b] 

0 

8.   ,  ,    Therefore  .  ^(-«)  +  b] 

m 

-(a  -  b) 

1,    A  • 

c  - 

2.    DeflnltioQ  of  subtraction 

3.    A    (applied  twice) 

a  • 

in 

s 

\ 

6.  A, 
in 

a,  •  A.  ,  Theorem  2.5 


3«    Let' the  operation    ''o"    be  defined  oq  tha  real  susbers  ae  fol« 

iQ^a:    a  9  b    «    a,  +  b  f      where  is  the^jMsual  real  ni«fiber  ad-* 

ditlon.     (Thua    A  »  A  ,  A.      axul   A^     hold  for  'VS) 
a     c      ia^       .  in 

Prove  that    '*<^'*   la  a  cloaed  oparation  on  the  real  siufflber^set. 

^  ^  J  ^  ^  ^  _ . .  .  /  .  .  L . : .  J .  J 

ANSVnSH:    *  ' 

Thla  simply  pequirea  t^e  observation  that    ^'a  o  b'^    will  be  a  real 

<  *  ■ 

jQUffiber  whenever    a    and    b    are  real  ni^bera  since  is  a  cloaed 

operatloii  on  the  real  number  set.  Thus  'V  is  also  a  closed  opera- 
tion on  the  set  of  real  nusibera.  ^  . 


Prove  that    "o"    is  a  ccsmutatlve.^operation. 


ANSWER*                                     .  - 

W«  stust  prove,  a  o  l(>-    boa  for  all  real  nusdjers    a    and  b, 

1.  -  '  a  o  b  -    a  +  b  +  1  1.    Definition  of  'V* 

2.  Jf       .  -    b  +  a  +  1  ^'    \                     -  • 

3.  '0'  -bo  a'  3.    Definition  of  "o'* 
4r.*«    aob  «    boa  >^ 

— •  —  _  — 


Prove  that    "o"    is  an'  associative  operation,     (Reasons  are  not  re— 

'  ■  ■ .      ■  ■  - 

quired.)/  '  ,  , 


ANSWER: 

We  must  prove  Xa  o  b).  o  c  »  a  o  (b  o  c)  for  all  real  numbers  a, 
b ,  and    c .  ,  ^ 

By  definition,  '(a  o  b)  o  c    -    (a  +  b  +  1)  o  c    -    (a  4-  b  +  1)  +> 

C  +  1     -  I  8  +  b  +  1  +  C  +  1. 


.  -  ..  ..  •  .  / 
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By  definition,  a  o(b  o  e)  «  a  o  (b  +  c  1)  •  a  +  (b  4-  c  1) 
-f.  i    -    a  -f  b  4-  c  -I-  14-  1.     ^  ^       /    ^  . 

Me  have  ahown  above    (a     b)  o  c    •    a  +  b  -f  1  +  c  +  1:  and  by  A 
.  c 
(and  A^)  this  equals    a  +  b  4;  c.  -f  1  +  1,    This  is  equal  to 

4  o  (b  o  c).    Therefore    (a  o  b)  o  c    «    a  o  (b  o  c)    for  all  real 

number^    a,  b,  and  c, 

4  • 


Prove  that  the  identity  property  holds  for  this  ays te®/ 


ANSWER:     *  ' 
^In  order  to.  show  that  this  mathematical  system  has  the  identity  pro-, 
perty  we  must  show  that  there  is  a  real  nvimber    e    auch  that 
aoe        eoa    ■    a    for  all  real  numbers  a. 

The  equation  a  o  e  •  a  is  equivalent  to  a  4  €^  +  1  p>  a,  which 
i«  valid  only  if  e  -  -1.  By.  substitution  it  is  easy  to  check^^^ 
that    a  o(-l)    «    a    and    (-1)  o  a    -  for  eyery  real  nmaber  a. 

Thus    -1    la  the  required  identity  element. 


Prove  that  every  real 'number    a    has  an  inverse  under  the  operation 

O    ,  .'  .  ^  « 


ANSWER:  ^ 

Recall  that  -1  is  the  identity  elesr.ent.  Solve  the,equatioxi/^a  o  x 
-    -1    to  find  the  inverse  of  a  real  number  a. 

Thus    aox    •    a  +  x-fl    »■    -1  ' 

X    »    -a  ^2 
or    X    •    -(a  4-2)  .  . 


Having  danonstrated  that  the  real  .number  set  under  the  operation  "o" 


c 
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has  the  above  proper ticiSp  we  can  conclude  that  this  structure  may  be 
claaaified  aa  a(n)   ^ 


VkNSUER:  . 

CQ6U8u'tAtiV6  grOUp, 


4»  Let  S  be  the  set'of  tftl  real  nusabera  and  let  "o"  be^^e  oper 
ation  on    S  ^defined  by: 

a  o  b    -    a  •  a  +  a  •  b  -  1^  Sot  all  real  numbers  a    and.  b# 

If    b    is  a  real  number,  what  is    1  o  b?  ^ 


ANSWBR:  • 

lob    -  -  b.     lob    -    1  •  1  +  1  •  b  -  1    -    1  4-  b  -1  b, 

la  .1    an  identity  elm^nt  for  the  operation  "o"? 
Explain. 

ANSWERS 

No.  Although  lob  *  b,  for  evepr  real  nmaber  b^  it  is  not 
true  that    b  o  1        b,    fox  every  real  nuiBfaer    b.    For  ex^^e: 

2ol    •f    2«2  +  2.-l-l    -    4  +  2  -1    -    5  ^  2. 


5-    Let    S    be  a  set.    A  binary  operation  on    S    is  a  function*  Is 
it  correct  to  say  that  the  domain  of  the' function  is  an  ordered  pair 
of  elements  of    S?  Explain. 
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Ho.  Th«  dmmin  Is  the  ««t  o|.  all  ordered  pairs  of  slenients  of  %  S, 
the  «ct. which  wc  deoote  by    S  x  S.  ^. 


4f  th«  binary  operation  on  S  1*  .4;io8e<J,  then  an  elaaent  of  the 
range  of  the  'functioni  la  in  what  sat?  ,  * 


^.  Let  S  be  the  aet.of  positive  real  minbera;  and' let  "o"  be  the 
binary  operation  on    S   defined  as  follows: 


a  o  b  /- 


3  'a  •  b 


2a  +  2V    *  ^  S. 

L«t    e    «  V.    Verify  that  ^  o  b    •   b  o  e 


b. 


r: 


ANSWER:,  . 

,  Ob    .  -  3  *  «  '  b 

te  +  •2b 


.2b  «  b       •  t  ■  b  '  b  . 


^C2b)  +  2b 


6  •  b 


•*    b . 


b  o  e  *  <■ 


3  '  b 

2b 


b  •  e  3  '  b  '  2b         6  «  b  ■  b 

+  2e        ,    2b  +  2(2b>    '       6     b       '  ^• 


Q^n  we  conclude  that  e  is  an  identity  eleiaent  for  the  operatlbn  .' 
"o"?    Explain.  '  .      .  * 


^   As  defined,    e    dependa  upon 'the  choice  of  the  element    fa.  In 

^  order  for    e  'to,  be  an  identity  >llBenC:  it  would  have  to  be  such  . 
that    aob,-    boe    -    b    for  every    b  /  in*  S.    If    e    -    2fe,  the 
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equation  €  o-b  » \,  b  o  e^r  b  holds  only  for  the  particul 
vmmd  Ux  defining  it.  For  e3MBt>le»  if  b  3  a^^fe  •  2 
6,    then  '  .  . 

«o3    ^    3oe    -    3;  but    e  o  4^       4;  since 
^      ,        -    3  -  6  '  4-     .«    li   .    li  4 

<3  ■ 


/ 
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III.    ALGEBRAIC  SYSTEMS 


THSORSte  ON  ADDITIVE  AND  MULTIPLICATIVE  INVERSES- 

In  the  first  part  of  this  unit  we  will  consider  severs!  theoresis  con- 

•  cer^d  with  sddltive  and  «ultipllcative  inverses  of  real  nutabers.  • 
Yo«  will  of  course  already  be  faaiUar  with  the  properties  given  in 
tHea^  theory.    You  should  pay  particular  attention  however  to  the 
analogy  that  exists  between  theoresis  abiKit  addition  ami  theor^^ 
about  aultiplication.  '  * 

^     ■     ■  ■  ■  '  '  /'  ■• 

Vfou  will  be  asked  to  prove  soae  of , these  theoreas,    Sinc6  it  say  be- 

•  ca«e  very  tedioue  to  show  every  time  exactly  how  the  associative  and 
coaiut^tive  properties  are  used  in  proofs,  you  may  emit  these  proper- 
ties throughout  this  unit  except  when  they  are  specifically  asked 
for.    You  need  inelud*  parenthe8e«--6Rly,  when,  they  are  required^for 
clarity.  -  iiowever.  to  cases  where  you  are  asked  to  give  the  associa- 
tive* and  cooaautative  properties,  you  should  show  exactly  how  they  are 
used^  and  be  very  careful  So  the  ^se  of  parentheses  to  indicate  appli- 
cations of  the  asscfciative  properties.    In  any  event  you  should  al-' 
ways  give  as  reasons  the  other  real  nuaber  properties  whenever  they 
are  used.  ^  '  ^ — ^ 

In  your  proofs  you  iSay'use  any.theorm  froa  Unit  U  and  any  theorea 
froo  this  unit  whose  nuaber  precedes  titat  of  the'  th^oren  you'are  pro- 
ving-V  *     .  ^ 

Theorem  3.1:     It    a    ami*  b    are  real  numbers,    --(a  +  b)    -    {-«)  + 
(-b),  '      •  ,  ' 

What  doe^'-Ca     fa)    deBignatml  '  ' 


ANSWER;:        ,     ,  . 
Th0  additive  iov^rse  of 


.If  the  udditive  inv6r»e  of  a  r«al  nuGsber  Is  added  to  tha^  nui:^er»  the 


ANSWER;  .  '       \  ■ 

_  ^  -   ■  -  _  -  -  -  >       -  -  . 

We  have  already  lirpved  that  the  additiye  inverse  of  a  real  nui^er  is 
uflique  (Theorefii  2.5),  T!ierefore»  if  we  can  show  lhat  (<-a)  >f  (-b)) 
+  (a  4-  b)    *    0    we  can*  conclude  that  . 

J..'.  

(-^g)  4.  (^b)    *    -(a  -I"  b);  lie.,,  (-a)  +  <-b)    is  the  additive  lnverae 

of    a  4-  h.       '  ■      ^  \ 


Prove  that    ((-a)  +  (-b))  +  (a  +  b)    "  -0. 


PROOF: 

1.    I  (-a)  +  (-b)]  +  (a      b)    -  [(-a)  +  a]  +  \i-h)  +  b]'  ( 

?•            -  ^  -  0  +  0 

3-\  -  0  A^^ 

[Note;'  Jn  step  1,  and  are  used;  Iji^as  we  previously 

stated  you  may  use  these  properties  without  indicating  how  they  are 
used*    However,  list  othe^ properties  as  reasbnsV} 


Theorem  3.1  is  a  statement  about  addition.    There  is  an  analogous 
theorem  about  multiplication.    Theorem  3.1  states  th^t  the  additive 

\  '  < 
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ioverse  of    <a  +  b)    equals  the  additive  inverse  of    a    nlus  the  ad- 
ditive  Inverae  of    b.    The    multipXlcative  theorem  correspon^li^  to 
Theory  3«1  should  state  (in  vords)  that  .  • 


-ANSWER:  ' 

the  multiplicative  iii^erae  of  ,  a  -  tia^s  b  equals  the  toultiplicative 
Inverse  of    a    times  the  taultipllcative  Inverse  of    b,  ^ 


But  this  statement  hiis, meaning  only  if    a    and    b    are  '  . 


ANSWER:    "  .      .    ,  <•  •  .        .  ; 

non-zero  real  numbers.  * 

/  /  ^'  ■     ---v  '  ■ 

Using  sjmbols,  the  j^ji^rem  can  be  stated  as  follows:  .  *  ^ 

Theorem  3^2;    If    a    and^b    are  non-sero  real  numbers,       / .  « 


SWERj 

(a  •  b)        -    a"^n'  b"^ 


Pi-ove  Theorem  3.2  (using  the  proof  of  Theorem  3.1  as  a  guide,  If 
QlsceNsary).      '   ^        *  ' 


PR(X)F: 

1.  «^  -and  _fa~^  exist  since  a  0,  b  j»  0  . 
.2.    (a-l  •  .  (a  .  b)    -    (a"^  •  a)  •  (fa"^  •  b) 


In 


4.  •  .  1 


in 
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Thlft  proven  that  a'^  •  b  ^  «  ^Itlplicativ^  inverse  for  a  •  bV 
By  Theorem  2,6,  the  multipliciitive  inverse  is  unique*    Hence  • 


THEOREM  3. J.    -0    •  0. 
State  Theoreoi  3.3  in  vords. 

ANSWERS 

The  additive. inverse  of  ^ero  is  sero. 


To  show  that  the  additive  inverse  of    0    l^    0    we  nee^  only  to  ob- 
serve that^  . 

. . . .  _  —  ......  ^ . . . 

AKSWERj      *  • 

0  +  0      0  •  X 

^  J   _  /  1        1  .   . 

0  4  0    «    0    is  true  by  Property  . 


^ANSWER:     >  • 

The  multiplicative  ah^logue  of  Theorem  3.3  is 
THEOREM  3«4    (State  the  theorem  using  sytabols.) 

a 

ANSWER: 

THEOREM  3.4:     1  '     -  1. 

 ii-.-  /_  •  - 
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ii2 


Th.ft  proof  t:»f  Th«or»  3.4  iu  analogoui  the  proof  "of  Theorea3.3 
«nd  witl  not  be  i^iven,  '       J  •  * 

Xf  a  and  b  are  real  nuad^iirs,  then  a  -f  b  •  0  if  and  only  if 
a    *    -b    and    b    -    -a\    Thia  telia  us  ti\#t    -(-a)  v^    -b    -    a.  . 

THEOREM  3,5:    If    a    is  a  real  number,  then    -<-a)^-  a. 


9 


State  the  multiplicative  analogue  of  Theorea  3.5  which  will  be 
TheorCT  3.C.  .  « 


ANSWERS  .  —  . 

THKOREM  3.6.  If  a  a  non-zero  real  number,- then  (a'^^)'"^  «  a, 
IDld  jyou  farget  to  include  the  condition    a  >  0?) 


The  proof  of  Theorem  3.6  ia  analogous  to  the  proof  of  Theory  3,5; 
i.e.,  if    a    and    b    are  non-sero  real  ntimb^ra«  then    a  •  b    ^    1  If 
and  only  if    a    -/b^    and    b    -    a"^,  hence    (a"^)"^    -    b'^    -  a. 
How  do  we  know  that  if    a    #    0/then    b    ^a^^    is  also  non-2ero? 

,  ANSWER:  •  \  *    ^  * 

If    b    •    0    we  would  have    a  •  b    -    0,  by  Theorem  2.3.    But    a  •  b 

-    1    by    M    .    Furthermore,    1    4    Q    by    M.       Hence    b    #  0. 

»  *^  Id 

 —  ■  _  .  

The  following  theorem  gives  the  stgn  laws  for  multiplication. 

THEOREM  3.7:     If    a    and    b    are  real  numb^raT 

(1)  >  •   (-b)    -  '  -(a  •  b) 

(2)  (-a)  .  b    «   <-(a  .  b>  ^ 

O)     {-a>  ♦  <-b)    -  '  a  •  b      .  ,  .    .  / 

Proof:     (1).    To,8how    a(-b) .  ♦    -(ab)    we  must  firove  that  -  0. 
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ANSU£K: 
«(-b)  +.«b. 


CoopietQ  the  proof  of  (1) 


) 


ANSWER: 
1.    «(-b)  +  ab 
2 


A 


4. 


«(rb)  - 


a(-b  b) 
a  •  0 

0 


1. 

2. 


D 
A, 


in  • 
.3.    llieores  2.3 

4.    Itefinition  of  inverse. 
Theory  2.5 


You  B«y  be  teapted  to  prove  Cl)  by  substituting    (-1)  *  b    in  place 
of    -b.    Note,  however,  that  ^-b    is  not  deflbned  to  Jbfi^  (-1)  *  b. 
In  fact' the  equality    (-1)  •  b    >■    -b    is  a  special  eienple  of  (2)  of 
Theorem  3.7.     If  we  taka    s    -    1    in  (2)  we  get    (-1)  •  b    ■  , 
-(I  •  b)    -    -b."   If  you  used.    (-1)  •  b    •    -b    in  your  proof .  ol  (1) 
it  la  not  correct.  ' 

Prove  (2)  using  (1)  Snd    M  .  ' 


ANSWER:  A 

1.     (-a)  •  b  - 

'■2. 

4.     (-a  I  •  b  ■> 


•  b  •  (-a) 

-<b  •  a) 

-<a  •  b) 

-(a  •  b) 


M 

c 

Part  (1) 
M 


See  if  you  can  find  an  error  in  the  following  proof  of  (3), 

PROOF:  ,  .  V  . 
*1.  •  <-a)  -^b^    -    -[(-a)  •  b]'  ^Part  (1)' 

2.  -    -(-(a  •  b)]  Part  (2) 


\ 
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III 


ANSWER:         ....  I         ,            .     •           ,  .   '     ■  ~ 

The  reofion  ia  step  3  is  not;  correct.    The  correct  reason  is  Theorm  -S- 

5.5.     •    .  ■  :  ■'  .                .  .■  ''^ 

^  ^      -  -  .  -  -   ^      T  -^--^  S 


i 

The  proof  givw  i«  correct  If  we  chi^e  the  reA«oo\in  step  i  f r<^  \  j 
to  Theorem  3.5,    State  the.  auXtlplic^tiv^  analogue  of  Theorem  3e7*  * 

........................ 

AHSMES: 

Theory  3.7  involves  both  addition  and  tMiltlpiication,  so  it  does  not 
have  a  'VultipXicative  analogue".  «*- 


I\i  Th«or«B  3.7  also  valid  for  the  arithaetlc  wjdulo  3r  1/3?  I^.  not, 
why*^ot? 


-   -  _ 

ANSWER!       '  - 


Yes.    All  the  f lel^postulates  ate  valid  for    1/3,    and  only  theae 
have  been  used  In  our  proof « 

"r "      r   « .  - .  ^      ^ . . . .  ^ .  ^ 

la  Theorei?        also  valid  for    Vllt    If  not,  why  not? 



ANSWER:  •  ^ 

Yes*    All  the  field  postulates  except  ire  valid  for    1/12.  The 

proof  of  Theor«B  3*7  in  no  wia^y  depends  upon  Property  M^^. 

It  is  vart]^  pointing  oWt  hare  an  objection  to  learning  the  sign  laws 
in  Theorem  3.7  as  '^positive  t^ea  negative  equals  negativei*^  **n«ga^ 


tive  timea  positive  equals  negative.''  etc.    We  will  see  later  that 
the  QQtiona  of  positive  and  negative  depend  veiy  strongly  on  the 
ordering  that  we  hava^  the  set  of  real  nusbi^rs.    Hovever  the  use  of 
the  minus  feign  in  Theorem  3,7  is ^ to  denote  the  additive  inverse  of  a 
real  mmber,  a  notion  which  is  not  dependent  upon  the  ordering.  In 
fact,  TheoreiB  3.7  is  yalid  in  the  modular  arithmetics  (e«g. ,  1/3, 
1/4,  1/12)  and  in  these  systeoa  the  notions ^of  positdye  and  tiegative 
have  no  aieaning.    It  is  therefore  incorrect  to  think  oT^'Part  (3)  of 
Theofre»  3.7  as^sayingi    "The  product  of  two  negative  nuid^ers  is  posi- 
tive,"^- 


The  lEollcHifing  th^orea  also  involves  both  addition  asid  multiplication 
'properties,  ^ 

THEOREM  3.8j     If    fa    is  a  non-zero  real  number,  «  -(b^^). 

In  other  words,  the  order  in  which  we  take  the  additive  and  psuitipliV 
Native  inverses  of    b    does  not  affect  the  result.  ^ 

There  are  several  wa3^  of  proving  Ilieorem  3<8.    There  is  one  way  of 
looking  at  the  theorem,  bc^^ever,  Which  leads  to  a  very  simple  proofs  ^ 


^e  theorem  says  that    -(b^^)    is  the  of  -b. 


ANSWER:     •            -  ^ 

V 

multiplicative  inverse 

0 

Therefore  we  must  show  that            -  1. 

•  '  V 

ANSWER:               ^  ^ 

-<b^)  •  -b 
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\  * 


Prove  that    -<b"^)  •  -b    •  \. 


Did  you  use  Theorem  3,7  Part  (3)  in  your  proof?  If  so,  check  your 
proof  with  the  one  given  below. 


^  PROi^F: 


^b    -  b~^ 


Theore®  3,7  Pai^t  (3) 
Id 


We  c<M»lH^ave  iuterpreted  the  theorem  as  saying  that    (-b)^^    is  the 
addiflve^  inverse  of    b'^.    Then  we  could  prove  this  by  showl,ng  that 
(^b)  ^-f-  b^^    «  To"  do  this  we  observ4  that- 


(-b)  •  ((-b)-i      b  1)   *-    (-b)  •  (-b)~i  +  (-b) 

-  1  +  (-h)  •  b' * 

'       .      .  -    r  +  [-(b  •  b  J)] 

-  1  +  1-1] 

)  • 

Since  -b  ^  0,  W  conclude  (-b)  '  -f-  b'^  -  < 
Is  Theorem  1^  valid  for  1/3?    \%  not,-  why  not? 


.-1 


Property  D  ' 
in 

Theorm  3.7 
part  (2) 

in 
ip 

Theorem  2.4 


ANSWER: 
Yea  ' 


Is  Theorem  3.8  valid  for  1/12?     If  not,  why  not?  v' 
<   ,  .L-^-..  

•  *■ 

I     '      ANSWER:  , 

•  So.    Property  K^^  fails  for  1/12.    Theorem  3.8  requires  that    fa" ^  " 
exist  for  e^ch  non-ze^    b.    This  is  not  trae  in  1/12.'' 
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^        The  following  th«orm  stpte&  that  oultiplicatloQ  is  distributive  over 
^ubtraqeion.    It  is  aiisllar  to  Property       one  of  our  postulates. 
You  shpuld  expect  to  have  to  use  Property  D  in  the  proof: 

'  -  ■  ^         '  '  */'•'' 

THEOREM  3.9:    If    a,  b,  and    c    are  real  nuiabers,  then    a  •  (b  -  c) 

■  «    a  •  b  -        c.  f 

How  ckn  we  rewrite  a  •  (b  -  c)  in  a.  form  to  which  we  can  apply  Pro-- 
perty    D?  -  .      *       .  ^ 


{■ 


ANSWER: 

a  •  (b  -  c)    -    a  •  (b  +  [-c]),  using,  definition  o£  subtraction.* 

-  -  _  |.  J  _  \.  .  ^  _  _  _  ,  _ 

Complete  the  proof  of  Theoreo  3.9.  "   ,  ■ 


Have  you  used  Theorem  3-7?    If.  no|;,  check  your  proof  before  proceed- 

•  ~.  •»    •   ,  -  * 

Ing. 


PROOr: 

I.    a(b  -  c)    •-  a(h  +  (-cj)        '         Definition- of  subtraction 


2.  V  -    (ab)      (a{-c))  ^*^D 

3/     >  •    (ab)  +  (-(ac))  Theores  3.7 

4*  '  «"   (ab)  «  (ac)  Definition  of  subtraction 

 ...--.--y.:...--..:. 

The  next  theorem  gives  the  sign  Isws  for  division.  You  should  expect 
to  use  Theorem  3.7,  in  your  pfoof.  ^  ' 

THEOREM  3..  10:     If    a    4nd    b.  are  real  numbers  and    b         0,  then^ 

(1)  (-a)   f  b    -    -(a  *  b).    or  -    -  3  ■ 

(2)  a  :  (-b)    -    .(a  :-  b),    or  ^  ^ 


<^    ■(-&).>  i-b)    -    <a  5  b).  or'  5^ 


b  fa 
a 
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Coaplete  tk^  proof  df  part  (1). 

1.  (-a)  i  b    •    -a  •  (b^^)  Definition  of  division 

m 

\.    <-«)  J  b    -    (-1^)  •  (|>"i)  beflnitloji  of  division  • 

2.  '  -    -[a  •  (b"*)]  Theorem  3.7       '  . 

3.  »    -(a  ♦  b)  Definition  of  division  ^ 

Prove  part  (2),  •  .  . 

Have  you  used  Ttieorem  3.8  in  the  proof  of  part  (2)?  If  not,  check  '  '  / 
your  proof  before  proceeding, 

  ^  .  5.  .  .  ^  . 

Proof  of  p^rt  (2):  V 

1.  a  ^  (-b)    •    a  •  {(--b)"^)  Definition  of  division  \^ 

...  .  •  ■     .    ,  • 

2o  -    a  •  (-(b"^))  Theorem  3.8 

3.  *    -(a  •  b'^)         '  Theoriai  3.7 

4.  •    -(a  J  b)  Definition  of  division 

Prove  part  (3)  without  using  part  (1)  or  part  (2);  , 

 _  _  •_    ^ 

ANS^:  \ 

X.   ,(-«)   J  (-b)  ^       (-a)  •  {{-b)"^)  Definition  of  division 

2.  -    (-a)  •  (-(b'^))  Theorea  3.8  '  • 

3.  -    a  •  (b^  ^)   '  Theorem  3.7 

4. ^  -         «•    a  >  b  Dsflnition  of  division 


Prove  part  {3)  using  part  (1)  and  part  (2)t 


ANSWER: 

,2.  *      •  "  • 

3.  A 


-(6  *  C-t»» 
-<-(«  ♦  b)) 
a  ♦  b 


Part  (1) 
hrt  (2) 
Theoram  3>S 


MATRICES 

In  this  suctlioQ  we>uye  soise  further  exempleb  of  oathimatlcal  ^ystaas 

having  prop^'tien.^  coonoo  with  the  real  number  syat^. 

>         i»  •  '       .      ,        ■  . ,  ,  ■ 

A  c^tyiy  ie  a  rectangular  a^ray  of  real  oumbersp  fpr  example:  \^  f}. 

tZ  zJ 

The  real  numbers  are  frrang^  in  ro^k  and  colusoa.    H^^given  example 


has  two  rove  and  two  columns •    Be  careful  to  note  that  ve  are  not 
concerned  here  with  determinants »  we  are  only  concerned  with  the  ma- 
trices as  arrays  of  nwbers.    In  tb^  first  part  of  this  section  we 
will  rastrict  our  attention  tO;  two-roW,  two^olumn  matrices.  Latei 
we  will  consider  other  ^ypes  of  iaatrices.^" 


Matrices  are  mmh 


1  if  ail  corresjpcmding  elements  are^equal.  Thxis 
means    a  ^  ■»    e,    b        f,    c    ■    g»    and    d    «  ,h. 


4j    u  y 

We  wish  to  define  two  binary  c^erationsp  addition  and  mdlti|>^Iicatioa» 
on  the  set  of  all  two-row^  two^^olinsn  matrices.     •  ^ 


^INITION*  OF 


^or  example:  >^ 


3  -2] 
6 


it 


I?  y  ■ 


5  ■■'3l 
1  -6 


(a  +  q)  (b  +  r) 

+  s)  (d  +  t)_ 

<2  +  5)  <1  +  3) 

(7  +  1)  (4  +  (-6)) 


fSVER: 
7--i] 
1  -2 
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ISO 


[3  .-2|,  ^ 
k'6 


« 

ANSI^EK: 

1 1;  ■  .  • 

■  % 

«^ 

* 

^        '  '    -        •  1 

•L  J  •  .  Is  ii 

m  b 
c  d 

■MP  . 

ll            *  .  ■ 

ANSWER: 

jo  o| 

{€> ..  qJ  ' 

'        *     fo  a 

lh«  aatrix  • 

£or  Tsatrix  addition* 

p  ■          ,  "       .  ^ 

>■ 

^ANSUER: 

m 

■'^.s,'  ■■  ■■  • 

a 

If  ^ 

|o  q 

ThtfTftfore  the  additive  Inverse  of  | 

Is 


^  J I 
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f-m  -b 

L-c  -d_ 


Consider  the  following  proof: 


[•  ^1  P 


q  r 
a  t 


(«  +  q)  (b  +  r)] 
Jc  +  ■)   (d  •fe.oj 

Iq  +  «)  (r  +  bf] 


q  r 
8  t 


Def intion  of  + 


for  real  Qucabers 


tJefinJ  tion  of  -I- 


and  thxm 


a  b 

c  d 


q  r 


q 

8  t 


a  bj 
c  d 


We  conclude  that  matrix  addition  is 

'   


answeej  -  '  _  ,  '    ..  ■       ■      '       .      ■  , 

^coMBUUtive.    (or,  a«  coBBButative  operation)         ^  , 

.  •     ■  '  ■  '  * 

In  a  •Islla^/Baaner,  prove  that  matrix  addftion  is  an  associative 
opsriftion.  ^In  other  words,  prove:     *  Z' 


f  3 


e  i] 


q  5- 
s  t 


:3  ^{f  3^ &J 


^   Y^ndicate  exactly  how       for  real  niaabers  is  used  1b  your  ^pxtt. 


ANSWER: 

a  b 
£  d 


e  f 


q 

8  t 


Ra  +  e)  <b  +  fFl  fq 
[_(c  +  g).(d  +  h^J    ^.    js  tj 


Definltibn  of  + 

.(a  +  e)  +  q 
_(c  +  g)  +  8 

Definition  of  + 


/b  +  e)  +  fl 

(d  +  h)  +  tj 
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• 


I 


> 


fa  +  (e  +  q)  h 
[c  +  <g'+  »)  d 


>*(h  4-  t>J 


for  ^eal  nua^rs 


b  4J       [<&  +  •)  <h  +  t)] 

Oeflnltion  oi  + 

■"11.9  *  (li  a-  [rai 


I^f initlon '  of  -1^ 


4  ■ 

q  r 

m 

a  b 

c  d 

e  f 


q 


i 


U«vi4  observed  that  tha  o|»«ratl%  i«  closad  and        tha  above  pro-^ 
parties  we  can  conclude  that    2  x  2   isatrices  frcMB  8(a)    .\.^,^.  u^der 
aiatrlx  addition. 


ANSWER r 

coBBSutative  group. 


DEFINITION  OF 


(aq  +  bs)  (ar  +  b^) 
(cq  +  da)  (cr  +  dt). 


Note:    An  elcaeot  in  1st  row  and  2nd  column'' fuppar  right  corner)  of 
the  product  is  obtained  by  adding  the  product*  obta^in«d>by  multiply- 
ing  the  el^nta  of  the  1st  row  of  the  first  matrix  by  the  cbrre=:_ 
■ponding  eleaents  of  the  2nd  coluBto  of  tha  second  aatria.    The  other- 
eleaents  are  similarly  obtained.    For  ejcaaple.  the  ale^t  in  tha 
2nd  row  and  let  column  of  the  product  is  obtained  by  adding  the  pro- 
ducts obtained  by  oultlplying  the  elei&ents  of  the   of  the  first 

•  oatrijt  by  the  corresponding  eleaents  of  the   pf  the  second  auh- 

-  trix.  '  .  • 


2nd  row  ' 

coluan 


2  I 
7  4 


[5  51  .  R 

[1  -6j  L( 


(2 

a 


5  +  1 
+  4 


1)  (2 


3  +  1 
3  + 


(-6)} 


0  ■  ['] 


ANSWER: 


(2 
(7 


5+1 
5+4 


1)  <2  • 
1)  <7  • 


3  +  1 
3  +  4 


(-6)) 


11  0 
39  -3 


2  y 

3 


3-  [i-H." 


"3 


ANSWER: 


RftvetBfi  the  order  of  the  above  pair  of  iMtrices  and  compute  their 
product/  Is  Qietrix  multiplicetioa  c<»tout«tive? 


ANSWER: 


QO  -33l 
[^4  -24| 


^fAtrlx  f&tiltiplication  Is  not  caaoautative « 


"  0 ,3 


a  b 

"3 

7 

4. 

1 

4_ 
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t^mtxi    3a  4*  7c    -  3 

3b  4^  7d.   <•  7 


(Deten&inc  t^e  two  r^uining/equatiosis.) 


ANSWER: 


?t<m  titiu  we  obtsifi  a  pair  of  equationa  iii  a  and  c  and  another 
pair  o£  equations  .in    b    and    d.  /  . 

.311-1^  7c,   -    3  ^  , 

+  4c    -  I 

Solve  thiff  aya.tem  of  equations  for    a    and  c. 

-V-:-----.----------'  ^ 

ANSWER: 

,3a  +  7  c  A.    3  .  > 

.  Li 

3a  +  i2c    -  3 

« 

•  •  &c    »    0       a    •    i,         c    *  0 


i  Similarly,  ve  may  determine    b    -   d  - 

4     .  . 


ANSWER: 

b    -    0,    d    •    1    f r^'  3b  +  7d    -  7 

.    b  -1^  4d    •  4 


Therefore.     ^J  .'f  '  ]    "  {| 
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I  1 


le  tba  following  Mtateaant  true  .for  all  mal  nianbere    a,  b,  c,  and 


ANSV£R: 


tfhttQ  wp  defined  the  terra  "ideatlt^  elesent'%  we  required  that  if  e 
is  an  Ide^ntlty  elessent  for'  mn  operation  on  a  set    Sg    e  ^  a  « 

a  •  e^   •    a    for  each    a    in  the  aet  All.of  the  ayiutema  we  have 

previously  conaidered  have  possesaed  the  coBsnutative  property;  so  if 
e  •  a    «    a,    we  knew    a  •  e    •  a. 


put  matrix  aul^lplfication  ia^ot  eocKaQtatlve 
teat  the  equation,^         to  aee  if  thii  mitrix 

eiement  for  matrix:»uitlplication. 

't 

ANSWERS  '  .  .  , 


.  Therefore  we  nuat  also 
1^    ^    Is  an  identity 


1  0l  [a  bl  ^ 
0-  y  '  |c.  dj  /    [c  dj 


la  thef  above  equation  true  for -all  real  numbers    a,  b,  c,    and  d? 


ANSWER: 
Yes . 
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Find  thf  £our  tm^l  mjflib«r  dquAtioM^th^t  result  frost  th#  {olloving 


'  ■  ['  3    "J  ■  [o'  il 


ANSWER: 

'  ma  ^  by  •  1 

ikx     b»  -  0 

cw  *f  dy  -  0 


Solve  the  above  squjitioiui  for        x,^  y,    and    2    in  tanas  t>£  a» 
sad    d.    You  may  assu^  that    a  •  d  -  b  *  c    fi^  0. 


ANSWER: 


ad  -  be 

acH-bc 


ad  ^  be 


-a. 


ad  -  be 


if^ad  ->c    ^  0. 


The  abov^  mathod  for  f iiidlng  the  multiplieativ»  inverse  of  the  matrix 
1^    ^     fails  in  case    ad  -  be    -    0.    In  fact,  it  can  be  ahovn,  al- 
tbqugfi  ve  will  not  dcr  so,  that  if    ad  -  be    •    0    then  the  matrix 
^     does  not  have  an  iuva^ge  older  multiplication* 
d  -b 


If 


4  0. 


ad  -  be    ad  -  be 


ad 


be    ad  -  be 


is  the 


ANSWES: 


ad  -  be;  multiplicative  inverse 


7 
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,  What  is  tUtsmtltipUcmiLiv*  iQV«rf«.  of 


3  .7 


Check  your  aaavcr  by  aultiplicatioQ'  (check  the  product  ia  both  or- 
'<l«ra).  . 


ANSWER: 


r4/5  -7/5l 

Lri/s    3/5J  • 


CHECK': 

■[»?] 

Also, 


(■4/5    -7/5]    ^    f3{4/5)  .+  7(rl/5)  3{-7/5)  +  7(3/5)1 
trl/5     3/5j        .[1(4/5)  +  4(-l/5)  l(-7/5)  +  4(3/5)J  ' 


r4/5  -7/5" 
(^1/5  3/5 


5l  .  p  7- 


1 

19 


2^  [:  ^' 


Ic    di    •Iv^y*  *B  inverse  under  emtrix  multiplication  if 


iMtrlx 


a  b 

aultiplicative  invam® 


foT'^ich  ad 
2  U 
2 


-be    "  ,0    faila  to  have  a 


Thus  the  Invai^e  property  does  not  hold  for    2x2    matrices  under 
multiplication*  ^ 

We  Aava  not  yet  considered  whether  matrix  multiplication  \,b  associa-'"  . 
tlve.    The  detailed  proof  Is  quite  long  and  there^re  we  will  only 
connlder  a  part  of  it. 

Wa  will  calculate  the  terra  in  the  first  row  and  first  column  of  tha 
final  producte  obtained  by  the  two  associatione.    After  showing  that 
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r 


these  elwftntfi'ar^  ^ual  wft  will'&ssutte  the  siaie  thing  could  be^dau^ 
for  the  other  eles^ate.  ^The  ootetlon  will  be  ch^ed  eliiehtly  in  or- 
der t\>  keep  treck  of  terse  aore  eeeily. 

;  •  '  •  .    • .  .   .     .       ,:  y         .  ■ 

Fil|^  itiieach  of  the  blanke}  be  eure  to  include  all  of  the 'oeceseary 
pateathesee. 


U  «12 
«21  «22 


b22 


^21  ^22: 


((kit  the 
eecoi^  row). 


Ten  ^12 
^21  ^22 


[iJote;    The  eubecripte  appearing  on,  the  letter^    a,  b,  Cp^'toove  in- 
dicate the  row  and  qdltorn  in  which  the  eleaept  lieg;  e.g.,  mii  .lies 
in  row  1  and  eolum  2.] 


ANSWBgr        r  ' 

an  bii  >  «12  h2l     *4r^l2  +  «i2^22 
Onit  the  iiecond  row) 


«i  i        +  ai2  ^21    an        f  ^12  ^22 


Omit  the  «econd  row  and'  tha  second  qoiuon) 


7 


ANSWER: 

(an  b|j  +  ^l2^'^\)?^u      (an         +  aja  ^32^21  (ftait) 
(oaity  (OiBit)_ 


b2l   b2  2 


an  fi2 

/  . 

821   82  2 


iOait  the  sec 
on4.  column) 


Ul 


ANSWER: 
*»2l  Cll  +  ^22  C2i  (pBit) 


Cii  +  bi2  C21 

(Omitf 

• 

cj I  +  b22  C21 

(Qiait) 

f  ••  ..  . 

<■ 

(Omit  the  second 
row  mni  the  seo^ 
ond  coluna)        J  ^ 


ANSWER: 


A- 


It  is  straightforward  tq  check  that: 

C21)       ^12  (^21  ci^  +b22-C2l)» 
This  completes  the  jJroof. 


,In  suasaary,  we  sec^  that  the  systte  a£  twp-row,  two-column  taatricea 
With  matrix  addltioav/dnd,  multiplication  satisfies  all  the  field  pos- 
t^ulatea  extept  for  and    M^^.    Any  theorem  that  we  h«ve  proved 

a^bout  real  numbers  and  whose  proof  did  not  make  use  of  Prope|M^les 
and    K^^    is  valid  for  this  sytem  of  matrices,   .In  particul;ar; 
all  the  theorecui  which  are  concerned  only  with  the  addition  operation 
.are  valid .      »  u 

We  illuiitra^e  with  an  example  one  theorem  which  is  not  valid  for  the 

system  of  matrices.    Let    A    and    B    be  iSatrices  defined  as  follows: 

1  ^  f 
3  1 


A  » 


1  -1 

rl  -2], 


B 


Then  A 

To  i 

IP  n 
ces. 


and  B  are  non-zero  matrices  but  .  A  •  B  is  the  zero  matrix 
.    This  ^Hainple  shows  th^t  theorem  2.4  is  not  valid  for  matri- 

* 
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We  turn  aov  to  more  geflueral  - types  of  matrices/  We  will  say  that  a 
aatrix  is  an    m  ^       matrix  if  it  has    m    rows  and    n    coluxans^  The 
matricas  w«  have  been  dlscussiag  thus  far  are    2^  2   matrices.  We 
will  of ten  uae  capital  letters  to  denote  matrices  and  lower  ca^^ 
lettara  with  double  subscripts  to  denote  elements  of  the  matrj 
Thus  *a, 

'V 

and    B    are    m  x  n    matrices,  i.e^,  A 


a  matriit^ 


will  denote  the  element  In  the  i^^  row  and  j^^  column  of 


DEFINITION  3.1^:    Suppose  A 

and    B    have  the  same  number  of  ro^  and  the  same  nui^er  of  cdlumns. 
*ij  eiesjjent  in  th€c  i^^  row  axu}  J^^  column  of  A, 

^and    b^^    denotes  the  eles^nt  in  the  i^^  row  and  j^^  column  of  8, 
then,  A     8    is  defined  ""to  be  that    m  x  a    matrix  such  that  the  ele- 
ment in  the  1^    row  and  J^^  column  is    a/^  +  b^  '  for 

^    \  iJ 
•  - m    and    j        .1,  2,  • . n,/ 

Note  that  the  above  definition  ajgrees  with  the  Au^nltian  we  have 
ready  adopted. for    2  «  2    matrices •    Sote  also  thaf;    A  +  B    is  not 
dafiped  unless    A    and    B    have  the  same  number  of  tows  and  name 
number  of^  columns.  ■  ^  '  ■ 

Find  the  sum 2 


1, 2, 


3    1  2" 

-1  .  4  -3" 

4  '  ?  3_ 

+  -• 

^2  iO  4 

?  - 

ANSWER: 

a  5  -1 
6    2  9 


Find  the  sum: 


'1 

2 

0 

+ 

-1 

m 

7 

4 

J 

^-2J 
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ANSWER: 
-  J 

-1 
2 


DEFXSmON  3.2:  If 
Biatrix,  then    A  *  B 


la  an   n     m   matrix  and  B 


1«  an   m  p 


1b  the    n     p    matrix  obti^fned  by  the  follwlng 


>  th  TJi 

^proc6dur««    the  elment  In  the  1     row        j     column  of 


equal  to  th<^  «um  of  the  products  of  correspond! 

'  th 

and  the    %       coluian  of  B. 


1      row  of 


elemehta  of  the 


Be  sure  tQ  note  that  In  the  aboue  definition  the  second  matrix,  Bt 
must  have  s^e  ^number:  of  rows  as  the  first  matrix*  A»  has  col- 
umna*  The  product  A  «  B  then  has  aa  many  rows  aa  A  'and  asi  many 
olumns  ae  B. 


ind  the  product  of  tKe  following  two  matx^ces: 

121 
2  tSj 


2  3 
1  -4 
-1  2 


ANSWER: 


Z  +  1 
2  +  2 


1  +  2 
1  +  5 


(-1) 


3 
4 


3  +  X 
3+2 


C-4)  +  2 
<-4)  +  5 


-5  5 

_5  14_ 

Find  the  product; 


1    3  2 

~  1 

2  14 

• 

-2 

m 

5    3  -4 

V 


ANSWER: 

1-1  +  3 
2«-  1  #■  1 
i  •  1  +  3 


<-2) 
(-2) 


+  2-4 

3" 

+  •4  •  4 

16 

+  (-4)  '  4, 

-17 
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Flttd  the  product: 

[3  1  21  fi  3 
'U    2    5    "  1  -4 


f — I 

? 


ANSWER: 


The  oroduct  cannot  bp  obtained  since  the  nu&ber  of  rows  in*  theV-second 
odtrix  is  not  equal  to  «ie  number  of  colt 


l\mm  in  tha  firnt  matri 


Find  the  product: 


fx 

•  3 

f 

"3 

-2 

4 

— 

2 

1 

4  ' 

1- 

6 

3 

m 

? 

5 

3 

-4 

'12 

1 

2 

-18^  17"" 
15      6  19 

• 

J 

If    A    is  a    S  X  .3    matrix  and  B 
is  a  matrlK. 

is 

a    3  X  7 

matrix,  then    A  •  B 



ANSrfER:  / 

5  «  7 

# 

If    A    Is^  a    5      1    matrix  and  B 

is 

a  •  1  ^  5 

.matrix,  then    A' «  B 

is  a           matrix  and    B  «  A    is  a\ 

^  matrix « 

r 

^  « 


ANSWER:  .  »  ^ 


^Qbsarve  thut  Che  prqduct  dcifln^tidn  doe^  not  allow  us  to  choose 
^    arbitrarily  tw5]F  ^triceii  and  detensrim?  tbe  matrix  to  which  this 
'     **oparatlon**  would  asnign  theis.    Therefore  this  definition  falls  to' ^ 

^  define  an  operation  over  the  n^t  of  all  matrices.    Matrix  multlplica- 

/'  \         *  •  '  • 

v^an  be  shown  to  be-  associative  whenever  it  is  defined.    Thus  if 

* 

an    n     a    matrix*    B    is  an    m  ,^  p    matrixt  and    C    is  a 
matrix,  then  all  of  the  products  indicated  in  the  expressions 
)  *  P    and    A  •  (B  •  C)    are  defined  and    (A  •  8)  •  C  - 
A  •  ^)  i    Each  of  these  expressions  denotes  an  .n  ^  q  matrix. 

For         given  positive  integer    n,    addition  and  multiplication  b 
\ciosed  operations  ofi  the  set  of  all  -n  ^  n    matrices.     It  can  be 
^^howjKjjjAt  as  we  indicated  previously  H«rthe  case    n         2»  that 
for  the  system  of       ^^5^^   matrices  all  the  fi^ld  postulates  are 


valid  except  for    M  and 


In  particular  the  multiplicative 


c   V  in' 

identity  for  this  syiHraa  is  the  matrix  whose  main  diagonal  entries 
are  all  equal  to  1  and  a^.  of  vho$,e  of  f-diagonaLi  elraents  ate  equal 
ta  6.    These  matrices  are  shown  below  for    n    »    3,  4,  5. 


n   -  3 


0 

1 

0 


0 

01 

1 


n  - 


0 
1 
0 
0 


0 
0 

1 

0 


en 

0 
0 

1 


/ 


0  0  0 
10  0 
0  10 
0    0  1 

0    0  0 


More  gener- 


Jrfe_,caJl  t he se.^a prices  multiplicative  identity  roati 

*ally,  if     I    d^^no'tes' the  *  n      n    multiplicative  identAv  matriXt  then 

for  any  ma€rix    A    with    n    rows  (and  any  nl^ber  of 
^olumns^^^jptl    A  •  1         A    for  any  matrix 
^..^jOX^y  number  of  .rc^s). 


Itimns  (and 


•.    ■     v  - 

Hdt&lces  have  been  applied  with  great  success  to  the  proble 
solving  systems  of  linear  equations, 

FoaL^^^  first  Illustration  of  such  an  applitation  we  will  consider 
the  following* system  of  equations: 
2x >  3y  1 
^^x      y  s.  »    5  • 
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Flod  ehc  pro«fuet-of  the  followinjj  two  matticmmt 


ANSWER: 


fix  +  3y1 
[4x  +  y  J 


The  two  eleaenta  in  the  product  matrix  are  the  expressions  on  the 
left  pldes  of  the  two  equations.    Slnqe  two  matrices, are  equslif 
their  correspondiag  eleaents.are  equal  we  can  rewrite  the  given  pair 
of  equations  In  the  foilowiilg* matrix  form:' 


■3  ■  ['] 


AKSWER: 


f .  d  •  I;. 


> 


% 


Th«  matrix    ||    £|.    hmu  the  coefficients  ttom  the  equation  system  as 
its  entries  and  Is  usually-  referred  to  as  the  coefficient  ftatrtx, 
Cooatruqt  the  matrix  equation  which  is  equivalent  to  th^  follcH^ifig 
;  sy Steffi  of  §quatiopBi 
4V      7y    -    11  . 
2x  -I-  3y    -  5 


ANSWER: 
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i^ch  of  the  above  matrix  ectuat|pns  is  of  the  Com   A  *  X        B  where 
A,  X/  Afid    B    are  matrices,    l^en       solve  a  real  dluiiber  equation 
of  the  form    a  •  x    «    b    and .  a    9^    0,    we  ^'divide  bothyaidea  oi  the 
equation  by  a''    and  arrive  at  the  aolutioir   x         b/a;  §/;i^t\^viaion 
la  defined  In  terms  of  tQultiplicatlon  and  depends ^on  the  existence  of 
the  Qultipllcative  Inverse  Cor  its  meaning,.  Thus^  a  more  ba^ic  w^ty  of 
arriving  at  the  solution  of'  the  equation'   a  •  x    «^    b    is  to  multiply 
both  aldea  of  the  equati^on  by    a  ^     thus  obtaining  .  x    •    a^  ^  b,-* 
A  similar  approach'  can  b&  used  to  solve  the  matrix  equation    A  •  X 
-    B.     If  ,  A  ^    exists  we  can  aultipjV  both  sides  of  the  equation  by  ^ 
itl  and  arrive  afi.  the  equation    A  ^  •  (A  •  X)         A^   •  B.     (The  order 

of  the  multiplication  is  important  since  *  M     does  not  hold  for  ma- 

V  *    *  c 


trlx  multipl^carion.) 


But  A 


(A  •  X)  - 


ANSWER:  '   '  ; 

X;     A  ^  •   (A  •  X)     •     (A  ^    •  A)   •  X 

matrix  mul-tlplicatlon  Is  associative^ 


Thus    X  - 


I  •  X    «    X4    Rem^tober  that 


ANSWER: 
A  ^   •  B, 


Tlie  sohition  of  the  equation 
first  finding  the  inverse  of 
matrix 


"2  f 

X 

r 

U  1 

12 -  3! 

• 

7- 

1  " 

A 

a  b 
c  d 


if  it  ex 


has  as  its  inverse  thi^  fnati^. 


provided    ad  -  be    4    0\  ^ilW^ 


can  be  obtained  by 


1  that^tii^' 


ad  ^  be    ad  -  be 


^■\^  .4'. 


Fia4  the  inverse  of 


ANSWER: 


-3 

~l 

S] 

-10 

-10 

m  ■ 

10 

10 

-4 

2 

4 

-2 

-10 

-10 

10. 

Therefofe 


ANSWER: 


~2l 

J 

10 

10 

■■  4 

-2 

5 

* 

10] 

Froo  the  above  we  obtain 


X 


ANSWER: 


10 

:± 

10 


14 


10 
-6 


10 


equatlonH . 


is > the  aolutidrt  of,  the  matrix  equation,  we  know 


if)  the  solution  of  th^  original  systod  of 


ANSWER  t.. 

X    -.,14/10    or  tVs 
y    -    -6/10    or  -3/5' 


.By  Che  given  sethod  find  the  solution  of  tfhe  mstflx  equation 


11 

3 


4  7 

2  3 


and  Che  solution  of  the  ati^ociated  fiyst«9  of  equations 


ANSWER: 

The  inverse  of 


Thej^fore  W 


2  2 


-r 

_  2 

1 

-2 

111 

■ 

5 

• 

i 

1 

'  4.1-2] 

^Thus    X    ■    1#    y    ?    i         the  solution  of  the  syBtem  of  equations. 


Solve  the  fdl lowing  sty^tecB  of  equations  by  the  matrix  method'2 
■  ■      .  » 

*  '  *  •» 

-6x  +  4y    -    1  '  ' 


ANSWER: 


-4 
-6 


2' 


_4 

_4' 


y  ■ 


_6  :;4 

•4  -4 

-7 


X 


-1 
2 


3 

■  A 


::5 
2 

-7 


We  should  perhaps  point  out  that  matrices  play  a  f urwiamental  role  In 
vector  geometry ♦  the  Iq^ortance  of  whlcV  is  such  that  a  course  in 
vectors  and  matrices  ia j^nc^  ^t§ndard  in  college  for  practically  all 
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mathejMtics  majors  «ad  for  many  studenes  who  major  In  such  fields  as 
sics,  statistics,  economics,  and  many  of  the  social  sciences. 


THEtmEMS  ON  FRACTIONS 

In  this  nectlprt       will  preiiiint  «evi*ral  mote  theoremn  on  real  nua- 
berk.    Th*?  results  contained  ie  these  theor«»s  are  the  f sail iAr  ru^e* 
tot  additio^.  subtraction,  wultipiication,  and  divisfon  of  frM^tloils. 

If    a    and    b    are  real  nuabers^    b^  ^    0,     then  we  denote  by    a  ^  b 
or  by    a/b    the  quotient    a    divided  by    b.    We  have: 

a  f  b    -    a/Jb  -  •    a  •  b^    •    b^^   •  a. 

Suppose    n    is  a  positive  integer  greater  than  1  and  that    A    a^  B 
ax«    n     n    matrices.    Since    M^^    is  not  valid  for  the  syatm  of 
n      n    matrices*    A  J  B    may  not  be  defined  even  if    B    is  not  the 
asero  matrix,  because    B    may  not  have  ah  inverse  under  multiplica- 
tion.   Even  if    a  h    does  exist  th^re  is  still  a  problem  in  writing: 
^/A  18    -    A/B    -    A  '.J^    m\l   •  A.         ^  r 
Wli^t  is  the  problem? 

----- -  i        . : . . . . 

is  also  not  valid  for  the  system'of    n  x  n    matrices.    Hence  we 
might  have    A  •  B  ^   >:   8^  •  A.  ^ 

> 

It  should  be  clear  frc^  the  preceding  discussion  thit  we  cdnnot  ex- 
pect  that  the  rules  for  opetatir^  with  quotients  of  rfeal  ntrabers 

^  .should  be  valid  for  matrices,^ 

♦ 

For  real  numbers,  the  familiar  rule  ior  adding  fractions  is  the 
following;  ^  * 


THEORKH  i.U:  If  a,  b»  c,  and  d  «r<i  real  nu^ers  with  b  f  0 
and    d    ^    0.   'thi^n    a/b  +  c/d    -    ^  ^  f  ^  ^  ^  ^ 

Prove  tlitu  th«fore9i  by  tttarclng  with  thie  right  hand  expreniiion  and 
changing  It  %o  t\\^  Itsft  hand  expreaalon.    Giv%  raMona  for  ym|r 
atapSt  exc^pPfor  tha  aaaoclatlve  and  cowiutativa  propartlas. 


l^id  y«u  u«e  Theorwa  3.2' to  convert  (b  •  d)^^  to  b"  ^  •  d^^?  ^ 
Qid  you  uae  Pro;>arty  0?    It  not,  check  yqur  proof  before  proceeding. 


AUSWER: 

!•   ■      ,  '    -    (a  •  d  -4-  c  •  b)  •  <b  •  d)  ^ 

b  *  d  .  ' 

2  .  •  .  -     (a  •  d  +  c  •  b)  •  (b^   •  d^) 

4,  m  (^.\^)  .  Cd  •  d^)  +  (c  •  d'^)  •  <b  •  t  ^ 

^.  «  {a  •  b^j  •  1  4^  <c      d^)  •  I 

b,  ,  *      •  a  •  b  ^  -f  c  •  d^ 

7.  -  a/b  +  c/d  '  ,  ' 

1.  Definition  of  division^ 

2.  Tlreorem  3.2  . 

*>,  D  *  .   ^.  '  •  ' 

4. 

In  - 

6.  M,  ,      *  *• 

7.  Def Inition  of  division 


niEUREM  5.12^  If    a.  b,  and    d    are  real  nuabers  with    b    j*  0 

and    d    4    0,  th^n      *  ,  ' 

its       /\i  '  g  *  d  T  c  *  b  '  ^ 

a/b  -  c/d    .  fa  .  .1   .  .  •  -  V 
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ii  0 


Thm  proof  glv^n  above  for  Thi^ri^  3.11  will  algo  serve  as  a  proof  for 

Tli«orii®  1.12  il  we  change  in  ^ach  step  the  *'plus"  nign  to  a  "»in6i" 

aign.    Hweviir  we  must  alao  change  the  reaaon  for  atep  3.  Inatead 

ot  ;I*rop«r£y  9  w*?  ahould  liat     ■      aa  reason.  \ 


2. 


ANSWER: 

ITieor^B  i.9  (Actually  Theor«n  3.9  and  M^,  but  we  have  agreed  to  use 
without  listing  it  aa  a  reason.). 


THEOREM  i.  13:     It  .a,  b,  c,     and    d  are  relil  nusaber«- wjth    b    i*  ,0 

and .  d'   ^    0,     then  '  '  ■        '  ^ 

a/b  •  c/d    -    ac/bd.                    ,  '       ^  ' 

We  iian  rewrite  aa  followa:  »  ^ 

-     (ae).'  (bd)   ^     a/b    -    a  :  h^^    c/d^    -    c  •  d 

Prove  Theorem  i.l3,                         i  ' 


■  V  ■     *  ■ 

ANSWER:  '         .  ^ 

*  « ■  ^  } 

1,  a/b  •  c/d    «    U  •  b        *  ic  •  d  \)        Definitio^i  pf.  div%ion 

2.  -     (a  •  c)   •  (b  ^   -  d^)  * 


-         •  ^)  •  {b  -  d)  ^  Thefotem  3.2  f 

^'  ■    i»c/bd'  Definition  of  division 

^  4^  ^  .   . . . .  _  >  : 

THEOREM  i.K:     If    a,  b^c,    apd    d  are  real  numbers  with    b  0, 
i     ^    Oj%     and    d         0^     then  ^ 
g  '  d 


a/c  3  c/d  ^ 

b  •  c 


By  Tb4iur#m  l.n,     d/c  •  c/d    -    dc/cd    «    (rd>  <cd)  ^ 
proves  that    c/d    f«    0     (by  Theorem  2,4)  and  that     (c/d)  ^  ^  - 


-  %1*.    /((is  • 


If 
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AHSWiiS: 


Uiting  the  fact  thmt    c/d    4  O    and    Cc/d)^    -  .  d/c^    prove  Tteorcn 

U    c/d    ^    a   and    (c/dr^    -    d/c  Proved  above 

(CiMplttta  tha  proof)     ^  \  ,  / 


•     1,  c/d  4    0    and    (c/d)  \    -  d^c 

2.  a/b  5  c/d    -    a/b  •  (c/dL.^ 

3.  w    a/b  *  d/c 

4.  .  •  ad/bc 


Proved  above 

Def inition  of  diviaion 

Step.  1 

,*Theor^  3*13 


-I 


i.lA  Is  ^he  familiar  Tp&  i 


fot"  dividing  fractions,  **i^vi^rt  the 


Tbeoresi  3< 
de$u3i»inatar  and  multiply*** 

Siippoae  ve  try  to  write  do%m*  a  theorW  fc^r    2  ^  2   jiatricea  similar 

'  '♦     ■ . 

to  Theorem  3.11*    We  might' try  the  following  a tat ement. 

2  ^  2  siatrijjM 


If  A,  tf.  C,  and  ,D  *a^ 
exiat.  then-  .  ,     /  \' 


and  if    B" ^    and       ^  * 


r 


A  •  B  '  +  C  •  D  '    -    JA  •  S  ♦  C  •  B)   '  Xd  •  D) 


J 


Wbut  ffli0ta|cew  can  yeu  find  in  the  following  "proof"  of  this  state- 
i.     (A  •  D  +  C  •  &)   •  (B  •  D)  ^    -  "(A  •  1)  +  C  •  6)  •  (B^  •  D  »)' 


3. 


-  A  •  D  •  B''  •  D"^  + 
C  •  B  •  B'^  • 

-  (A  •  B^)   •  (D  •  D'^)  + 


^erJc 
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f4. 
5. 


-  (A  •  B        •  I  +  C 

-  A  •  B  '  +  C  •  D  ' 


I  •  D 


ANSWER;. 

Ther«.  im  a  oiatake  In  step  1.    We  do  not  know  thai 

B  ^  D  L  The  proof  of  Theor»m  3.2  aake^  use  of  M  ,  which  iff  not, 
y«ilid  for  2  «  2  «iitric««.  Step  2  is  an  application  of  Property  D 
(and  H^)  and  Is  valid,  St«p  3  i»  not  valid  because  Property  M  i* 
uae'd.    StepH  4  and  5  are  valid.  > 

•  ^  ^  5  -  .7  "   -     ^  ^  '  

Actually  the  stateni^iu  tor  which  wi^  hav«  given  an  Incorrect  proof 
lf$  hot  true.  '        '       '    ^  ^  ^ 

THEOREM  J.  15:  If  a,  b,  c,  and  d  are  real  uyBibers  th  b  f  0  ' 
and    4    ^    0,  then    a/b    «    c/d    16  and  only  If    a  •  d.  •    c  •  b.. 

A  statement,  like  that  given  above,  uiilng  the  phrase  "if  and  only  If" 
U  equivalent  to  a  theorem  in  the  "If  ...•then  ..."  form  and  Ita  con- 
verse.   Thull^ther^  are  two  pattsi  In  the  proof  of  Theory  3.15.  In 

the,  "if"  I  art  of  the  proof  we  prove  that    a/b         c/d    if    a  •  d  ■ 

■       .     .       .        ■  '"^ 
c  •  b    where  ^        is  the  hypothesis  and  ia  the  conelus^ign* 


ANSWER: 

a  •  d    »  c 

a/b    -  c/d 


J 


In  the  "only  if"  part  of  the,  theorem  the  hypothesis  is 
conclui$ipn  iti         .  1  .  < 


and  the 


1 
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AMSVEKi 
a/b    •  c/d 
a  •  <i    «  c 


Canal(}(*r  the  fDllowing  proof: 


i. 

a  •  d  ■ 

c  • 

b 

2. 

b    f   0,    d    ^    0,  htmce 

b  ' 

and 

3. 

(a  •  d)  •  (b  ^  ^-  a  ^>  « 

(c 

•  b)  • 

4. 

(a  •  b  ^)  •  (d  •  d  h  • 

(c 

•  d  ') 

5. 

(a  •  b  ^)  •  1  i 

(c 

.  -  1  V 

»  d  ') 

6. 

#                      a  •  b  ^ 

e  • 

d  i 

7. 

a/b  • 
/ 

1 . 

■  2. 

Hypoth4s^i^'  and  -H^^ 

4. 

H     and  M. 
a  c 

in 

6. 

id  - 

7. 

Definition  of  tlivision 

yhi^i  proves  whicii  part  of  Theorem  3,X5,  the  '*if'*  part  or  the  "only  .  . 
if"  part?  "  .  : 


ANSWER:  .  • 

The  "if*  part.  {Note  that  the  reasoning  proceeds  fre«n  the  hypotheais 
a  *  d         c  •  fa    to  th^CQ^clusion    a/b    •  c/d.J^ 

^  ^  .  -  ^  -  :  _  «    ^  ^  -  >  ^    ^  ^  ^  -  - 

The  steps  In  the  proof  can  be  reversed  to  prove  the  "only  if"  part  of 
/the  theorec}. 

.  ...  ■  ' 
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XSpHORPHISM  OF  SYSTEMS 

Cpotftruct  the  multiplication  table  for  the  oon-Sero  elements  of  1/5 


^h^tic  modulo  5} . 

Cteglgrtate  this  uystesa  by    1/5*.     (The  *  in 

oes  that  0  haapJieen 

omitted  fro®  1/5). 

/I      2      i  4 

^  .  I 

•2 

1 

?  ' 

4 

\    .      -  . 

ANSWER: 
1 


1 
2 
3 
4 


1 

2 
3 
4 


2  3 

4  1 
I  '  4 

5  Z 


4 

3 
2 
1 


Construct  the  addition  ^able  for  1/4, 


0;       1        2  3 


0 
1 

2 
3 


ANSWER: 


+ 

0 

1 

2 

3 

0 

0 

1 

2 

--3 

* 

n 

1 

2 

3 

0 

2 

2 

3 

0 

1 

3  , 

3 

0 

1 

2 

The  afaovts  uyutmm  will  be  compared  by  setting  i^p  m  function    f  which 
smipii  th«s  elem^ntii  of    1/4  '  onto  the  4jleia«Dttf  of    1/5.^.    To  di«tin- 
guiiiU  the  el^pieiittf  of    1/4    fro©  theSfie  of    l/5*    we  will  underline 
Che  elenenttt  of    1/5*.    Thus  the  m^t  of    1/5*    is  (1,  2.,  2r 

^We  begin  defining  the  cQrrespdndence    f    by  ler£l»^g  the  identity 
ele&e&t  of    1/4    correspond  to  the  identity  'ele©ent\of  I/5*« 
other  worUs.  ^  corresponds  to' 

................   . 

ANSWER:       *       ♦  "  Hi. 

0  corresponds  to  1^.  . 


We 'i^ill  designate  the  function  in  the  fbllicnjing  way: 

0       1  .  ...f^- 

V 

In    1/4,     If  we  add  2-^2,  the 'aiis  is.O.    For  which  element  o#  1/5* 

difft^rent  fto©  1^,  is  the  product  of  the  elaaent  «itH  itself  equal  to 
the  iden|^^ty  e lenient  V! 


since    2    «nd    4    are  simiiar  in  tht^  oespect  \we/Vill  let    2  corre- 
apond  to  4^.    We  will  also  let    1    corcesyjond  W   2^    and    3  corre- 
spond to    3^.    Thus  the  function  is  defined  as  follows:   ■> 


f:    0   1. 

i   —  2 

2  4 


> 
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W«  have  (ie£ia«4  «  function  which  ha«    {0,  i»  2,  1}    ah  itu  ^  and 


AI^SUER; 
I  dcHSiiin 
rwgfi  ^ 


We  could  have  let    X    cbrrespond  to   J    and    3    correspond  to  2^^ 
Thin  woul4  hffve  given  ue'fihe  cptrrejipondence:  ' 

2  ■    :  ^    4     ;  V     ,       ,         •  ^ 

3   , — ,      2  -  • 

v.      V  ; 

A  discuntslon  similar  to  the  one  we  will  give  for    f    could  be  given 
for  thisi  function  also «    You  should  observe  that  both  of  the^  fui^c- 
tions  are  one-to-one  (i.e.,  reversible)  functions. 

We  return  now  to  the  fimctioq    f    (the  first  of  the  above  two 
functioni$)*  ^  ^^^^^^^^^ 

-   ^  ) 

f(X)  -   

f(2)  V   


J  - 


ANSWER: 


Httt  coQi»itil«r  tb«  conmation  l;!«t;wcea  this  fmi>mi#p  «ad  the  biiuiry 

•      •  .         ■  * 


.       2  +  3  - 

f  (2  +  1)  - 

f  (2)  - 

f(3)  - 

t<2)  •  f(3)  - 


£C2  +  3)         f  (1)    -  2 

i 

f(2)  •  f  13)    -   i  Vi   -  1 


Thua  we  se%that  f (2  +  3)  '-  tiZY  '  £(3). 
Which  of  the  following  stat^^ntg  are  true? 

a.  f(jl  +  2)  -  f(l)  V  f(2)  , 

b.  f(2  +  0)  -  f(2>  •  f(0) 

c.  f(3  +  i)  -  f(3)  •■  til)  . 

d.  f <2  4  2)  -  ^(2)  .  f(2)    ,       ^  ^ 


ANSWER: 

All  are  true. 

 _  _  _ 


Ue  have  tested  five  out  of  the  sixteen  possible  ordered  pairs   ^<a^  b) 
*aiul  ^ave  seen  that    f  (a  +  .b)    "t    f(a)  •  f(b>  .    It  Is  possible  to 
prove»that  this  statement  is  true  for  all    a    8i\d    b    by  examittiiig 
the  rejaainiog  cases,  but  this  wl^  not  be  required.  ^ 
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1?3 


Ut  will  iai^tead  r«con»frucfc  the  tabU  for  lauUiplfcatlQn  in    1/5*  mo 
thMC  on  fhe  margirtti  the  eli»k*ntS' ot    I/b*    are  in  the  smsw?  pot^itionn 
9ctu{Jl^d  by  th^  correspond i,ng  el«t;iint«  of    J/4    on  thatudiiition 
tab/jjn?)!^  Aft^  the  products  are  placed  oitr^he    l/5*    table  ve  cin  am^ 


h  the     1/4  table. 


+ . 

D 

1 

2 

} 

0 

0 

1 

2 

3 

1 

'  1 

« 

•J 
*. 

3 

0 

2 

2  • 

.0 

1 

3 

3- 

0 

1 

2 

• 

1 

2 

2»' 

i 

1 

1* 

•'2 

k 

•1 

2 

,  2 

± 

3 

•1 

1 

2 

I 

•  1 

2 

4  *^ 

i 

One  can  see  Ly  COTiparing  the  reconstructed  table  With  the  addition 

«  ♦  •        •  f 

table  for    1/4    that  tne  operation  i»  preserved  by  th\?  function  £. 
For  exasiplet    2    corresponds , to    £    and    2    occupiea  the  positions 
on  the     1/4    table* which  correspond  to  the  positiona  ocgupied  by  4 
on  thv'   iVs*  stable,   ^'  '  1^       '  ^ 


SU>!M1XRY 


.Trfe  were  able  to  determine  a  fu;fCtion  fro^«  1/4    onto    4/5*    such  that  9 
to  each  eiecie^t  of     1/4  #-there  is-  a  unigu^  eleirtent  of    1/5*    tp  which 
it  corr^apondli,  a^,d  corresponding  to  each  e^etaent  of    I/5*-^here  is 
a  unique  element  of    1/4,     Such  a  function  is  called  ^  one-to-otie 
coixespondence  betwe^    1/4    and    1/5* >    Furthermore, \f or  all    a»  b 
in    1/4,    f(*^+b)    4-    f(a)  5  f(b).       ,        '    .  ^ 

l^FINllION  3^3:     If    G    is  a  g^oup  whose  operation  la  denoted  by  "o"  ; 
and'   G'/   iH  a  group  whoae  opera^iion  is  denoted  by. 'V^,  theq  an  J.gc^^ 
morphisg^  of  the  group    G    onto  ^he  group  ,  Q\  is^k  reveraibl^  func-  ' 
tion    f    Trote*  c/onto    G'     8uci^'th£ft:  * 

o'^bf    J    f(a)  A  f'Xb)  ^  - 

for  each    a   >and    b\  In  .G.  .  We. say  fhat,  S    and:  fi*    are  isoroqrphie . 


In  thm  Ma^l^^ipcw^ed    C    in    1/4    «n<l  the  operation    "o"  ,  in 
addUioo  in    1/4.    The  group    G*     im    1/5*    and  the  operation  "A% 
in  auit?|plic«tlon  in    1/5*;     \  *. 

li  two  j|ro«p»  are  iti<»o.rphic  tlien  they  are  algebraically  equivalent. 
The  eieaenta  which  iiake  up  one  group  may  be  different  fT(m  the  ele-^ 
senta  which  mi^e  up  the  other  but  any  property  poaaesaed  by  the  oper- 
ation in  6ne  group  will  also  be  poeeeatied  by  the  other/ 

»  ■  ■ 

THEOREM  3.165     Let    C    be  a  group  with  operatioti    "o"    aBd    G'  a 
group  with  operation  '  "a''*  and  assume  that    f    la  m  isosaorphiaia  of 
p    onto    G*  •    Then'  .    "  <^  .  ' 

1.    If    e    la  the  identity  element  of    G    an(i    £(e)    «       ,  then  e* 
la  the  identity  eleaent  of  G*.^ 

.The  image  of  the  inverse  of  an  element  a  of  G  is  the  inverse 
of  the  Image  ot    a.     (i.e..  if    f (a)    -  then    f(-a)    •  -(a'), 

where  .-a  denotes  the  inverse  of  a  in  G  and  -(a*)  denotes  the 
inverse  of^  a'-    in  G'.) 

FHOOF: 

Aaauffis    e    la  the  identity  elemen^f    G    and    f(e)    «  e*. 

We  must  prove  ^hat           ,  :       •        ,  ' 


ANSWER:      t  :  -  v 

>.  ,  •     ^   "•  *  ■ 

ia  the  identit^.eremen^  of    G*;  or    e'  A  a'    «    a'  £^         »  a*^ 

'    for  each  In    G*  r  ' 


e  0^1 


Since    e    1^  the  identify  element  of    G    we  ki}ow  that    e  «  -a 

for  each    a    in    G.    Let    a*    be  an  element  of    G'*    and  lef    a  be 
the  element  of    G    such  that    f(a)    *    a' •  „ 

By  the  defiq^tion  of  iso^torphism  wis  know  that*  f<a)    --.^^fCe  o  a)  * 

,    ,  .   -    -    -  ^-    -------    -r  <'-. 
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f(e)  A  f{a> 


/ 


But  t(«) 


1 


and    f(a)  • 


iOlSWER: 


-I 


Therefore.  A    a*    -    a*/  for  eaqh    a'/^ln    G*.  Slnll«rly» 


for  each    a**  *  in    G^.    Thua    e*    is  the 


of 


1% 


ANSWEK: 

identi  ty  t  elament 


I 

We  f  (-a)  -  (-a)  * .  N 
tve#n     (-«)  ^     and  -*{a*X 


Note  G 


carefully  the  conceptual  difference  bc- 


(-a)*    •    f(-^     is  the  ele&ent  of    G**  paired  wi^h  the  element  -a 
of    G    by  the  function    f;    -(a*^)    *    --fCa)     is  the  inverse  in  G' 
of  tha  elenient  paired^  with    a    by  the  function    f .     In  order  to  ptove 
that    ft~a)0^    -f(a)    it  is  sufficient  to  ghow  that 


f(a)    A    f(-a)  and    f{-a)    A     f(a)  « 

Prove  tTiat    f(a)    A    f(--a)    -    fe' . 


f(a)    A  *  f  (\)  - 


f(ao[-a])    bexrauae    f    is  *an  isomorphism* 


ERJC 


m  Q  [-^m]  •  m  sincis  f  in  mn  iifM^rphism*  Also^  in  the  preceding 
prooi  it  WMJi  nhow^  tbiit-    f(e)  th«  ldefU:ity  el«ieot  of  C'. 

f(&)    A    f(-a)    -    f(«  o  f-a))    -    f<«)    '    if',    i.e.,  f(a)    6  f(-a) 


Similarly.    f<-r)    A    f(a)    -    e' .  " 

Theorra  3,16  iu  often  usMsful  in  findii^  an  ifiomorphiBiB  of  one  group 

*      .  ■ 

onto  another.    The^dentity  element  oi  one  group  mu^t  correspond  to  ' 
tlie  identity  element W  the  other,  and  if  two  elements  correspond 
their  inverses  mu«t  also  correspond.  , 

Find  an  isoffiorphi'sa  frooi  the  additive  group  of    I/IQ    onto  the  mil- 

tipiicative  group  of    I/ll*.     (An  element    a    of    I/U*    will  be  de- 

noted    a,)    Part  of  the  moping  is  already  detefmined  for  you  on  the 

•  table  given  as  an  example  given  on  the  next  page*    Construct  m  func- 

*tion  table  and  fill  in  the  first'  colimjn  of  blanks%    (Ignore  the  blank 

table  for    1^1 1*    and  the  second,  third,  a^d  fourth  coluiana  of  the 

,  ^     .       •  .  » 
function  tabled  s 

•  ■  i/m  -  '  '  . 


1, 


er|c 
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•4.  ^3  ^ 


t 

i. 

o 

•t 

9 

D 

XU 
— :3s 

I 

k. 

1 

-  ^ 

6 

I 

8 

9 

10 

1 

1- 

4 

8  10 

1  , 

5 

2 

9 

1 

I 

6 

9 

I 

M 

2 

5 

8 

4" 

4 

8 

I 

1  ■ 

6 

io 

X ' 

I-' 

1  ■ 

io 

4 

!•  1. 

I 

I 

1 

6 

6 

1 

I 

a 

i 

5 

I 

1 

3 

6  2 

9 

i 

1 

4. 

& 

5 

2 

is  z 

4 

i 

*i 

3 

i- 

1 

I 

5 

3  1 

10 

8 

6 

2 

IS. 

9 

8 

5 

4 

3 

2 

1 

t 

t\iaction  Tubli 

) 

/ 

t yio 

0 

?i 

2  ♦ 
3 
•  4 
5 

f 

6 
7 
8 
9 


I/ll* 


-I 


r' 


izu* 


4' 


•5 


/If  you  f««l  that  you  hav^  given  a  complete^  solution  go  to  tt  on  page 
.167.  If  .you  af«  not  entirely  aati-sfied  with  your  soluCd^  %0  to  £ha 
next  iteipa  beloi^^»  ^  '  .  '  ^   ■    \  ^ 


Uclog  Thfotffii  3*16  you  tan  arrive  tft  the  foHo^ng  toftlgmeqit6: 

■'since    1  -^i^  .  .  ■ 

■  -  -  -  ^     -  .  -  .....  .  .  .  .  .  ....  

ANSWERS 

9  — 6    sine*    -1        9  •  demote  the  inverse  of 

in    l/ll*    by  V2  ^    inateaii  of    -2    «inc«  the  operation  in  quae-  , 
tion  Is  multiplicatilbn.)  .  -  ^ 


If    f    U  to  be  an  iec^orphisa  we  must  have    f  (1  +  1)    *   f  (1)  •  f(l). 
In  other  worde,    f  (2)   '  J^^ 

 .  u  --.v  -  -  -  -  -  ----  - . ... ...  —  — ■ 

ANSWER: 

*     •   «       ■       ■     ■  ■     -  .  . 

4    ,      .  ■  .      .      ,  .      '  ' 

I  Go  becU  to  your  solution;^  '  Heke  ^^ditione  to,  or  changes  in"^  the  - 
f^tnction  table  filling  ^in  the  see^i^d  cdluian  of  blanks  under  I/ll*, 
Po  not  write  ^ny  more  entries  in  the  first  col^n  under  i/ll^> 


^        ...  .  .  ... ...  ... 

If  you  lee^  that  you ;^have  -now  given  a  complete  solution  go  to  tt  on 

page  ^7.^  If  not|  go  to  the  next  item  below « 

^*  *  * 

...\.    :  .  .  .i^.  .  .  .  . .  ........... 


Wa  Have  set       cor^respondance  e^e  'fipllowlng  palrg: 


..     ..  .  y 

2  ^  4  •   _  ...  - 


■  C 
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erJc  '  •  • .     J   '(i^- '  ris.i;,   ; .  " 


f(l«i-  2)    -  f  (l)  .  f(2)    -   ^; 

Th«rctrote  .f{3)    •       .  . 

ANSWER:    ^  • 

u  ^  •    '  ' 


Cdntinuc  this  process  tmtil  the  corr6i|pondfttice  is  ccNspi^te.  Ck»  back 
to  your  solution.    Msks  s44itioiis  to,  or  chsngss  in»  thst  function 

tsbls  using  ths  third  colusn  ^lodsr    I/Il^.    Thso  go  to  tbs  nsxt  it^« 

Do  not  write  any  aors  «ntri«a  in  ihe  first  or  ,8«con^coluaiia  uodat 
Ull*,  I 

M  ^        »        —        —        ■»        —       — '  — 

ft  Docs  your  solution  sgrns  with  thm  folXc^lng?^ 
13  I. 

f  • 


If  you  wish  to  do  so»  you^  m«y  now  go  back  to  youf'  solution  and  mak|& 

^       .  .    .  ^  ■ 

any  changos  you  J^ks.    list  thsss^  the  fourth  col.^|p'^  blMpks*  \ 
Do  not  make  any  chai^ss  or  write  any  more  entries  iaisha  firy^t  three 
columns .    Then  check  you  solution  with  the  cc»aplete  solution  given 
bsl<»^«'  •  -       •  \  ^ 


Compjete  Solutions  ^ 

lyiO  1/11* 
ir    0   ^  1 


Thu  . initial  thoicn  of  the  correspondience  1  — ^  2  is  so&i^hat  arbi- 
trarf  In  this  Maapliii.  rWe  could  cqnfittuct  an  ipossorphism  hy  aMtgn-^ 
iog    1    to  any  sl^tesEii:  of    l/ll*    except  £or  the  element  I.* 

The  function    f    is  a  revemible  function  fr^odi    I/iO    dnto  1/11*. 

To  nhow  that  it  is  an  ifecroorphiaa  we  muat  checlc  that   ^  for  all  a, 

b,  in    I/lb,  '  '  '\      ■  '*  ' 


ANSWER: 

fCtt  4^  b)    -    f (a) 


To  ptovidr  thig  confirmation «we  will  reconstruct \th^  table  for  J/II^ 
by  piacis^g  the  elejaents  of  I/ll*  in  paaitiona  on  the  Jop  and  left  , 
aides  of  the  t^bXe  on  page  165  whlchr  correspond  to  the  position^ 

Occupied >y  the  Corresponding  elements  on  the  edges  of  the  ^I/IO 

•  '  '  '*  ^  •  * 

table.    Thus  the    4    on  the    I/li*    table 'will  .be  in  a  position  cor- 
responding  to    2    on  t?he*  ^0    table*    After  you  have  listed  all  of 
the  el«sents  on  The  edges  of  the^    I/li*    taWe»  complete ,  the  talile^jy 
plaeing^he  respective  products  in  the  appropriate  spac^*    Uee  the 


given.  I/ll*    table  for  reference,  if  necessary* 
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• 

I 

■  2; 

& 

H 

5 

.9 

7 

1 

6 

1 

i 

.'■  4  ■■ 

ft- 

10 

i 

I 

■  3_  .• 

6 

i 

2 

A 

t 

8 

10 
— 

9. 

7. 

3. 

6 

i 

i 

•  4. 

a 

'  5  ■ 

10 

9 

I 

i 

6  ^ 

2 

km 

8 

B 

s 

10 

i 

3. 

6 

i 

2 

4 

5 

.5  , 

10 

9 

2 

3 

6 

i 

2. 

4 

8 

10 

lb 

9 

i" 

1 

6 

2 

4 

•8  - 

5 

9 

7 

■  3 

6 

1 

2 

4 

8 

'k 

1^ 

7 

1 

3 

6 

'  l"" 

■'1 

4 

;  8 

5 

AO 

9 

'3 

1 

6 

i 

2 

4 

8 

5 

10 

.  2. 

7. 

6 

6 

1 

2 

4 

8- 

'■5  , 

10 

9 

7 

3 

/ 


/ 


A  coiBparison  of  the  cQtri«s  on  the  I/IO  t«ble  with  entrl«»  on  tl^ 
rucooatructed    I/ll*    tabl«  wi  1,1  confirm  that  this  mapping  is  an 

,  ,  iaomorphJ^m,     .  '     '     '    '         '  .  ■ 

4  One  Qthar  >^a^^e  of  an'  lac^orphiam  vill  ba  givan  in  this  6actian« 
^  Lat    P    rep nmi^nt  the  group  conaisting  of  the.  poaitlve  real  numbers 
and  the  miltiplication  operation*    Let    L*  -be  the  group  which  is  ttia 
sat  Qf  all  real  ntmbera  and  the  addition  operation*    Let    f    be  t^e 
followingf function  from   P    to    ht    f(a)    •    log*  a    for  each    a  in 
V.    It  can  be  shown  that    f    la  a  reversible  ^uactian  frptu   P  onto 
L.         ■      -     '  ■  '        '  •■•  ■  ■ 

From  your  background  in  high  school  algebra  you  know 

f (a  •  b)    •    log      (a  •  b)   +    -  4-  . 

10  .  ' 


♦ 
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log    «  +  log    b  -    t(«)  £(b) 
10  10 

or    f  (a)  +  f  (b)  -    log    a  +  log  b 

\  .10  *IQ^ 


tliarifor^,  a«  defined,    f   Is  an  lioi«>rphi8!B  from    P  onto    L.  Some 
V-'  .    ■                                          ^  ■  • 

intaravtlng  observations  follov.    For  axaSple:    f{l)  -  aiaca 

idcntlti.ea  mmt  correapond»  . 


ANSWER:  • .  '  . 

 ^    ^  -    ;   I  

Thu«    f (1)    -    log    1.  *  0. 

'^Anothtr  IntarMting  observEtioigr  conceros  divUioa  in    Ra  (Recall 
a  *  b    »    a  •  b" ^) *  •  • 

Tharefore,  •  '  ■■ .      ■  ■ 

f(a  ♦  b>    -    f(a  -  b"l)    -    f<a)  4-  f(b"' 


But  inveriiaii  are  xa^pmd  onto  inverses ^  |nus 


f(b         -  -^f(b) 


ANSWER: 

-Icrg^b.    (Thia  shows  that    log     a  *  b        log    a  -  Ior  b.) 

.  la  ,      io  10 

'  n  ' 

A  similar -analysis  would  show  that    a     corresponds  to    n  •  log  a 

for  ail  integers  rt. 

'       >      •  '     -       '  -  ^  ^  "% 

Thfe  definition  of  isomorphiSDa  can  be  extended  to  Include  mathematical 

systexas  with  two  or  more  operations.    The  following  defintion  would 
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•  /         fae  Buitabltt'^xsijv^n  igoaorphisa  from  a  field    F    onto  ^  .field  F'. 

DEFINITION  3.4:  i    is  an  isomorphism  of  the  field    F    with  opfera- 
tionii    "+•••  and  onto  the  field    F'    with  operations  .  "©"  and 

if: 

.    .  ■  .         "  ?  * 

1.  #    ill  a  one- to-one,       reversible  function  from    t    onto  F% 

2.  #(a  4  b)*    ^(^)  ©  ^(b)    for  all    a,  b    in    F,  and 

3.  4U  •  b)    •  ^(a)  O  ^C^>  all    a^,b^  f/ 

4  I^Wther  applications  of  thik  conc^^t  of  iacHnorpft^  will  be  made  later 

in  th^  course.  >N--.,^ 

REVIEW  ITEMS  . 

1.    Consider  the  theorem: 

*  "^'^ 

Theorem:     If    a    and    b    are  rinal  numbera,  then    -(a  -  b)    •    b  -  a. 
Write^the  muitiplicatiye  analogue  for  the  above  tHMrem. 


ANSWER: 

ir  a  and  b  are  non-zerc^  real  numbers  then  (a/b)^^  -  b/a,'  or 
(a  r  b) ^    -    b  ?  a. 


2,    Fin^  the  ojis  takes  in  the  following  prpof. 

Tneorem:  If  A  and  B  are  non-zero  2^1  matrices,  then 
(A^^   •  B^)   .  (A  -  B)    -  I. 


PROOF: 

1.  A    and    B    are  non-zero    2  «  2  matrices 

2.  A  '    and    B  ^  exist 

3.  (A^   .  B  5)   •  (A  •  B)    -    (A^   •  fi^)  .  {B  •  A) 


•  4.. 


-     [(A^  1^  .  B"  ^)   •  'Bj  ••  A 


•  -     [A"l    •  (B"^   •  B)]-.  A  K 


Hypo this is 


a 


6-  *  -    <A^   •  I)   .  A  M, 

■  in 
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ANSWER: 

St«p  (2)  Ifii  not  correct  ultncs  H 


^    is  iu>t  valid  for 


c«Sp    Step  (3)    i»  not  valid  since    M     i»  not  valid  for    Z  ^  2 
matrices.  ■  - 

3.  ■    .    ^  -  ;        >    ■  • 

Prove  or  disprove:  a  :  <b  +  c)  *  (a  v  b)  +  (a  ^  c)  for  all  real 
nim^ers    a,  b,.  and    c    where  .  b  4-nc        0,    b.  ^    0    and    c    ^  0. 

 .   ... 

-  ■  r  ^  ■' 

^ANSWER:  i 
This  is  a  false  theorem.    One'^cbunter  exasiple  is  sufficient  to  dis- 
prove it. 

Let    a    «    6  '  a  4   <b  4-  c)    -  2 

b    3^  2'  (a  ^  b)  4  (a  ^  c)    •  9 

c    -    1-    .  a  i  <b  +  c)    ^    (a  ^  b)  ^  (a  ^  c) 

Note  that  in  fraction  form  thi^  stat^E&ent  Would  be  given  &s  {k?iioys: 

"    a/b  +^s/c    which  you  recognize  as  a  coiai^jn  error  loade  by 
high  school  (and  college)  students. 


4.    Let    ft  Qf         ^Hd    9*  denote  the  following  matrices: 
P  Q  R    '  S  ^ 


p  °1 

Lo  iJ 

Define  the  operation         in  the  following  taanner:  ^' 

X  *  Y  .  -    X  •  R  •  Y  far  all    X    and    Y    item  the  above  set.  In 

other  words,  to  find  X  *  Y    you  find  the  matrix  pro'duct  of    X*  R, 

and    Y    where    R*  is  always  the  matrix      ^  ?! 
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For  exaisplit: 
P  *  S    -  P 


(Mii^iill  that  amtrix  multiplication  Is  associativ^/thus  tte  grouping 
one  unen  above  ii»  unimportant\ ) 

U^ltlg  the  following  exanpie,  construe^  an  operation  table  for  the 
net    {P,  Q,-  R,  S)    sod  the  operation    "*".  ^  - 

Q     R  S 


P 

Q 
H 
S 


?  i 


•  f 


^UER: 


* 

P 

R 

p 

R 

s 

p( 

Q 

S 

R 

Q 

R 

P 

Q 

R  , 

S 

S 

Q 

p 

5 

R 

Using  the  above  table  and  a?hL  otfe^r  information  about  matrix  multi- 
plicatipfpyou  find  helpful,  prove  or' disprove  t^e  follcrt/lng  state- 
aettt:  ^  •  * 

The"  set     {P^Q,  R,  S)    fbrms^  a  group  under  the,  operation  "j*". 

"         ------  . 


-  -  -c  

ANSWER: ,  "     *  ^  •  > 

{P,  Q,  R,  S}-    forms  a  group  ufider  the  operation  > 
PROOF: 

!•    An  exajainatioa^of  the  table  establishes  closure  for  4"*". 


i  'I 
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t  • 


\ 


2,  *  . Is  «n  asMociative  opevation  because  satrix  nulriplication  is 
«»«oclativ«.  ^  (X  *  Y)  *  Z    -  '  (X  •  R     Y)  *  2    -    (K  •  R  •  Y)  .  « 
R  •  Z    whereas    X  *  (Y  ^  Z)    -    X  *  (Y  *  R  •  Z)    -    X  '  R  «  (Y  • 
K  •  Z).    thes«  resttits  ate  equal       the  .associative property  of 
niatrlx  Sdtijj'llcation.        .  ^  U*     '  - 

3.  R    is  th«  r^quirad  identity  element.     (Refer  to  the  table  J 


r  I 

1 


4.    P"'  (  -  P 


•  R 


/ 


(-Refer  to  the  tsbH*  P  *  P  -  R, 
Q  *  Q  —    R,  etc) 


Thus  each  element  has  an  inverse* 
Therefore    {P/Sl*_^  S}  forms  a  gt<^up  under*the  operaWon 


5,^  Given  that    (P,  Q,  E.  S)    forms  a  group  under  the  operation 

'  ia  fhitt  group  iaomorpgic  to  the  multiplicative  groxip    1/5*?  Coaa- 
pletely  explain  the  reasons  supporting  your -answer. 


ANSWER: 


• 

1  2- 

3*4 

* 

P 

R 

S 

•  m 

.  '  i 

1  ^2 

3  '   -4   *  - 

^  R 

•  s 

P  . 

.Q 

1/5*  ^ 

3 

2-  4 
3  1 

1<  3 
V|f2 

Q 
R 

S 
P 

R  . 
Q 

R 

p 
s 

9 

2  1 

b 

Q 

P 

S 

R  • 

These' two  groups  are  not  Isomorphic.    One  key  is  that  eacrt^element 
in     (P't  Q,        S}^Ib  a  pelf-- inverse    whereas  only    1    and    4  are 
self-inverses  in   1/5*.^   Lf  you  attempt  to  reconstruct  tjirc^able  fdr 
"*"t^"         up  with  the  following  contrjadictionf 


.  5 
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-^2  . 


Let    k  ^  1  ^  • 

and    p>  Q»  or  S  4 
Wherever  yoU  place  the  other  two 
element f-,  so^  *  Q'  ^arid  ,        -tljfe  ele-- 
sfents  on  the  diagonal  of  the  t&hle 
will  equal    R.    But  in  the  table  fo^r 
I/S*    th^  diagonal  ^lement^  we  not 
always  equal  to    1.    Thus  the  ^pe'ra- 
tion  cannot  be  prieserved  under  any 
one-to^ne  mapping. 

i  ■  * 


t 


IV.    ORDER  IS  THE. REAL  NUMB'Eg  SYST^gH 


ORDpR  POSTULATES        •         .  ^  i '  - 

If  you  check  the.  table  of  contents  of  .^  traditional  h^h  schopl  i^th- 
•         '  ■•  .  •  • 

«    emathicjs  teit  you  will  likely  find  very  few  pages  d^vot^d  to  the 

*  ^  .    ^ ,  ■  '  '       -  r 
topics  06  order  and  i^equalitieli*^  In  contrast,  th«  S.H*S>G«  Inter*-, 

mediate  MathemaUcs.  Text  Part  I,  I960' E^itioti,  has  at  lea§t  38  pages 

of.  discuaaion  and  probleats..  Roy  Difbisch  in  his  teacher's  Guide^p 

accoiipany  his  Introductlotr  to  Modern  Algebra^  (D.  Vajy  Noft.trand  Co©-*  ' 

pany,:  I^rinceton,  New  Jersey »  1960,  p, /lOO)  says,  "The  student,  should 

%  certainly  be  informed  that  inequalities  are^  used  in  taathematics  al- 

ifiost  as  frequently  aa  equalities". 

In  th^  development  of  the  real  number  system  as  ap.  example  qf  a  fi^3QB 
weu  have  so  f^r  epcountered  no  properties  ^^hich  te^l  UB  the^elative 
"size^^f ''two  numbers  %    You  know  that  i*t  makes  sen^e  to  say  that  "1.2 
,  is  les9  Vhan  16'\  'that  "-2  is  less  than  0",  or 'that  "1  is  greater 

than  u^i  but  a  review  of  the  field  properties  and  the  theorems  we 

•  •  •  •  » 

have  proved  f tcaif  them  will  show  .that  yoli  have  not  yet  been  given  any^ 

logical  basis  fo^  such  statements  about  tha  rel^i^iv^  ord^r  of  two  L 
numbers'. 

/        *  ' 

In  addition^  to  the  field  postulates  for  the  real  nimibers  we  will  also 
assume  that  th&re  is  a  '^g^eater  than"  or  "less  than*'  relation  leaving 
certain  well  defined  properties.     This  assumption  is  ktated  formalJLy 
as  follows:  "   ;  .  * 

The. field  of  real  numberp  is  an  ordered  field  4n  the  sense  that  there 
is  an  order  relation         in    R  -which  satisfies  the  four^  basic  pro- 
'    pejrties  stated  below.     (The' symbol    "a  <  b"    is  read      a    is  less  t 


U7.6.  .  ' 


than  b";  %  >  a"  is  read  %  is  greater  than  a**.  We  agBee  ihat 
a  <  b    and    b  >  a    mean  the  same  thing*) 


ORDER  PROPERTIES:'   .    .  * 

■      .  "  ^' 

01  Trichototny  (or  comparison)  property: 

If  a  and  b  ar«,  real  nuyber^,  tfien  orte  and  only  x>f ^  the  foilow^ng 
is  true:    a  .<  b,    a    •«  /'b ,    a  >  b *    •  ♦ 

'  ■  \  ' 

02  Transitive  property:  f  ^  i 
If    a,  b,  c    are  real  numbers  such  that    a  <  b    and    b,<  c,  then 

■a<c.  *  . 


03  ^d/klon  property:  -  ^ 

If    a,  b/  c    are  real  mu^ers  such  that    a  <  b,    then    p  +  c  <  b  +  c 

04  Multiplicati^  property :         *  ^  . 

If    a»  b»  c    are  re'al  numbers  such  that    a  <  b    and    0  <  c,  then 
ac  <  be* 

the  properties  list'ed  above  are  added  t^  our  list  of  postulates^  foV 
the  real  number  system.        .  ^ 

In  Unit  I  weTfefined  a  binary  relation  to  be  a  set  of  ordered  pairs. 
We*  can  als».  regard  the  order  relation  introduced  above  as  a  set  of 
ordered  pairs.    We  define    0    to  be  the  set  of  all  ordered  paii;s 
'  C^,  b)    of*  real  numbers    ^^J^^    b    such  that  ""a  <  b    (or  ''b  >  a)  . 
Then    0    is  a  binary  relation  according  to  the  definition  of  Unit  !♦ 

The  ordered  pa lYs    (0.  5),  (-2,-1),  and  (-3,  2)    are  in  the 

set    C    because  we  have    0  <  *1 ,  2  <  5 ,  -2  <  -1  ,  and    -3  "<  2.  The 
ordered  pairs     (0,  -2),  (1,  -3),  and     (-8,  -105    are  not  W  O'  be-  ' 
.cause  it  i&  not  ^  true  thSt    0  ,<■  -1    or    1  <  -3    or    -8  <  -If]^, 

The  basic  properties    01,  02,  03,  04    zbM  be  restated  for  the  set  0. 
Thus  inst^d  of  writing    ''a  <  b"  .we  wri*te    "(a/  b)    JLs  i^  The 
properties  are  restated  as  follows: 


01\  Trichptc^  ior  con^arison) -propettty : 
If    a    and    b    are  real 'niHobets,  then'^one  and  only  one- of  the  follow- 
ing Is  true:    Ya,  .b)    is  i?a   0,  a'**-,  «b>     (b^,  a)    is  in   0,,  V, 


^  If  you  refer  back  to  the  previous  staten^nt  of    01,  you  will  note 

^  .  that  th^  only  change  made  is  that  "a  <  b**  is  replaced  with  "(a,  b) 
^  ij  in   0".  and    "a  >  b"  J-s  replacec^  with  V"(b.  a)    is  in  0". 

CojQpIete  the  following  restatement  of    02.  ^ 

^02-  Transitive/property:  ^  -  *  ^ 

If    a»  b»  c   are  real  nu®b#rs  such  th^t    (a,/b)    and    (b,  c)  /  are 

in    0,  then.  •  ' 

'     .     -  f  '  ,  • 

•»  ■ 

'   ^        Ui  c)     is  inV.     ^         '     -    '  . 

03    Addition  pro{>erty  *  i 

If    a,  b,,  c    are*  real  nuinji^rs  such  that   ,  * 

*  \  ■  -  -  ^ 

(a,  b)     is  in    0.    ,  .        '        '  ^  ^ 

(a      c,  b  4-  c)  ^Is  in    0.      ^1-     ^     .  ' 

 ^  _  . 

04'   Mylt^iplication  [property  j| 
-^rite  out  the  Rxoperty  04.  j-. 

 ^  ^  J  ,  .  

if 

ANSWER:*' 

If    a,  h^^jt^ are  real  nuinbirs  Such  that    (a,  b)     and    (0|  c)     are  in 
0 ,  then/(ac ,i^b c)     is  in    0 . 

.  C  — « — 


4 


.       ..  t 


 i 
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We  will  fro©  tim  to  time  point  out  geoisetric  interpretations  of 

•  sQsielof.  the  order  propertiee  whic;^  we  deriv6.«    It  is  often  very 

hslpful  in  solvlfeg  ineg^lities  to  be.abl6  to  translate  a  proble© 

into  geoaietric  ten^.    We  should  say,  however,  that  we  mke  n6  at- 

tempt  to  establish  a  logical  basis  for  the  connection  between  the  ' 

set  of  real  nuxsbers  and  the  set  of  pointii  on  a,  line.    To  attaopt  to 

do  so  would  take  us  beyond  the  scbpe  of  this  course, 
•  ■ 

When  we  associate  real  nusifaers. with  points  on  a  horizontal  line  in 
,the  usual  way,  if    a^  and    b    are  ^al  nu^ers  and    a  <  b    theh  the' 
point  associ'arsa^with    a    lies  to  the  left  ^f  the  point  .associated 
with  b. 


1  -.  i     I  ■ 


•  c  -2  -1  b  0 
/  Figure  1 


X    a  2 


Ref«r  to  Figure  1  and  tell  which  of  the  following  statetnents  is  (are) 


%  .  f 


ANSWER: 
^rue 


(2)    -2  b 


ANSWER: 
False 
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<3)    <b,  a)    is  in  the  set   £).  .    .  *  <t 

-w---r---^- ------------ 


(4)     (-2,  a)    is  in  the  aet«  0  . 

 J 


ANSWER*        '    ,  ,  ■  ^  - 

True  ♦     ,  .  '  ^  « 

-  -  —  ^   ^  - . .  -     . .  . 

If    a,        c    are  real  nvsBbers  such  that    a    «    b»    then    a  +  c  « 
b  -I-  c    because  of  the  addition  property  of  equality.    Recall  that 
this  results  from  the  fact  thgt  addition  associates  with  each  order- 
ed piir  of  numbers  a  unique  nus^er.    If    a        .ti    then    (a,  c)  and 
.(b,  c)    are  names  for  the  same  ordered  pair;  henpe    a  +  c  ^-    b  c. 

^  if    a,  b,  c      re  real  numbers  such  that    a  <  b,  then    a  +  c   

•  *    .    '  ■/  r   

♦b  +  c.     Why?  ' 

.  •  ■  '        r  t '  .  , 

 --•  .-4  

ANSWER:  ' ,        ■  .  ^ 

"       .  <,  by  03.  -  1  .  \  ' 

The  addition  property  of  equality  is  a  theorem  which  follows  from 
^  the  definition  of  a  binary' operation,  the  assui^tion  that  addition 

is  a  binary  operation,  and  the  a^aning  of  equality;  but  Property  03 
must  be  regarded  as  a  postulate. 

Note  that  the  inequality    "a  <  b"    is  nof  altere<^^5hen    a    or  b 
\     Cor  both)  are  replaced  by^equal  quantities*    As  in  the  previous 
_    units  we  will  make  ^ree  use  of  this  idea  of  ^'substitutidn*'  and  will 

give  no  eoq?licit  reason^when  it  is  used,  except  where  supplying  the 


180    ORDSa.  IN  THE  REAL  NUMBER  SYSTEM 


re^on  might  prcrvent  confu&lon. 


Thus  if  a  -  m  and  b  m 
replaced  by  the  inequality 


.  X,  then  the  Inequality  a  <  b  may  be 
  without  conaae^^        ^         *  ^ 


ANSWER: 


m 


<  X    (other  anawers:    a  <  x,    m  <  b) 


'r--  ----r----r--y-----^-.-- 

Reread  the  raultiplicatipij  property,  04,  for  the  relation.  •  Lve 
any  errors  been  wade 'in  applying  it  in  the  nuoerlcal  ej^aa^les  b^ow? 
Explain.  .  •  . 

-  7,  c  ■  -    2,  then  "4  •  2  <  7      2  .  - 

-  7,  c    -    0,  then    4  •  0"<  7  •  0^ 
7,  c    -  -2,  then    4(-2)  <  7(~2) 

"  -3,  c    -    2,  'then*  (-7) (2)  ^  (-3) (2)  1^ 


(1)  Let  a  -    4,  b 

(2)  Let  a  4,  b 

(3)  Let  a  -    4,  b 

(4)  Let  a  f- -7,  b 


ANSWER':  , 

(1)'  Correct:     since    q>  0,  *  04  applies. 
<2)    Wrong:  '  since  *c^-  '  0,    04    dc^s  not  appV. 

(3)  -  Wrong?    since    c^<  0^  .  04    does  not  apply. 

(4)  Correct:     since    c  >  0,    04  applies. 


Iti  terras  of  the  order  relation  we  shSll  make  the  following  definl- 
'j     tlofts  for  positive  and  negative  numbers. 

DEFXNItlON  „4.1:  <  ' 

(1)  \A  real  nuiti>er    a    is  positive  if  and^nly  if    a  >  0. 

(2)  '  A  real  number    a    is  negative  if'  and  only  if    a  <  0. 

When    0    is  substituted  b    in  the  Trichotonor  assuuqstion.  we 

have  three  alternatives  for  a  real  nunier  a:  a  <  0,  a  •  0^  and 
a  ^  0.    This  divides' the  real  nuniers  into  three  non- over  lapping 
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subsetd;  ^What  are  th^y? 

\ 

\^  ^.^  1  IJ  

*    -     •  '  \      *  • 

ANSWER:  ' 

The  set  of  negative  real  numbers, 

{0}    (the  set  whose  only  member  ts  zero),  and 

the  sef  of  positive  reJil  num&ers^; 

>        •    ■                                 '■  •".                          ■  '  " 

,  ,  ^  _  -  .  _  .  .  .  ^  _  » 

Note  carefully  that  in  Definition  4.1  ho  mention  of  a  "minus  sign"  is 
made  In  the  definition  of  nejgatlve  ^lujaber*    Thus  if  we  denote  a  niim- ' 

we  are  Indicating  the  additive  inverse  pf  the  nysber  a. 
Use  of  the  syrS&ol    -a    g^es  no  indication  as  to  vfhetheT-  the  ni^er 
in  quei^t ion,  is  positive,  n^g^itlve,  pr  zero.    We  shall  isee  presentD§ 
xhat  if    9    is  a  ppsitive  nuai^er  then  '-a    is  a  negative  ntuaber,  apd 
jthat  if    a    la  ^"tiegative  number  then    -a    is  a  positive  nuni)er.  We 
already  kn6w  from  Unit  III  that  if    a    is  zefo  then    -^a    is    ^  ^ 


ANSWER:  .  . 

^    zero.  '       '  . ,  ^     '  t  * 

 '   -  

W«^'8hall  make  frequent  'use-. of  the  set  notation*  {x  ]     }  inlrtilch 
the  defining  conditio^is  for    x    are^ritten  in  the  blank  space.  Fot 
I  ^^xample,     {x  ]  x  >,4}    is-^read    "thefs>9L^  of  all    x    such  that    x  Is 


greater  than  4". 

We  shall, also  refer  to  certain^  subsets  of  the  real- numbers  in  the 
following  ways:     Set  of  non^-negatlve  ireal  numbejs ,  set-  of  positive 
real  ft«a^ers,  sfet  of  negative  real  nuinbers-,  set  of  non-positive  real 
nucife^eTHTN^  ^  J  •  * 

Select  the  proper  title  for  ecich  of  the  following: 


V 
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(1)   ■'■{%  I  X  >  0}  \      •  /  •        ^  ^ 

^  %  -    ^    _    ^  «  .  ^ 


ANSWER: 


(1)   -Set  of  positive*  real  puabers.  "   ^    •  k       ^^"^v.  ' 

(2>    {'x  I  X  ^  0}  '  .  .    ^'  '  .  ' 


•  •     •  ..     <       ■  •        *  .        •     •  '  . 

'    .  ^    (2)    S^t»©f  non-negative  real  muabera. 

*      -     •      •  • 

*  i»  ■ 

■    '  (3)     {x  t  0  <  x)  •  *  " 

r  ■   

(,3)  *  Set  of  'positive^  real  nufttbers/'  t 


-  ; 

<4)    {x  [  X  <  Q}  .  • 

..  ■•     «  .  '  .  • 

 •  _  —  i  _  >  

t  ANSWER:    .  •  .  .    -  . 

C  '  ^  \    .  \ 

(4)  Sfet  bf  negatlv^  real  numbers.  ,  V 

 -   ■    y  ^  P 

'  *     *  ------ 

(5)  {x  I  X  2:  0)  -  ■ 


ANSWER: 

(Sy   Set  of  non-negative  tea!  numbers. 


9 


1        '\  • 
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r 

I 


<6)     {x  1  X  1  0) 


ANSWER:  ^  '    •>  ' 

*(6)   'Set  of  non-positive  real  numbers.  (  ,  ^» 

Reminder^  If  a  rea|Simiber'  is  not  negative  it  is  either  zero  or  a 
pBsitive  nupber.  \,  "     ^  .  •  "  ,  -  ^ 


ORDER  THEOREM 


There  are  ro^^ny  important  theore^ns  which  follow  as  consequences  of  the 
order  properties  of  re%X  numfeera*  *  We  sha^l  state  and  proye  a  number 
of ''thes<?  theorems.     In  the  begrnaing^  in  proving  ordtr  theorems,  you 
are  asked' to  give  complete  pr<$bf^t  sHowing  each  step  in  which Jftroifiise 
either:  a  field  property  or  an  order  property  of  the  rea'^numbers* 
You  may  use  the ^^sts'of  field  postulate's  and  theorems  given  in' the 
preceding,  units  ^or  reference.    A  littie  lat^r  you  will' be  pennitt^ 
to         the  f  :it!eld  pbyjerties  witliput  r^f^rring  'each  tim«  to  the  pro-i 
^per^K'wbich  you  are  using;    This  will  alAow  you  to  conc^ntfate  your 
attention  on  the  crrder  properties.    Each  time  an  order  theorem /is  _ 


1  .  V  4. 

proved',  it  4nay  then  be  used  as  a  rea^so^i,  in  a  plater  iStsaof . 


"rtiEOREM  4.1:  If  a,  b,  c,  d  are  real  numbers  such  that  a  <  b  and 
c  <  d,  then    a         <^  b  4-  d.     *       -  ' 

Jhe  proof  of  this  theorem  iis  based  on  two  order  properties* 

'  '      /  *     ■  ' 

Suppose    c    is  added  to  both  members  of  the  given  inequality    a  <  b. 

Write  the  inequality  thus  obti^ined. 


Similarly,  write  the  inequality  obtained^ yhen  b  'is  added  to  both 
members  of  ^the  given  inequality,    c  <  d.  , 

These  statements  are  justified  by  which  order  property? 


It  ' 

^  ■ 


ERIC 
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2  >^ 


•   •  ANSWER! 

•  *«  M-T  c  <  b  ^  c      "      t  •  ' 

-  t  ^  t  J?  *  i     b    -  -  > . 

5  03  \tadditioa)  *  >. 


♦    What  ordet  property  pennita  one  to  qpnclude  from  the  two  statements 
above  that    a  +  c  <  b  ■♦•*d?  '  f 


ANSWER:  «         .     *  ^  : 


02  (transitive)- 

-    V-      .  .  ^  

Using  th^*precedlng  ^ggestions,  write  a  c<^piete  proof  for  Theory 
:4;1/  Remember  to  lis^  as  reasiolite^ail  field  properties  as  well  as  ;* 
s        ^order  pi^^pertles  that  you  use.  * 

I,  >•  ■ 

ANSWER: 

-  ^1*    a  <  b,  ^  c  <  d,    -a,  b,  c,  d  ^re  real  numbars  Hypothesis 
2,    a  +  c  <  fa  -I-  c  ■      »  *    '    .    .  03* 

3  •    c  +  b,'<  d  4  b     ,  03  ^ 
4.b+c'<b  +  d                       '  '* 


A 

'    .     '  ^  c 

5.    a      c  <  b  -§->tI  *  ,  02* 


A  theorem  similar  to  Theorem  4,1  can  be  §tated  as  a  consequence  of 
■  ■  * 

the  ffiultlpUcatiori  property  of  order. 

VhEOREH  4,2:     If     a,  ^b/c,  and  |d    are^po^itive  real  numbers  with 
a  <  b    and    c  <  d,  then'  ac  <  bd. 

Give  a  numerical^  example  to  shov  that  the  afciQve  theorem  is  nqt  true 
vhen  the^word  positive  is  omitted.  ^       f  .  . 


4  - 


ANSWER:'  ,  '  .  •  * 

There  are  many  examples;  here  are  two:  .    '  ' 

(1)  -2   <-l,    and    -3   <  5    but    (-^)  (-3)    is  not  less  .than  (-1){5). 

(2)  -4  <'q,    and    0*"<S    but    (-4)C0)    Is  not  less  than  •  (?)  (3) . 

.  ■  

.  The  plan  of  p^oof  forjTheoraa  4,2  is  similar  to  that  of  Theorem  6.1." 
Wri'te  a* complete  proof  for  this  theoran.  . 


ANSWER: 

(1)    a  ^  b,^  c  <  d,    a*        c,  d    are  Hypothesis 
positive  real  numbers  *  '  s 

*(2)    c  >  0,    b  >  0       *  *  .  y*»B^inltion 

(3)  ac  <  he  '  '  .  04 

(4)  .cb  <  db  '         '  .  04 


* 


4%1  1 


(5)  be  <  bd  .  M  ^ 

(6)  .    •*•  aq  <  bd  *  -  02  " 

Yeu  may /Count  your  proof  aa  being  correct  even  if  you  omitted  s||ep  2, 


From  your  p^t 'expeti^ences  in.alggbra  you  should  be  able  to  supply 
conclusions  for  fh'^f.ollowlng  statements.  "^Our  next  task  will  be  to 
prove  them.)    foP  any  real  numbers    a    and    fa^  J 

(1)  If    a  <  b,  then    a  -  b   ^-0.  .  (Insert  <  or  >  .) 

(2)  If    a  >  b,  tb^    a  -.  b   ,0.    '  C  ,  . 

(3)  If^a  -  b  >'^,  then    a'^^  b.  '  .  ♦ 

(4)  If  ^1  a  -  b  <  f),  then    a  ^  b . 

V 


,  ANSWER: 

(1)    <^   (2)     >.     (3)    >.•    (4)  <• 


The  four  stat^ients  from  the  preceding  item  are  of  ^he  form,  "If  P, 

-J  *  •  ^         .  ■ 
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then.  Q**,    where  ^  E    aad    Q    abs  ^stateoients.    Thus  the  thttorco  ,  "U^ 
a.^<.b,  then    ^  -  fa      0",,  has  this' f orjo  xhere    P    U  the  statement 
'*a*<b"    and    Q    is  the  stiitement    "a  -|b; <*  O**'^    P    is  th^  hypothe- 
sis, or  a#siimfi?d  part,  of  *the^  statei^ent  -and    Q    i^a  the  conclusion.  " 
Tfip  converse^bf  a  theorea^  is  obtained,  by  making  the  conclusion' the 
hypothesis  and  by  jnaking  the  Kypotheais  -the  conclusion..    (If  the 
hypotbesis  or  conclusion -is  a  coiapound  statement  ,  a  converse  may  be 
obtained  by  interchanging  a  "part"  of  each.)    The  converse  of  ''Xf 
P    then*  Q"    is    "If    Q    ttten    P'*.    ThI  converse  of    "If  a-<»b. 
then    ar  -  b  <  0"' .is    "if-'  a  -  b  <  0,    then    a  <.b".     ,  . 

*  Write  the  cpt^rses  of  the;f olloying  theorems: 

'For  any  real  numbers  •a*  ktu}    b,  •  . 

(1)     if    a  >  b,  thelva  -  b  >  o'  ^  . 

(a)     if    a  rJ-  3         b,  tjh'en    b  >  a.  ' 


ANSWER:  ,  -       ^  - 

For  any  real  riUmbers    a    anH  br   .         •  ' 

.  (1)    if    a  -  h  >  0,  then   ^  b,        '  ^ 

(2)     if  .  b  >'a,  then    a  -h  3  «  b. 

^  -^^^  ...  ^  _  _  

Consider  the  converses  given  J.n  the  previous  item. 

■  •  >  *  ■ 

Does  (1)' appear  to^be  true?  v  * 

Does  (2)  appear  to  be  true?  •  »  , 

If  a  theorem  is,  true,  is  its  converse  necessaifily  true? 

ANSWER:'*    ,  .  •  "       .  '  '    "    ~  - 

The  converse  of  Theorem  (l)  Is  true  (the  proof  is  given  later). 
The  converse  of  Theorem  (2)  is  not  true.    Hiere  are  numbers  "a  and 
b    suchr  th«t    b  >  a,    but    a  4-  3         la;  for  example    a    -    4,    b  - 
ID.  '  ■  . 


If  ;a*thaori^  is  true,  Its  converse  is*  noj^  necessarily  true 


^  V  V  .  ,   :  .  ^ :  .1 

THEOREM  4.3a^    Eor'any  t^al  nusabers    a    and  if    a  <  b,^*  then 

a  -  b     O:        '      •  /      \     .  ^^  ' 

provi'ng  thia,  theorem  recall  that  by  definition  of  subtraction  we  . 
cos^  write    a b    in         f otm   •  ,  ^  - 


^ANSWER:      '  .  .         ^  \ 

Give  &  coapiete  proof  of  XHeorem  k^3a  using  the  addition  assumption 
for  in^qualitfes;  i.e.,  add    (-t>)    to  both  xaembers  of  the  inequality, 

a  <  b.    Include  a  rf&^son  for  the^  existence  of    -b-     '  ' 

.  '  ■  .       ■  '    ■/ ■ 

^.  ^^^^'^-^  -  ^J'  

"  ^  "  ^  ,  -  -  -  ^  -  ^ 

*  *  ■                    <       ■  *'       .  • 

ANSWER:  *     '  "      * . 

1.  a  <  b  '                   Hypothesis  . 

,  2*  exists  *                            A^^         ,      .      .  / 

■  3.  a  +  (-b)  <  b  +  (-b)  .03 

4/  a  -  b  <  b  i-b^                    .    Definition  of  suBtractlpn 

'5.  a  -b  <8  A^^  / 

-   ______  „^  —  —  —  -  ---p.   —  — 

Le^  us  call  the  converse -of  Theorem  4.3a, Theorem  4.3b.    State  Thpo- 
rem  4*3b  and  wtite  d  pxpof  ,of  it.    Give  a  reason  for'^ach  step  in 
^  your  proof,    Remecsber  to  include 'field  as  well  as'  order  properties . 


ANSWER:   ^  .  ^ 

THEOREM  4.3b:    For  any  real  numbers    a    and    b  •  if    a     b*<  0,  then 

a  <  b.  "... 

PROOF:  .     ^     ^    .     '  *    '  * 

1,         a  -  b  <  0  ^   Hypothesis  •  ,  , 
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2.   /    '     a+{-W<.p^  -Definition  of-siibtraictloii  ' 

"3.    (a +  .(-b))  +  b  <  0  +^'b  '    '         '  03      "  *   -  • 

4.    a <<7b)  +  b)  <  0  +  b  '  *  •        'y  * 

«•+  0.<  0  -f  b  A     **-       '  '      '  ' 

in 

;  •       «      "  a*  b  ■  \^  '      -  ' 

*  ■    "  ~ '  }f  V'' " "  ~ " ' ." ' 

Since  The^ten  4.3a  and  its  converse  are  both  t5ue,.'they  be  joined  ' 
in  a  single  stataaent  as  folltws:  .         •   ■'  >'»  ^ 

THEOREM  4^3:     For  real  n^pi>ex^A.,^^<^^:  '%^'^'^S 
a  -  t  <  Q,  r         .  '         ^W^^V.     t^'^i  --^ 

■  The  jy[  P^^S^  of  this 'theorbo  is  Theorem  4.3b  and  the  only  if  part  is  ■ 
^Theorem  4.3a.    St'ate  the  ctorresponding  ttittorem  for    a  ^  b    in.  the  if 
and  only  if  form.  \ 


ANSWER:  . 

-        .  .  .  '  >■ 

THEOREM  4.4:    For  real  numbers  '  a    and    b,    a  >  b    if  and  o^ly  If-  ' 
a.  -  b  >  0.     ,         '  ^  '  ■ 
 #  ^ 

Using  "jthe  proof  of  Theorem  4. 3,  as  a  guide,  write  a  proof  of  Theoren\ 
A.4.    Ywi  should 'divide  your  answer  into  two  parts  -*  Theo«©a  4.4a, 
/     ^  a  statement  and  proof  of  the  only  if  part  >of  the  the^ea,  and  Thedr 
rem  4.4b,  a  statement  and  proof  of  the  if  part  of  the  Th^rem.  Give 
reasons  for  all  steps  in  your  proof.  -  /~~ 


ANSWER:  * 

THEOMMr4r4a:  For' any.  real  numbers  a  and  b,  -  If  .  a  >  b, 
a  ^  b  >  0. 

:     a  >  b  Hypothesis' 


1 


then 
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3..,  a  +  <-b)-  >  b  +  i-^) 
•  5.  -      a  -.  b  >  0. 


MA 


03  '      •  ' 

De£initi6n  pf  9ubtr8£tl<^ 

»  ■  . 

in  ' 


THEOREM  4*<pb:*^  For  any  real  numbers^  a    and ^i  bp  i€  '  a  -  6  >  0,  then 


PilOOF: 

.1.  •      'a  -  b  >  0 

2.  "    -a  +;(-b)  >  0 

3-  (a  V  (^b))  4-  b  >  P  -I-  b 

4.  a.^  C{-b)"4-  b)  >  0  +  b 

5 .  a  +  :Q  >  0  -4-  b 

6 .  _  '  •  ■     a  >  -b 

 I-  ------  7  -  - 


Hy^tKeala 


Definiticn  of  subtraction 
03 


In. 


id. 


It  is  worthwhile  to  note  the  geometric  'significance  of  the  proofs  of 
Thaorems  4.3  and  4.4.    For  ex^ple,  in  Th^oreaa  4»3a  the  hypothesis  T 
a  <  b    means  that  on  the  real  line  t!ie  point    a    Is  to  ^the  left  of 
the  point    b.    Adding  a  number    c    to  both  side^  of  the  inequality 
a  <  b    translates  ^ach  of  the  points    a    and    b    along  the  line  i^ 
the  same  direction  and  the  S£toe  distance.  -  (We  wl IT  return  later  in 
more  detail  to  the  consideratipn  of  dlstarice  on  the  line*)  The 
translatTon  -is  to  the  right  if    c    is  positive  and  to  the  left  if  c 
Is  negative*    In  the  proof  of  llieorem  4.3a  we  choose    c    »    -b.  Then 
a    is  translated  to    a  -  b    and    b    is  translated  to    b  -  b    ■»  0. 
Therefore   .a  -  l>  is  to  the  left  of    0;  a  -  b  <  0. 

In  pyov^ng  tihe  following  theorems  you  may  wish  to.feake  use  0f  the 

List  of  Postulates  and  Theorems.    Remeiaber  that  y^ou  may  use  only  the 

definitions,  the  basic  order  properties,  t'he  properties  of  a  field, 

•  «         '  •  ■■    ■  ,  ' 

and  the  theor^s  preceding  the  dn^  on  which  you  aVa  working*  ^ 

^     *  ♦  \  ,      .     ^  *  ■      .  . 

THEOREM  .4,5a:     If    b    is  a  real  number  and    0  <       then    -1?  <  0. 

/. ;    ^  '      •   .  ^ 

'Write  a  proof  of  Theorem  4. 5a/using  Theory'  4.3a.    Give  a  reason  for 
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ANSWERi 
PROOF:  % 
1.  0  <  b 

'2.  0  -  b.  <  Q 
3.  ^0  +  (-b)  <*  6 


V 


Theoreia  ^.3a 
•Definition  of.  subtree tioil 


4. 


V 


State  and.  prove  the  converse  of  Theorem  ,4,5a  (which  will  be  labeled 
Theorem  4. 5b)      Give  a  reason  for  each  step  in  ypuj  proof. 

-----  

I     If    b    is  a  real  nuiaber  and    -b  <  0,  fhen 
ree  alternative  proofs: 


Here  a 


^ PROOF  I  (based  on  Theorem  4.4a) :  ' 


^       D  >  -b 

.6  -  «C-b)   >  0 


3.  0  +  f-(-b))  >  0 

4.  .        •    0  +  b  -  Q 


5. 


0 


PROOF  2  (b-ased  on  Order  Property  0"^): 

1.  '    -b  <  0 

2. ^.    (-b)  +  b  <  0  +  ^b 

3.  0  <  0  +  b 

4.  '  0.<  b 


J 


^ROOF  3  (based  on.  Theorem  4,3b) 

1.  '         -b  .<  0 

2.  0 -+  (-b)  <  0 

3.  0  -  b  <  0' 


S. 


Hypothesis 

Theorem  4,4a  ^  ' 

Definition  of  subtraction 
Field  Theory  3,5 

^id 


Hypothesis  ^  - 

03 

Hypothesis 

Definition  of  subtraction 


X91 


4."  *         ,  0  «r  b                 .    .         '            "Theorem  4.3b 
.  _  .  „  ^_  „^  _ 

We  have  proved  that  Tkeorem  4.5a  and  Its  converse,  TheoceOTA^SbV  are 
bQtb  true,  '  >  •     '       ,  , 

' ;     .      r "  *  ■ 

State  8  tbeore©  which  ccmibiQes  these  tbo '  theorms ,    l4iabel  it  Theoren 
'     V-i  *  .      V  '  ■ 

r^  -  S  - 

•7-  -  ^  - 

0- 


-  .  r. -V  -  - 


THEORai  4.5:    Fot  any  real  number    b,  h'  >  6    If  and  only  if    -b  0. 


I 


THEOKEM  4.€5^^    If    b    is  a  real  number,    b  WO,  then   f-b  >  0.  A 

Give  «  complete  proof  of  this  theorem*.  -• 

«  •  ■  .     ■  • 


If  youVceel  you  have  ^rf  complete  proof  skip  to  the  Cop  of  the 

ne*t  page.    If  not,  go  to  the  next  item  below. 

'..        *       ■     -  .  •  ■  ^        '.       /.  ■ 

I^at  field  theorc^n  is  the  justification  for  writing    b  <  0    in  the 

form    «(-b)  <  D?  ^ _    '   \  / 


ANSWER: 


Theorem  ^,5  ) 

JT 


Gp  bade  to  your  proof.    Mak^addi«pns  or  cor'rections  before  proceed- 


-(Complete  proof  of  Theoreav^.6a  Is^ivfen  on^'the  foliowing  page.) 
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\  ■ 


X. 


2.    -(-b)  <  0  * 


3.         -b  >  0 


Hypptfaesis  * 
Field  fTheorOT  3.5 
Order  Theoroa  4.5 


v.-  - 


Prove  the  converse J)f  Theorem  4.6a: 

aim] 


;,TI:E0HEM  4.6b:'    If    b    is  a  real  number  and*        >  (X,  then    b  <  0' 


.  ANSWER: 
PROOF! 

U  -b  >  0 
'  2,  .-(-b)  <  0 
*3.  b  <  0 


Hypothesis'  . 
Theorem  4*5 
Field.  Theorem  3.5 


We  combine  Theory  4.6a  and  4.6b  to  Obtain  * 

THEOREM  4.6:  '  For  any  real  number    b,  b  <  0    If  and  only  If-^-b  0. 

As  is,cleaf  from  the  proofs  Theorem  4.6  is  essentially  the  sm^  as 
Theorem  4.5.    It  is  only  necessary  to  observe  that    -(-b)    -  b, 
whici ^8  TheoreiB  3.5, 

Complete  the  examples  below  by  stating  the  order  relation  of  the 
given  numbers  and  of  th^ir  additive  inverses: 

(1)  3  <  5    and    -3  >  -5  ^       .   ,  ' 

(2)  -7    -4    and  a  - 

(5)    0      .     6    and    ,  •  *  ' 

<4)     If    a    and    b    are  real  numbers,  a  <  b    if  and  only  if  -b'  

-a...  •  • 


( 
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ANSWER:  '         '       -^p^  ,  ' 

^(2)    -7  <  -4    aHA    -(-7)  >  -<-4),  I.e.,  7-^4.  ♦ 

(3)  0  <  6    sa4    -0,>-6;  i.e.,  76  <  Qf*  .      .   -      .  ^ 

(4)  a^b    if  and  only  if    -fa  <*-a.   v        ^    ^'       '  '  J 

Suppt>se    a    and    b    are  re^l  numbers  which  are  associated  with  points 
on  a  'iine  &u  foliowsi      .  ^  ' 

•  -2    a  -i        ^    b  .  1   .      2^  , 

Matk  each  of  the  follojA^ing  fi?tatements  aa  tru^  or  false.     '  »^ 
(1)    -a    is  to  the  left  of  0, 
C2)    -a    is.  to  the  right  of    -b,  \ 
(3)    -a    lies  betW€«Bn    0    and  1. 



■  ( 

AI^SWER;  .  .       ,  \       ■  '  .  ,       ,  ■ 

(1)  False  '  /  •    ;  •        /  . 

(2)  True.  ^  '  * 

(3)  False  '  .  .  . 

 •_  _  _  _  *  

:  /  For  real  numbers    a    and         a;<  b    if  and  orily  If    -b'  x 
<  -a.  ' 

There^are  two  sCateiaents  to  prove.  -  What  are  they? 


ANSWER:  . 

(a)fi  If  a  and  fa  are  real  numbers  and  a  <  b,  then  --b  <  -a. 
^  (b)  ■  If    a' "&nd    b    are  real  numbers  and    -b  <  -ra,  then    a  <  II. 
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^To  permit ^you  to  c^^c^ntrate  on^ the  order  properties  of  the  r^al  num- 
bers you  will  no  longer  be  ^sked  to. give  m  reasons  ^  proofs  the 
f  ield  pro^rties  tha€  you  use."^  You  should  cooCinue  h^ever»- to  list 
order  propetties.  - 

Write  a  pr^of  for  1%eor^  4^.  ^aT^ 


ANSWER:    ^  ^ 
Two  proofs  are  given  be'low. 
■  PROOF.  1:  - 

*  Z.  -  b  <  0 

'.3>     -(a  -  b)  >  O 

5,  -rii  >  -b 

(Note  that 'step  4  follws  froia  step  3  by  f ielcjVproperties,    By  our 
agreement  to  oai^  field  proper ti^^  as  reasons,  no  reason  -is  ^iven 
for  step  4.)  .      •  * 


Hypothesis 
Theprea'  4.3 
tlmpr€^  4.6 


Th^or^  A^4 


PROOF  2: 


By  hypothesis/,  a^^  b,,  so,  by  03,  a '4  (-a)  <  b  'f  (-a^^^i .e. ,  vO  <  b  - 
a^    Again,  by  03,  0  -I-  (-b)  <  ij< a  +  (-b) i-e.,  -b  <^JKiVJhis%s 
•^hat  was  t^^be  proved  ,  •  ^ 


mm      ^  mm 


Write  a  proof  of /Theorem  4.7b,  umng  Theoraa  4.7a.. 


ANSWER: 
-PROOF: 

1.  -b  <^  -a 

2.  -(-^a)  <  -(-b) 


Hypothesis 
Theorem  4* 7a 


yHEOm*  4,8:    For  r«al  nm^ets    ^    an4    b.    It  -a-^  0    and    b  >  0, 

^  .  f         ^    ■•     .  ,v 

then    a>^fa   0.  .  .  '  * 

TKEOREM^4,9;  For  real  ^nombers  a  and  b,  if  a  <  0  •  and  b  <  0, 
then    a     b       *    0.  -'^ 

. .,: .     . . . . . , . . ...  J  . . .  1 1  _  . . . 

*  *  *       ,        '     «     '  ■ 

ANSWER:  .      •    '  '  *  ,  -    .  • 

>  ft*  •  ^  ^  ^ 

<  0*       . .  - 


Write  a  converse       Theones  4.8^ 


Possible  answers:     For  real'nuaiers  a^  and  h, 

(1)  if  b  >  0,  then    a  >  0    and    b  >  0, 

(2)  if  a  +  b  >  0  and  a*  >  0  »  then  b  >  0. 
(3X    if  .  a.4-  b  >  0    and    b  >  0,  then    a  >  0. 


Are  any  of  these  converi^es  of  Theorem  4,8  true? 

r  .  ■ 


ANSWER: 
No, 


Show  hjpw  Theorems  4,8  and  4.9  follow  ddrectly  from  Theorem7  4«l* 
 ^  ^  ^  ^  ^  ;  ;  

•V 

ANSWER: 

Theorem  4.8:  Since  a  >  0  and  b  >  0,  by  hypothesds »  we  can  conclude 
from.  Tl^orem  4,1  t;hat    %  +  b  >  0  +  0,    Thus    a  +  b  >  0. 
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*      .  ■       .      -  -  ..■  > 

4 

Theorem  k,9:    By  hypothesid , 'CU->  a.^aod    0  *  b,         Theorem  4,1^ 
'o  +  0  >  a  -l-.b;  i.e.  ^    0  >"a  +  b-  ^  ^     \.       *        .  ' 

State  a  converse  of  Theorem^. 9.  If  yoir  think  xouf  converse  is  true, 
prove  it.    If  you  think  it      ,0ot  true,  give  mi  example  to  disprove 

. . . . . .  - . ./ . ....  ..^ -■ 

Pcfs'^lbXe  answer:  ..  #       \  '  .■ 

If    a  4-  b  <^0,  ./hen    a  <  0    and  'b  <  0, 
•    -  Counter^ exim?^!^'  »  v^)  ^  2  <  0    but    2  >  0.  • 

(There  ^re  other  correct  answers.)  ^ 

«  r 

Youj^- familiarity  with  "^fife  *'rules"  for  mu/tiplication  of  positive  tsnd 

negative  n\isd>ers  should  enable  you'  to  complete  the  theotems  below. 

t       '  ■         '  #  _  " 

TflEOREM' 4,10;    If    a    and    b    are,  real  numbers,    av>  0    and    b  >  0, 
then    a  •  b   0. 

THEOREM  4.11:     If    a    and    b    afe  real  numbers,    a  ,<  0    and    b  <  0,'^ 

than    a  •  b   '       0*  \  . 

.  \.  ..  .    '  .  ■ 

THEOREM  4.12:    If    a    and  ^  ar'e  real  niters,    a '>  0    and    b  <  0, 

then    a  •  b        ,  Of       "  '  , 

 ^  . :  v--^  '  . .  i .  ^  .  . 

»  •  •  • 


>  < 


Criticize  the  following  proof  of  Theorem  4.10.*  ^ 
PROOFc    By  hypothesis »    0  <  a    and    0     b.    HenSe,  by  Theorem  ,4, 2, 


ERIC  ^.  ... 


0  <  a  •  b;  l.e.>  0  <  ab. 


ANSWER: 


Theoreoj  4\2  Is  incorrectly  api^lled.    In^the  L^tatement  of  Theorem  4*2, 
each  of  the  ^^ucbers    a,  b',       and    d    is  aasusoed  to  be  |iosit4ve, 
hence  not  zero.  '  .  ^ 

Give  a  correct  proof  of  Theorem  4»i0. 


ANSWER: 

!•    .  a  >  0^  b  >  0 

2^  ab  >  a  *  b 

3,  >  •  •  ab  >  0 


Hypothesis 
-1)4,  multiply  by  b 


> 


THEOREM  4ill:     For  real  nuju^ers    a   'aad    b,  'if       <  0  b  <*0 

then*  ab  >  0,  Can  we  apply  the  multiplication  FrDperty\o4  imediate- 
iy  4o  prove- Theorem  4.11?    E^xplain.  ^  '  , 

,     t     ,  ** 

ANSWER:       .  -  .  \  * 

No.    04  applies  only  when  we,  are  multiplying  by  a  positive  nuii4)er. 

*  ■ 

If .  fa  <  0    what  do  you  knew  about    ^b?    Give  a  reasorj. 
 ^  X  ^  ^   

ANSWER: 

-b  >  0,  Theorem  4.6,         '     ,       .  ^ 


ERIC 
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^ 


'2 .  a 


Write  a  y^jof  for  Theorea 


f 


PROOF  i*: 

i  *  1.      ,    a  <  0,  lb  <  d" 

^.         -t»  >  0  ! 

3.    a(-b)  <  0<U)' 

L  -  -(<M))  <  0  j 

*•  ab  >  0  I 


aj<  0,  b  <  0. 


PROOF  2: 
l.l 

2.1  -a|  >  0,  -^j  >  0 

^3.  I    (-a)(-b)|  >  0 
Hence 


Hypothesis 

i 

Theori^  4.5a 

\ 

\ 

Hypotpesis 
^heorpia  4.6 
TheoifetB  4.10 


I 


k  Theoxem  4-12  Iran  be  proved  much  ^  we  have  {\rov^4  Thebrexas  4. 10  and 

|4.H.    We  will  not  give  a  proof  here.  /  " 

'        '  ■        I  *    '  ^ 

iWe  can  use  Thdoreiss  4.10  and  4, XI  to  easily 


prcve  the  followlQg  very 


^importattt  thearem^ 


3ar^«^  ^ 
THE&REM  4.13:  l  lf    a    is  a  real  nuirf>er  and  a 
If  0,  wi  can  conclude  by  Property  Ql  that 


i    0,  then        >  \ 


ANSWEk: 
either    a  >  0    or    ^  <  0. 


Complete  the  prodf  of •  Theorem  4,13. 

 --L-  --. 


•'0' 

ERIC 
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li  M  >  0,^h«n  a  •  a  >  Q  Theorem  A.iO.  If '*a  -<  0,  the 
a  •  a.>  0  why  Thfcsoremr4.il.    Therefore,  if  0,    a^  • 

-  a  •  ^«  >  0;.  ■  r        -  '  * 


Since    1^         i,  an  lnmediate  consequence  of  Theorem  4.X3*is.  the 
fact  that    1  >  0.    The  statea^nt         >  0*^   will  perhaps  not  sound 
-^qulte  so  trivial  if  stated  JLn  the  following  more  general  fona: 

In  any  ordered  field  the  identity  el^aent  fdf  Multiplication  is  ' 
greater  than  tlie  id^tity  el^ent  for  addition.  ^  , 

Sitice    1  >  0,  it  follows  frcsa  Theor^ss  4.8  that    14-1  >  0;  i.e..  ^ 
'2  >  0.    Then  similarly,  2  4^  1  >  0;  i.e.,  3  >  0.  . 

It^'can  be  shown  by  an  extension  of  the  above  that  all  natural  numbers 
are  positive.    Such  a  prodf  uses  V-principle  called  "math^oatl^l 
indue tibnK/  This  principle  will  be  lntr<Kiuc^d  in  a  later  unit  and  a 
pj^af  that  all  natural  numbers^are.  positive  will  be  given  there « 

14.  ^  «     -  -     -  -      ^  -  -  ^  »  *  - 

Theorems  4.14,  4.15,  4.16  resemble  the  "cancellation"  law^  proved  in 
Unit*Il.  Re  lying ''again  on  your  past  experience,  formulajte  a  conC^jJ^ 
sibn,  »  c 

a  <>.    a    «    b,,   a  >  b,    for  each  of  the  f  pi  lowing  t 

■  .  •■        ■    ..  ; 

THEOREM,  4.14:  .  For  real  numbers    a,  b,  c,     if    a  -1^  c  <  fa  -f  c  then 

THEOREM  4,15:    For  real  numbers    a,  b,'  c,  *  if    ac  <  Be    and    c  >  0 
then  .  4r 

THEOEEM  4.16a:     For^  re^l  numbers    a,  b,  c,     if    ac  <  be    and    c  <  0 
then/ 
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ANSWER;  < 
ft  <  b. 
a  <  b. 


In  Theorem  4. 14,  is  the  coocIusIoq  triie  for  all  values  qf  c  (i.^»> 
t  <  0,    c    -    0,    c  >  0)?  ^     V  . 


ANSWER: 
Yas. 


Write  a  prdof  of  Theoresa  4.14.,  List  as  reasons  all  order  properties 
'  ^thatv^oo*- use .  '  ,>    '       -  '  * 


ANSWEft:  ,  , 
PROOF:  '  r 

1.  a  +  c'  <  b  +  c  Hypothesis  • 

2.  -c    exists  ^ 

»  ■      •  .  *^  '■ 

3.  (a  +  c)  +  (-c)  <  (b  +fc)  +K-d5  03 

4.  '  a  <  b      '         •  ■  f 

(In  conformity  with  previous  agreement  the  aleld^rofertles  used  nee^ 
not  be  listed.    If  you  otnitted  only  stfp  2,  do  no^^ark  yciur  proof  " 
Incorrect.)  .       ^  '       '  '  * 


A  converseiof  Theoreai  4.14  Is'giveq  by  order  Property 


03 


2  ■  • 


ERIC 


Theorem  4.15:     If    *j[       c  are  real  numbers,         <  be,  ,  and    c  >  0, 

tlmn    a  <  b  •            f  ^  ^ 

Can  you  prove  theorm  4.15  directly  tialng  04  In  the  way  that  Theory 

4,14  v^ai»  proved  uaing  03?  Explain.             f  ^ 


ANSWER:  '  , 

No.    In  uaing  04  directly  to  prove  Thfor^  4.15  you  would  lik^  to 
multiply  bath  sides  o^  the  inequality    ae  <  be    by    e'^    to  get 
a '<  b.    However,  ve  do  not  know^that    c"^  >  0    when    c  >  0.  Although 
this  is  true  it  haa  not  yet  been  proved % 

 .   ..C?  

'  A  direct  ptoof  of  a  theorem  la  one  which  at^tp  with  the  ^hypotheais 
^  and  proceeds  step  by  utep  to  the  conclualon.    The  proof  we  have  given 
for  Theorem.  4.14  is' a  good  example  of  a  direct  proof*    In  giving  an 
indirect  proof  of  a  theor^^  bne  starts  out  by  asaus^  th^t  the  con- 
A  elusion  of  the  theoraa  is  false.    Then  one  shows  that  this  assirapt^on 
leads  to  a  false  conclusion,  or  to  sopaie  contradiction.""  This  then 
proves  tha€  the  conclusion  of  the  theorem  could  ^9^  iiave  be^n  false. 
Of  course-  the  hypothelsis  of  the  theorem  will  be  used  at  son^  st«p  of  ^ 
the  proof,  but  it-^^lll  not  generally  be  the  first  step.    We^will  Il- 
lustrate with  a  proof  of  Theory  4.15. 

Theorem  4.15  is  a  statement  about  real  numbers  a,  b,  c^  The  hypoth~ 
esis  of  the  theoreib  is         .  \ 


ANSWER: 

ae  <  be    and    c  >  0. 

•  1  ■■ 

The  conclusion  is 

i ., 

< 
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ANSUEft: 

a  <  b  ' 


In  an  i,iTdirecc  proof  of  Theorem  4.15  the  first  ste|>  will  be:  assume 
that  the  conclusid.on  is  tat^,  i.e.,  assume  tfxat  a  <  b  is  not  true. 
Using  01  wfe  carl  then  conclude  that*  _. 


ANSWER: 

either    a    -    b    or    ft  ^  fa. 

I  • 


The  Idea  new  Is  to  show-  that  either  of  the  conditions    a    -  b,' 
a  >  b,    will  glvie  a  contradiction  of  the  Jiypothesis.    Complete  the 


following  proof  of  T^eprem  4,15. 

PROOF:  ^  ^ 

(1)    Afisuroe*  a  <  b    is  not  %XMft.  .  / 

<2)    Then    a    «    b    or    a  >  b    by  01. 

(3)  If    a    -    b,    then    .ac    «    be,    but  by    01    ac    «   >c    and  , 

ac  <  be  are  not  both  possible.  So  a  ^^^j^ves  a  contradiction 
of  the  hypothesis i    ac  <  be*  ^ 

(4)  '    If  .a  >  b    then  '  '  ^ 


Af/SWER:  ^  r 

PROOF:  '      -  ' 

(1)  Atdsuxni*    a  ^  b    id  dot  true. 

(2)  Then  -  a    •    b    or    a  >  b    by  01. 

(3)  If    a    «    b    then    ac    •    be,   *but  by    01   ^ac    -    be  and 
ac  <  be    are  not  both  possible.    So    a    -    b    gives  a -contraJletion. 
of  the  hypothesia,    ac  ^<  be. 

(4)  If    a  ^  b    then    ac  >  be    fay    04,  since  we  have    c  >^  0  by 
hypothesis.    But  by    OX    ac  >  be    and    ac  ^  be    are  not  both  poa^ 
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filble.  do  a  >  b  gives  a  contradiction  of  the'  hypothesis  ac  <  be, 
(5)  Since  a  »  b  and  a  >  b  both  lead  to  contradictions  we  raust 
hav6    a  <  b . .  * 


A  converse  of  TheoreJu  4.15  is  given  by^ order  Property 


ANSWER: 
04 


•V. 


The  proof  of  Theorem  4.16«  will  be  omitted.  ^ 

If  We  multiply  both  sides  of  an  inequality  by  a  po^iti^e  numbjer  the^ 
direction  of  inequality  is  preserved,    This  is  the  statement  of  Pro-- 
perty  Q4.    However^if  we -multiply  ^th  sides  of  an  inequality  by  a 
negative  number  th«  direction  of  inequajity  is-rev^rsqd.     This  iM  the 
statment  of  the  following  theoraa,  which  is  a  comr^rfi^e  of  Theorem 
4a6a.  '  '  ^  . 

Theorem  4.16b:    For  real  numbers    a,  b,  c,    if    a  >  b    and    c  <  0, 
then    ac  <  be. 

,  ■  ■  ■  >  ^  ■ 


rite  a  proof  for  this  theorem. 


ANSWER: 
PROOF;  ^' 

1.  a  >i'b,    c  <  0 

2.  -c  >  0 

"  e' 

3,  -ac  >  -be 

4,  <  be 


Hypothesis 
Theorem  4,4 
04 

Theorem  4.7 
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copsbln«  Theorems  4.16a  and  4.16b  to  form  . 

^  THEOREM  4.ii6j^    For  real  numbers    a,  b^  c,    with    c  <  0,    ac  <  be  If'' 
and  only  If    a  >  b.      ♦  *  , 

<  .  . 

In  planning  a  proo^  for  Theory  4.15  yoti  saw.  the  need  for  a  tl^eorap 

such  aa:  ^ 

**If  a  number  is  poaltive  than  its  muitlpllcative  inv^rae  is  posi-- 
t;i;?e.*'    This  theorem  apd  ita  ''relative"  are, stated  aa  follow^: 

THEOREM  4.17: '.If    a    ia  a  real,  number  and    a  >  0,    then'   1/a  >  0, 

THEOREM  4-i8s    If    a    is'  a.  real  number  and    a  <  0,    then    l/a  ■<  0. 

To  prove  Theorem  6.17  we  observe  thalf    1/a  t  a    -    1    and    0  •  a  • 

0.    Since    1  >  0    we  have    1/a     a^>  0  •  a.    Then^  by  Theoran     _  we 

'    *  ,  -         .  .... 

conclude  th^t    1/a  >        -  *   -  : 


#  AMSUERs 

4^15.\ 


The  proof  of  Theory  4p18  wi|.l  be  fitted.    Sin^e^  the  multiplicative 
Inverse  of    1/a    is    a,  fbr  any  non-zero  real,  nufiber    a,  it  follows'  ' 
immediately  frosi  Theorma  4.17  and  4,18  that  if    l/^a  >  0    then    a  ^ 
0    and  that  if'  1/a  <  0    then       <  0, 

Notice  that  in  €i\e  foregoing  development  we  used  Theorem  4.15  in  the 
proof  of  Theorem  4*17.    Theqrem  4.15  was  proved  by  shpwing  thpt  if 
ac  <  be  *  and    c  >  0,  then  each  of  the  assumptions^   a         b    and    ^  > 
b    leads-  to  a  coti trad ict ion.    /Instead  of  thi^  approach  we  could  have 
first  proved  Theory  4*17  by  showi^  that  if    a  >  O"' then- each  of  the 
assumptions,   a^^    -    0    and    a"^  <  0    leads  to  a  contradiction.  "^LThan 
we  coi^ld'have  used  "fheorem  4.17  and  04  to  prove  Theorem  4.15.  * 

THEOREM  4.19:    For  real  numbers    a    and*  b,    if    a  >  fa  >  0    then  • 
1/b  >  1/a;  -  .  ■  >  . 


20$ 


the  in«<|uaiity  l/b.>  I/a  can  be  obtained  by  multiplying  b^t 
of  the  iae<)uality    a  >  b    by  ;v  \  ,  ,  ' 


sides  ^ 


ANSWER: 


1/ab,  or    i/a  •  V/h 


-  ^  _  .  >^  

What  theor«is  can  be  used  to/Vieduce  that    1/a  •  1/b     tf?  Ei&plain. 


.  ANSWES:        .  V  ^ 

■■^  '*••'•'..■ 

By  hypohtesis    b  >  0    and    a  >  b.    Hence    a  >  0,    by  Property    02.  . 

Then^  by  Theorea  4,17,    l/a  >  0    and    1/b  >  0.    Fina^y,  by  TS\eoW 


4.10,    X/a  •  l/b^>  0. 


The  followicg  theorem  provided  a  convenient  technique  for  ordering 
two  frikctions*  '  ;  , 

THEOREM  4.20:     If    a»  b.       d    ^e  real  numbers  with    b  >  0  aiid 
d  >  0,  then    a/b  >  c/d    if  and  only  if    ad  >*bQ. 

Prove  the  "only  if^*  part  of  the  theoren,  i.e.,  if    b  >  0, '  d  ^  0^ 
and    a/b  >  c/d,    then    ad  >  J>c. 


ANSWER: 
PROOF.:  , 

1,  a/b  >  c/d,    b  >  0,    d  >  0 

2^  *  bd  >  0 

3.  •  a/b(bd)'  >  c/d(bd) 

4.  ad  >  be 


t 

Hypothesis 
Theorem  4.10  •  , 
04 


ERIC 
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The  proof  of  th^  ''if"  part  of.  Theorem  4.20»  i.e.,  if   *  >  0,    d  >  0, 
f       ami    lid  >  be,  then    a/b  >  c/d,  is  essentially  £|  reversal  of  the  steps 
of  the  preViouB'  proof.  v 


Write  the  proof. 


ANSWER; 
PROOF:  ^ 


/ 


1 


1.  ad  >  be,    b  >  0,  d  >  0  Hypothec 

^  >  0     .  »  Theorem  4»10 

3.  1/bd  >  0  '  '  Theoifem  4.17 

4.  A^ad(l/bd)  >  bc(l/bd>'  "04 
5*    .        a/b  >  c/d 


'  Ihe^foliowingjtheor^s  may  be  add^  to  your  list  for  reference  when 

you  are  solving  problems  in  the  ^nqxt  unit.  Frpo^s  of  these  theorems 
^ will  not  be  given  here.  •  . 

THEOREM  4.21:  For  teal  numbers  a  and  b  if  ab  >  0,  then  (a  >  0 
'and    b  >  0)    or    (a  <  0    and    b  <  0) . 


THEOI^  4,22:    For  real  numbers  aVand    b    if    ab  <  0,  then    (a  >ip 

and    b  <  0)    ^or    (a  <  d  and    b  >  0) . 

THEOREM  4.23:    For  real  numbers  a    and    b,  ^.ab  >  0         a>id  only  if 
a/b  >  0.  ; 

,  THEOREM  4.24:     For  real  numbers  a    and    b,   'a/b  ->  0    if  an^  only  if 

(a  >  0    and.  ^b-  >  0)    or  (a  <  0  and    b  <  6) .  ' 

THEOREM  4.25:     For  teal  nu&beri  a    and    b,     a/b  <  0    if  and  only  if 

(a  <  U    akl    b  >  0)  (a  >  0  and    b  <^  0) .  * 

THEOREM  4.26:    For  real  numbers  a    ani   fa,  if    a  >  b  >  0,  then 
a^  >  b?.  .  . 


THEOREM  4,27:  For  real  nuabers  a  and  b,  if,  a^.>  b^,  a  >  0,  iad 
b  >  0,  then    a  >  b. 

We  have  taken  the  real^  number  system  as^'our  model  of  an  ordered* 
"  field.    You*  will  see  in  later  sections' that  there  are  other  examples 
of  ordeiied  fields.    However,  not  all  fields  are  ordered.  Consider 
the*  systesa    t/3    of  integers  modulo  3.    Let  us  assume  that  this  is 
an  ordered  field  and  show  a  contradiction. 

*  By  Theorem  4i  13,  0  <- 1  '  *  * 

Then  by    03*  0  +1  <  1  4  1,  i.e,,  1  <  2      ^  \ 

■ .    -  ^   •  .  '  ^ 

Again  by  03,  1  4  1  <  2  4  1 

We  have  reacheu  a  contradiction.  ^Explain. 

"r -----------  

ANSWER:  * 

In  the  syst&»  of  Integers  modulo  3,  2  +  1    «•    0,  •  •  in  step  J  we 

have    2^  5.*  8^t  this  contradicts  ^e  statement  that  if    0  '<  1  and 

1  <  2,  then    0  <  2    (the  *i;rans«ive  proper^  of*  order).    Thus  our 

« 

assumption  that  the  intgg^r.s  modulo  3  is^an  ordered  field  is  not 

^       ■  •  .  '»  ' 

true,       ^  , 

f  * 

t   -   c  „  _  _  •  .  

.Let    a    and  b    be  real  numbers,  b  ^    0.    Consider  the  following  two 

statements J  .\ 

(1)  If  '  a  ,  Is  negative  and    b    4s  negative  then    a/b    is  positive.^ 

(2)  -a/-b  a/b 


Do  you  think  these  two  statements'^  say  essentially  the  same  thing? 
Ejtplaln,   '  .  ~ 

^ANSWER: 

*The  two  ^tatem^nts  ^re  not.  the  sarne^  They  are  conterned  with  entire- 
ly  different  concepts*    The  notions  of  positive  and  negative  depend 
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upon  order  in  the  real  number  aystem*    In  statement  (2)  the  minus 
sighs  have  nothing  to  do  with  order,    -a    and    -b    are  the  additive 
inverses  of    a    arid    b.    Th6  notion  of  additive  inverse  depends  only 
upon  the  field  properties,  and  therefore,  if  has  meaning  in  syst^s 
which  4ire  not  ordered.    Statement  (2)  is  true  in  any  field.  State- 
ment (1^^  does  not  make  sense  unless  the  Held  is  ordered. 


the  fact  that  not  every  field  is  ordered  tells  us  that  the  notions 
of  "positive"  and  '^negative"  for  real  nuipbers  cannot  be  derived  iv<m 
the  field  properties  alone  but  depend  ^Iso  upon  tl>e  order  assuxap-  :^ 
tlons.    Tlje  statemert  "a  negative  number  is  a  number  which  carries 
a  minus  sjgn'^is  not  a  definition  of  negative  nisaber.    It  is  simply 
a  statenHJnt  about  notation.    The  acre  fundamental  ^se  of  the  minus 
sign  is  to  denote  the  additive  inverse  of  a  niunber  and  the  notion  of 
additiv4B^''''lnv^r8e  depends  only 'upon  the  field  properties,  not  uport  the 
order  properties.    To  emphasise  this  point  you  might  recall^he  situ- 
ation in    1/2,  arithmetic  mqdulo  2.    In  this  arithmetic  «  1^ 
but  the  minus  sign  denotes  the  additive  inverse  i'.nd  has  nothing  to  do 
with  the  notion  of  "nega^tiVe  number" •    Within  tlie'real  number  sys-taa, 
if  a  steudent  is  drilled  in  the  idea  that*  the  minus  sign  alwiiys  means 
"negative"  then  he  will  probably  have  a  difficult  time  reconciling 
statements  such  as  t^e  following:'  ' 

(1)  The  absolute  value  of. any  number  is  either  positive  or  zero. 

(2)  If    a    is  negative,  the  absolute  value  of    a    is  -a. 

Note  that  in  the  second  statement    -a    is  a  positive  nOpber,  not  a 
negative'  number.  ^ 


REVIEW  ITEMS  ' 

1.    Insert  the  correct  syrbol  (<,>),  then  prove  the  theorems.  Use 

04. 


2-;  7 
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(a)    If  ,  0  <  8  <       then  a< 


(b)    If    b  <  a  <  0,  Chen  /    b^.  •  ' 

■-  ■  t 

In.y^ur  proofs  you  need  not  llsMt  field  propertied  that  you  use  but 
'  list  order  properties.  . 


ANSWER:  . 
(a)    a?  <  b 
PROOF: 

(1)  0  <  a,    a  <  b, 

(2)  0  <  b 

(3)  a\  <  ab,    ab  <  b^ 


(4) 


b2 


(b)  a^  <  b-^;  two  proofs  are  shown. 
PROOF  1: 

(1)  b  <  a  <  0 

(2)  -b  >  -a  >  0 

(3)  \2  <  b^  ' 

PROOF  2;  .  ■ 


CD 
(2) 

(4) 
(-5) 
(6) 


b  ■<  a,    a  <  0 
b  <  0  -  . 
-b  >  0,    -%  >  0 
-b  >  -a 
b"^  >  ab,    ab  > 
>  a' 


b2   >  ^2 


ifypothesis 

02 

04 

02 


Hypothesis 
Xheorea  4.7 
4;he9rem  (a")  above. 


Hypothesis 
02  *  • 

Theorem  4.6 
Theopem  4.7 
04 , 
02 


-J 


2.    A  sjfstem  with  three  elements    0,  1,  a,    having  addition  and  mul- 
tiplication tables  as .shown  below  is  a. field,,  i.e.,  all  the  tleld 
properties  are  satisfied.  *  * 


ERIC 
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2  jS 


+ 

0 

1 

a  '        .  * 

0 

1 

a 

0 

r— — 

0 

1 

a  0 

0 

0 

0 

1 

1 

a 

0  1 

0 

1 

a 

-a ' 

a 

0 

1       .  a 

0. 

a 

1 

Is  thia  system  an  ordere<j  field?    Prove  your  answer; 


ANSWER:  .  • 

No.  ' 
PROOF;    Asstuce  that  the  field  is  ordered. 

(1)  By  Theorea  ^.l3 

(2)  By  03  '  . 


0  <  1  . 
0  +  1  <  1  +  1. 

1  <  a 

0  <  a 
0  +  1  <  a  +'  1 

1  <  0  - 

<7)    From  step  (1)  we  have    0  <  1    and  fxcm  step  (6)  we  have    1  < 
But  by  01  these  cannot '  both  be  true,  hence  we  conclude  that  the  sys- ^ 


(3)  By  and  definition  of  addition 

(4)  By  02 

(5)  By  OJX  /  . 

(6)  By  and  definitioh  of  addition 


te©  defined  above  is  not  ordered. 


3;    Prove  the  following  theoren.    Justify  each 'step  bj^eans  of-g 
field  property  or  an  order  postulate,    IT   a    and    b    ar^re^l  niim- • 
bers,  a  <  0,    b  <  0,  then    a  4-  b  <  0. 


,ANSWER: 

PROOF:  ^ 

(1)  a  <  0,    b  <  0 

(2)  a  +  b  <  0  4^  b 

(3)  a  4  b  ^  b 

(4)  a  4-  b  <  '0  * 


^ — hypothesis 
02 
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.4.\.lProve  the  following  theor^m^  listing  any  order  properties  used  in 

your. proof.    You  amy  icsait  field  properties. 
*•    *■  f  .  ■ 

If    ab  >  0,  then    (a  ?^.0    and*^  fe  >  0)    or  ,  (a  <  0    and    b  <\^f 
[Hint:     Skiov  first  that    a    •    0    ai^    b    -    0      are.  both  impossible 
if    ab  >  0,    Then  assume  that  one  ot  the  nimibersp  say    a,  ^satisfies 
a  <  0*.    Show  that    b  >  0    in  Impossible.]  .      ^  . 

,  . 

ANSWER:   *  . 

PROOF :  *  " 

(1)  .  ab  >  0,    by  hypothesis  *  ^  . 

(2)  If  either  a  0  or  b  •  0,  then  ab  «  0  which  by  01  ♦ 
is  contrary  to  the  hypothesis*   ab  >  0,    Hetice  neither    a    nor   ^  is 

'    aiero.       •  ^ 

(3)  If  either    a    or    b    is  positive,  say    b  >  0,  then  by  Theorea^ 
4.12  if    a  <  0,    ab  <  0,  which  agaip  by    01    contradicts  the  hypothe- 
sis, ab  >  df    Kance  if  either    a    or    b    is  positive  then  the  other 
is  also  positive.  t  t 

(4)  If  either  a  ,  or  b  is  negative,  say  b  <  0,  then  fay  Theorem 
4.12^f    a  >  Op.    ah'<  0,  which  fay  ^  01    contradicts  the  hypothesis  . 

^  ab  ^  0.    l^us  if  either    a    o^    b    is  negative,  the  othe/^  is  also 
negative.    Jhis  also  follows  from  steps  (2)  and  (3).    If  neither  a 
nor  "^b    is    0    or  positive  then,  by  01,  we  must  have    a  <  0  and 
l^<  0. 


(5)    Sinceh*f^43l    we  must  have  either    a  ^  0,         "    0,    or    a  ^  0, 
and  ak(isthave  y^l^her    b  ^  0,    b    *   0,    b  ^  0,    we  conclude  that 
(j|  >  0    an^K  b  >  U)*.or    (a  <  0    and    b  <  0) .  1.  * 


.5-  Prove:  ^  If  c  is  a  positive  real  number  such  that  a  +  c  -  b,^ 
th«n    a  <  b.    List  all  order  propter  ties  used  in,  your  proof. 
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ASSMERJ 

PROOF:- 

<1)  0  <^c 

X2)    0  +  a  <  c  ^  a 

<3)  a  <  a  c 

(4)  ^^^4  c    -  b 

(5)  a  <  b 


6*  Prove:  If  *  a  is  a  real  number  and  a  <  0,  then  l/a  <  0.  Give 
order  properties  only  us  reasons.    Use  only  theorests  musbered  4^17  or 


ANSWER:    Two  proofs  are  shown: 

PROOF  A:  »  •  * 

.  (I)    Since    «  <  0    by  hypothesis,  we  know  ihat    l/a  exists. 
>  ,0    Thebrea  4.13. 
O)    a(l/«)2  <  a  •  0    Theoreas  4;i2 
•<4)     Ia(l/a)U/a  <  a  •  0  , 
C5)    i/a  <  0 

PROOF  B:  /  .  , 

<1)    a  <  0    by  hypothesis 

(2)  If    l/a    •    0    then    l/i  •  a    •    0  •  a    -  0« 

But    I/a  •  a    «    1,  and    1    #    0,  hence  this  is  imposslb:^. 
Thus  the  aasiaaptlon    I/a    -    0    leads  to  a  contradiction* 

(3)  If  l/a  >  0,  then  by  Theorem  4,12  a(l/a)  <  a  •  0,  i.e.,  1  <  0. 
Thiti       a  contradiction  by  Theorejji  4.13. 

(4)  Since    l/a    •    0    and    l/a  >  0    are  impossible  we  .conclude  by 
01  that    l/a  <  0, 


Hypothesis 
03  . 

HypothWls 


V.    EQUATIONS  Ai^D  INEQUALITIES 


SOLUTION  OF  E^JUATKWS  AN9  INEQUALITIES 

Onil  af  thu  principal  topics  of  algebra  is  f^e  solution  jof  ec^tlTons*. 
Tha  Ball  Statue  Program  describes  the  proems  of  solyisig'an  equation 
km  follcwa:    "To  solve  an  equation  Oor  inequality)  in   x    is  ta  find 
all  nuobets  which  when  substituted  for    x    convert  the  equation  to  a 
true  statement.    The  set  of  all  such  numbers  ie ^called  the  solution 
set*"    The  SiK.S*G  Program  refers  to  equations  and  Inequalities  as 
open  sentences  and  calls    x    a  variable.    The  Illinois  Progrsft  calls 
X    a  "pronumeral"v    In  aH  of  these  programs  the  solution  of  an  equa- 
tion or yinequality  is  defined  as  the  set  of  all  ntsaber^  each  of 
which,  if  substituted  for    x,,  changes  the  equation  to  a  true  state-^ 
ment.  '     '  ■  ' 

The  approach  to  solving  equations  In  the  traditional  curricui^  has 
tended  to  be  a  '^rule  book"  approach.    Our  purposfe  in  this  unit  is  to  ^ 
provide  a  logical  basis  for  solving  equations' and  inequalities.  We 
shall  assume *that  we  are  seeking  solutions  in  the  field  of  real  num- 
berst  and  therefore  we  will  be  at^le  to  use  the  field  and  .order  pro- 
sper ties  of  the^real  numbers. 

In  solving  ah  equation  or  inequality  you  may  find  it^  tedious  to  have 
tp  write  out  in  detail  every  step^with  reasons;  and  if  the  aim  were 
simply  to  find  the  solution  set  it  would  of  c^rse  be  absurd  to  re- 
quire that  the  process  of  solution  be  given  in  such  detail,    '^e  main 
purpose  here»  however,  is  to  illustrate  how  the  properties  of  the 
real  number  system  are  Involved  In  the  process  of  solution.    In  those 
pVobl^s  where  complete  solutions  are  required  you  should  be  careful 
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tQ  do  everything  which  is  logically  necessary  in  *rde?*,to  specify  the 
solution  sat  «x4ictly^    Th«  example  pre««nt«d  on  the  naact  p4g<i  is  • 
broken  down  Into  utops  up  that  stou  can  6«e  the  lolicpi  detail^ 

Solve  the  equation  2x  +  l'  *  x  +  2.  Give  a  cc^plete  solution;  in--' 
eluding  reaaona.  ,  ^  ,  ^ 

Solution:    SupfHiae  that    x\  la  a  real  nui^er,  and  that  4t  is,  in 

fact,  a  aolution  of  the  efjuation    2x  +  1-    ^  +  2, 
*j  .  ...... 

(Note;    As  pTevioualy  agreed  we  will  use  addition  and  oultiplication 

«  »      ■  •  \ 

facta  for  natural  numbara  witheut  reaapna;  e.g.,  we  can  here  replace^ 
2  '      '  1  4-  1    aince    2    la  almply  aoolher  notation  for'   l>  1.) 

Hypothesis 


Fill  in  the 

blanks: 

I. 

2x  +  1 

X  +  (1  +  1)  • 

2. 

2x  +1 

(x  +  1)  +  1 

3-, 

2x  - 

X  +  l' 

4.  (1  +  1)      X  - 

5.  -1            1  •  X  - 

- « 

X  +  1  ' 
»  t  1 

6. 

X  +  X  ■ 

X  +  1 

X  - 

1 

ANSWER:., 

2.,  A 
*  a 

•             •  € 

J.  ■ 

•J 

• 

3.  Theorcn  2,1 

5.  D-*", 

6.  y  7 

7.  Itlieore©  2.1 


»  -  -   

.By  using  the  field  properties we^have  shown  that  IJ    x    is  a  real 
number  such  that,  2  x  +  1    *  '  x  -f '  2 ,  then    x    -   1.    Notice,  however, 
^  that  our  reasoning  up  to  «^ow:^l8  based  on  the  assumption  that    x  is 
mqm^  real  number  which  is  a*  solution  of  t^e  equationT.    Therefore,  be- 


tbr^wte  dan  be  ir^rtatj^  th4t  {1}  1»  tha  solution  smt  w«  must  prove 
that  .1    ia  actually  a  tcariutioQ  of  tha  a^uatipii^.  ,  This  cao  faa  dona 


in  two  waya.    Ua  shall  illustrate  both. 

Fill  in 

the  blanks* 

A.-  Supposis              1.    Than  ^ 

1.                 x-fx    *»,si  +  l 

2.    1  •  X  ^  1              i  4  1 

3.        (1  +  1)  •  X    -    X  +  1 
4!  ^               ,  2x    -    x  i^l 
5.             '  2x  +  1    -  '^x  ff  1)  t  1 

(J  • 

M 

t 

6.           ^     2x  4  1'.  -    X  4-i-<l  +  1) 

7.                2x  +  1         X  +  2 
Hence  the  solution  $et  is  {1}« 

#  • 

1.    0*                            *  ^ 

6.     A                         .  • 

/ 

r 

*                                                          ■     •  * 

'Alternate  Method: 

B,    Sapppae    x    -    1.  Then 

1 

I.    2x  +  1    -    2  •  1  +  1 

-    2*+  1. 

^i>> 

-14-2 

A 

c 

2 .      X  +  2    -    1  2 

t 

Therefore 

• 

3.    2x  +  1    -    X  4-  2 

• 

Hence  the  solution  set  is  (1). 

Find  the  «alution  umt  for  the  equation    4x  -  3    -  ,  2x  4-  11,    Give  th« 
cpi^pXiUti  solution.    |^c^«r  there  are  tvo  parta  to  tba  sol|itioii; 
(1)    you  WABt  timt  the  '^c&ndidataa"  for  the  aoiution  set,  (2).  you 
Buat  prove  that  the  cai\didarei&  ara  aolutioos  to  the  given  equation. 
Present  all  the  steps  in  your  solution  as  clsiirly  and  pracisely  aa 
pcssl1>le/   (Later,  itass  say  direct  you  to' mke  additions  or  correc- 
tiona  in  your  work,  therefore  you  should  place  your  answer  ^ lose  to 
the  top  of  the  space  provided^    Number  the  steps  in  your  solution  so 
that -  you  can  refer  to  th^  when  makixm  changes  or  additions^.) 

Jjf  you  feel  you  have  given'  a  complete  solution  skip  to\ff  [on  page 
219^    If  notf  go  to  the  ne^t  items  below. 


Here  is  a  fraaawc^k  for  part  of-  the  solution*    Fill  in  the  blank. 

Suppose  that^  x    is  a  real  number  such  that    4x  -  3    «    2x  4  li; 

;    4x  -  3  >    2x  4^  11  Hypothesis 
2.    4x  +  (-3)    -    U  ^  11 


Definition  of  subtracMon. 


Two  possible  procedures  now  would  be:  (a)  .\Add  3  to  boti  sljias  of 
the  equation,  or.^Xb)  Change  2x  4  H  togpr  fora  which  wi/l  permit 
you  to  the  cancellatiotv  property  of^additioo  to  cancel  -3  from 
both  sidetJ  of,  the  equation.  *  ' 

Go  back  to  your  -solution.  Hake  ^additions  or  corrections  before  pro-- 
eeeding.    -      .  >^ 


A 


4 


If  you  'h4v«  given  &  c^plete  tiolutlon  go  to  [ttj  on  page  219.  If  notj 
go. to  thii  next  it«iui  below. 

■  '    '  '  J  ■    ■  ,  ■       .  .' 

...  ■  ■    v  .    .  ■  •  _ 

Berj?  lit  M  continuation  of^the  solution  using  two  possible  procedures. 
Fill  la  the  bXanka.  #  .  '  ^ 


3.  [4x  +  (-3)  ]  +  3  -  {23£  +  11)  +  3 

4.  4x  +  [(-3)  +  3]  -  2x  +  (11  3) 
3.  4x  +  0  P  'Zx  +  <H  +  3) 

6.  4x  -  23C  ■♦•  (11  +  3) 

7.  ^  .  4x  -  2x  +  14 


ANSWER: 

*  • 

i 

4.  A 
•  a 

■  5.  A. 

in 

» 

Alternate  procedure: 


3, 

4x 

( 

-3) 

«i 

(2x  +  11)  4-  0 

4. 

4x 

+ 

( 

-3) 

m 

(2x  +  11)  +  (3  +  [-3]) 

5. 

4x 

(• 

-3) 

U2x  +  11)  +  3],-h  (-3) 

6. 

k% 

m 

(2x  +  11)  +  3 

7. 

4x 

m 

2x  4>  (11  +  3) 

8. 

4s 

2x  +  14 

t5 


I 

4, 


WER: 


id 
in 


5.  R 

a 

6.  ^Theoren  2.1 

7.  A 
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Try  to  change    4x    into  a  fona  that  will  permit  you  to  cancel  2x 
frcHB  each  aide  ot  the  equation    4x    —  2x  +  14;    Then  use  the  cancel- 
lation property  for  multiplication. 

Go  back  to  your  solution.    Draw  another  line  under  your  work  and 
write  the  number  ,  2    at  the  etui  of  the  line.  ^  Made  additions' or  corr 
rections  in  the  a^ace  beneath*    Bo  not  make  changes  in  the  work  above 
the  line.    Then  go  on  to  the  nfext  itea*  ♦  ' 

{Tt]  Your  solution  may  differ  in  aome  respects  frcHs  the  one  given  and 
a  till  be  correctrr^HosJ?ver,  you  should  check  carefully  the  following 
items: 

CD    ^id  you  use  ''def  inition  of  subtraction^*  as  reason  f on.  writing 
"4x  -  3  ^    4k  -I-  (-3)"? 

(2)  Ptvlng  **comblnin|f  like  terms"  -as  reason  for    "2x  +  2x    ■  -  4x" 
is  not  correct-    Property  D  is  tile  key-;^ere. 

(3)  Were  you  clfr^uL  tp  j^int  out  each  plac§  where  you  used  the 
associative  property?  / 

(4)  If  kll  that  you  have  donu  is  to  show  that  if    x  -  lu  a  xe6l/4lum- 
ber  such  that    4x      3    «    2x  +  11,  then    x    «    ^,  you  have  nojt  cojo- 
pie ted  the  solution.  -   ^  , 

Go  back  to  yo^^r  solution.    Draw,  a  line  across  the  .page  and  write  the 
number  3  at  the  end  of  the  line,  '  Make ^ additions  or  corrections  in 
the  space  beneath.    D^^not  pgke  chan&es  in  the'  work  abeye  'the  line* 
Then  check,  your  8ol|i^ion  with  the  one  given. 


Complete  Solution:*  * 

Suppose  that    x    is  a  real  inu^ber  such  that    4x  -  3    »    2x  +  11. 

1-  4x  -  3    -    2x  4-  11  Hypothesis 

2-  4x  4^  (-3)    -    2x  4-  11        ,  Definition  of  subtraction 

3.  J4x  +  (-3)]  +  3    -    (2x  4-  ll\4-  3  Definition  of  subtraction 

4.  4x  +  li-i)  f  3]*   «    2x  4^^  (11  4-  3)  A 


5 

« 

^   / 1 1 '  X  N 
\aX   T  S} 

*  • 

*•*  . 

^  ^  lA 

ft 

zx  +  i<l 

2x  4^  14 

10. 

14      '  * 

!!• 

2x 

2*7^, 

i2.  ^ 

.  X 

7 

^  in 


D 

Tlieor&s  2,1 
Theorem  "2 .2t 


Stepn  3-7  may  be  replaca^  by  the  following  alternate  proof: 


3.  4x  +  (-3) 

4.  4ji  +  <-3) 

5.  4x  +  (-3) 

6.  4x 

7.  *  4x 

8.  4x 


(2x  +  II)  +  0 
(2x  +  .11)  +  [3  +  (-3)1 
[(2x  +  'il)  +  3]  +  t*3) 
(2x  +  11)  +  3 
2x  +  (11  +  3) 
2x  +  14  ' 


A. 

in 

\__ja»or«»'2.1 
A 


To  coBpl«t«  the  proo^  we  nead  to  ahmi  that  if  x 


7 ,  then    4x  -  3 


-    2x  +,11'. 

Two 

methods  are  showDi 

'  Method  i: 

"     /  ■  .        .  . 

ft 

•  m 

* 

Hypothesis 

2.  2x 

m 

,V  .    3.  2x 

m 

\'       4 .      2x  4-  2x 

m 

f 

2x  +  14 

-           5*     (2  +  2)x 

2x  4  14 ' 

6.  4x 

m 

2x  +  14 

7.    ^3  axists 

in , 

8.  4x  +  (--3) 

<2x  +  14)  +  (-3) 

9.       4x  ^  3 

m 

(2x  +  14)  +  (-3) 

Definition  of  subtraction 

^   iO.      4x  -  3 

m 

I2x  4  (11  +  3)]  +  (-3) 

11.      4x  -  3 

■i 

(2x  +  11)  +  [3  +  i-J)] 

(applied  twice) 

Mm 

12.      4x  -  3 

(2x  4  11)  +  0 

13.      4x  3 

2x  4  11        •           •  " 

t 

* 

• 

1                                                                               *^  V 
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Hypothe&is 


Defiqitipn  qI  8ul>trac^( 


'In 


/ 


Msthod  2s  „  . 

1. *  •  *    -  7 

2.  4x  -  3    •  4  •  7 3 

-  28  -  3 
\               -  28  +  (-3) 

.     *        -  {25  +  3)*+  (-3)  . 

-  25  +  [  3  >  (-3).]  ■ 
^              -  25  +  0  "  . 

,    •     "     ■        -  25  ■  „ 

»3  .    2s:  +  U    -  2  •  ^  +  11* 

^  14  >  11 

-  25  • 

4,    Therefore  .  • 

4x  -  3    -  2x  +  11,  . 

Th«  solution  set  of  the  equation    4x  -  3        2x  '-f-  11    is^he^  set  {7}. 

The  reasoning  In  the  first'  pajt  of  the  solution  of  an  equation  or 
inequality  is  directed  toward  identifying  the  possible  ^'candidate" 
or  ''candidates"  for  seinbersKlp  in- the  solution  set       starting  with 
assumptions  that  the  set  contains  at  least  one  m^aber,  and  that 
t|e  members  of  the  set  are  real  nusjbers .    The  reasoning  in  thei  second 
part  of  the  solution  is  directed  toward  proving  that  the  candidates 
which  have  been  identified  do  in  fact  satisfy  the  gi^en  equation 
(i.e.,  make  it  true.) 

The  second* part  of  the  solution  may  be  carried  out  In  many  cases  hy 
reversing  the  steps  in  the  proofs  used  in  part  one.    Xt  may  also  be 
carried  out  Ijy  replacing  ttkt  variable  in  the  original  equation  with 
each  roember  of  the  tentative  solution  set  and  showing  that  each-of 
the  resulting  "sentences"  is  true  by  carrj'ing  out  the  indicated  oper- 
ationa.  ■  Tak'ing  the  solution  to  the  above  equation  for  examples 


ERIC 


is 
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If    X    -    7,  th«a    4(7).-  3  - 


«o 


ANSWER: 

•25.  .    ■.  ■  • 

25, 

411-3    -    2x  +  IX 


In  Buiny  algebra  teists,  carrying  out  t^e  steps  in  the  flcat  part  of 

the  solution  I9  called  "solving"  Che  equation^  and  tl^e  equatiola  is 

.    ^  « 

considier^d  "solved"  When  theae  steps  are  completed Ilie  students  is 

■  .   *  •  /' 

of ten^equir^d  to  "check"  his  work,  but  it  is  often  not  xecognis&ed 

that  1;his  is  an  essential  part  of  the  process  of  solution. 

The  process  of  "checking^  the  solution  to  the  foregoing  equation  is 
s(&etii^  carried  out  in  the  following  way»  by  inserting  the  members 
of  the  solution  set  into  the  original  equation*  ,  • 

4  •  7  -  3  -  2  •  7  +  11  ; 

28  -  3    -    14  +  11  - 

25  25  .  ' 

Somc^times  question  marks  are  placed  over  all  the  equal  signs  except 
the  last  one  to  indicate  that  the  equality  ili  in  question  until  the 
last  step  is  reacS^d.    This  method  of  setting  dowp  the  "checking" 
process  does  n9t  make  clear  what  the  chain  of  reasoning  is«  Upon 
first  glance  it  appears  that  one  is  starting  with  the  assumption 
that    4*7-3    -    2-7+11    and  proving  that    25    -    25.,  This 
would  of  course  be  ponsense.    Bowever^  it  would  be  acceptable  to 
start  with    25    -    25^  and  prove  by«reverslng  the  steps  that  4*7-^ 
3    •  ,2      7  +  11,    Perhaps  the  clearest  form  for  "checking"  is  the 
following:  * 
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4 

'4k 


4  •  7  -  3 
2  •  7  +  11 
Therefore) 

4  •  7  -  3 


2S  -  3    -  25 
14^  11    -  25 

2  •  7  +  11  ' 


The  kind  of  r^sonlng  uukd  in  solving  equations  is  usW  in  solvlnfti 
inequalities.  ,  \ 

Find -the  solution  set  £0:9  the  i^equali'ty    5x  <  36  ^  x.    Give  the  com- 

.     *      ■  .        -  T 

plete  solutio*n,  including  reasons  for  each  step.  *  / 

...  .  ^  ,  . 


Have  you  given  the  secotrf  part  of  the  solution?    If  not,  you  can  do 
so  by  reversing  the  steps  In  the  first, part.    If  ydu  do  this  be  sur^ 
to  give  the  correct  reasons  for  the  reversed  steps'* 

Vour  solution  should  be  concluded  with  a  statment  of  the  solution 
set.    '     .  \\. 

Go  back  to  your  solution.    Make  any  additions  or  co/rectiods  befpre 
proceeding.   '   -     .  » 


ANSWER: 

Part  i.    Suppose  that    x    is  a  solution  of  the  inequality    5x  <  36  - 


Hypothesis 

Definition  of  Subtraction, 
03-        .    ■  ' 

t 

A         .  • 


X. 

1. 

5x  < 

3^  X 

a. 

5x  < 

36  +  (-X) 

3. 

5x 

+  X  < 

(36  +  (-X))  +  X 

"4. 

5x 

+  is/ < 

36  +  ( +  x) 

5. 

•  5x 

+  X  < 

36  +  0 

6. 

5x 

+  X  < 

36      .      .  - 

7. 

5x  +  1 

•   X  < 

36  ^ 

8.  , 

(5  + 

l)x  < 

36  ! 

9. 

? 

6x  < 

10. 

6x  t 

6*6 

11. 

x  < 

6 

A 


M 


id 
id 


f 


Theorem  4.15 
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?»Tt  2: 

If    %  <  6 

then    5x  <  3$ 

1.* 

X 

< 

6  ^ 

2. 

6x 

< 

6  •  6 

3» 

(5  4-  l)x 

< 

36 

4, 

5x  +  1  •  X 

< 

36 

5, 

< 

36 

6* 

-X 

€^xists 

7. 

(5x     x)  +  (-X) 

< 

3^  +  <-x) 

8. 

5*      (x  +  c'-x)) 

< 

36  +  (-X) 

9. 

5x  +  0 

< 

36  +  (-x) 

.10. 

5x 

< 

36  +  (-X) 

11. 

Sx 

< 

36  -  X 

Hypothesis 
04 

D 

03 

A  . 

'a 

A, 


Definition  of  subtraction 

X  such 


Hence  the  solution  set  is  ix  |  x  <  6},  i.e.,  tl\e  set  of  all 
that    X  <  6,  (or  the  set  of  all  real  numbers  less  than  8ix)^ 


It  would-  be  very  tedious  in  the  following  to  go  on  justifying  each 
step  in  every  proof.    Therefore,  in" the  reaainder  of  this  unit  yo«" 
may  use  the  field  properties  withput  listing  thea,  but  continue  tb 
list  the"  order  properties. 

Solve  the  inequality    -2x  4b  >  -5 


ANSWERj 

Part  i,  Suppose  there  is  a  real  number    x    such  that**  -2x  +  3  >  -5. 

^-                  -2x  +  p  >  -5  Hypothesis^ 

2.     (-2x  +  3)  +  (-3)  ■>  -5  +  (-3)  03 

3..                        -2x  >  -8  • 

^' .                           8  >  2x  Theorem  4.7  ' 

^'                           ^  X            ,  '  The<?reja  4.15 
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(Aa  alternate  mathod  for  ste^s  4  and  S  usad  'nieorem  4.16  with    c  • 


Part  2. 

If    4  >  X    then         +  3' >  -5. 

1.  k  >  %  ,  \,  , 

2.  &  >  2x 

3.  -2%  >  -8  \ 

4.  -&  +  3  >  -8  +  ^ 
.5.    -2x  +  3  >  -5 

Hence  the  solution  set  Is    {x  I  4  >  x). 


ThfcoreBi  4 . 7 
03 


Thevgraph  of  the  solution  set  for  the  Inequality    -2x  +^3  >  -5  is 
the  set  of  all  points  on  the  nu^er  line  vhos^  coordinates  are  lass 


than  4.  This  is  the  set. 
to  the  left  of  the  point 
thus: 


of  all  points  on ^he  number  line  which  lie 


whose  coordinate  is  4. 


The  set  is  shown 


± 


4 


-5       -4       -3  .     -2       -1         0         12,     3         4  5 

The  sentence x-2x  +  3  ^,-5    is  a  cwnpound  sentence.    It  is  interpret- 
ed ak    -2x  +  3  >  -5    or    -2x  +  3    -    -5.  'The  solution  set  must  con- 
tain, all  the  nmabers  which  satisfy  either  of •  the  conditions    x  <  4 
Of.  X    »    4,  hence  the  solution  set  is    Ix  !  4  >  x). 

The  set  is  shwn  thus: 


-4 


1 


-3 


-1 


T— T 


•   0  I 


at 

4 


can  of  ten  carry  out  simultanaouslif^^th  parts,  (1)    ^d    (2),  of 


a  solution  by  showing  that  each  step  Is  reversible.  /  / 


^1 


2f 
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Coosld^t,  for  exampiy,  the  solution  of  the  iB^qimlity  Sk  <  -3x  4-  85 
St«p  I.    by\03  <        +  8 ji  Step  4,    by  03 


Step  2.    by  Theoreia  4.15  ^  ^  ^  .  Step  3,    by  06 

•  •  The  ttolution  set  Is         j  k  ^  1}.  . 

The  Above  cen  be  written  in  the  following  ccnapact  for®:  /  * 

b%  <  -^3x  +  8  8x  <  8      By  03 

8x  <  8  X  <  1       By  Theorem  4.15  and  04 

•  •  The  volution  set  is    ix  |  x  1}. 

♦ 

(The  symbol  is  read  "if  and  only  if".) 

Write  a  solution  for  the  inequality    iky^  1)  -  2{y  4^  1)  >  0  using 
the  "if  and  only  if"  form.    You  may  combine  several  steps  when  field 
properties  only  are  involved.    You  6eed  not  list  field  properties 
used. 


ANSWER: 

(4y  -  1)  -  2(y  -I-  1)  >  0  2y  -  3  >  0  * 

2y      3  >  0  2y  >  3  03 

2y,>  3  <-^>^*3/2  Theorm-4sl5 
Thence  the  solution  set  is    ly  |  y  >  3/2}. 

—  ■.  .  ,  ^  'i'tt^ 

i 

Show  the  solution  s«t  of  the  previous  equi|tion  on  the  number  line  be- 
low. ■  ' 


1  1     I     I  \  l_j  I     I  , 

-4-3        -2        -1         0       .1         2       '3  4 

— 7-----:  —  -  
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2J1/ 


AKSUER:  . 


3/2  / 


-4       -3       -2       -I        0        1^2.      3  4 


■0 

111*  acatfloce  2  <  s  -f  3  <  6  i«  equivaldue  to  a  conpoUnd  tftntence 
coQslstiAg  of  two  Inaqualities    and   .  * 


AfiSWERj 

2  <  X      3  '  . 

K  4-  3  <  6 

Whepcver  two  in«qualiel«c  are  coa^ioad  in  this  way,  ,2  <  x  'f  3  '<  6. 
it  is  always  asauoed  that  both  inaquaiiti^a  hold. 

To  find  the  aclutlon  set  we  see  that  by  order  property  03 


2  <  X  +  3  ^i"^   ^nd 

X     3  <  6 


Hence  the  solution  set  is    {x  j        and    -  }. 


-1  <  X 

X  <  3 


-1  <  * 


X  <  3 


Thr  solution  se(  for  the  previous  problem  is  usuelly  writteti  thus^ 
{x  I  --1  <  X  <  ^    and  is  read    "t'l^^set  of  x    such  that 


ASSWER: 

X  itt  greater  than  -1  and  lass  than  3»  or 
and    X    is  lass  than  3. 


'1    is  less  than  x; 


lodicita  this  sat  on  tha  number  Una  shown  hara: 


J  L 


-4 


-3 


-1- 


ANSWER: 


-3 


-2 


r'l 


3 


Wa  do  not  comblna  two  inequalities  into  one  stata&ent  of  this  ^Ix&d 
when  wa  wish  to  state  that  one  or  the  other  holds.    For  ex«Bnple»  if 
we  iuiow  that    %  >  \    or    x  <  -1    we  would  not  write    3 /<  x  <  •-I.  *  The 
sfitiof  all    x    such  that    x  >  3    or    X  <  -1    in  set  notation  is  writ- 
tan    {x  I  X  >  3    or  -1}.    Show  this  set  on  the  nimbet  line  be- 
low. 


1  '■  I  I 


*    -6  ^4      ^^3      ^      ^1       0       1       2       3       4       5       6  * 


ANSWER: 


-6      -5      _4      -3      .-2  -1 


B  \  L 


3 


c 


— » 
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2 :  ^1 


Find^lEhe  twlutlon  net  for  thm  isicquaXity    7  <  s/-      £  15. 

You  tmy  oai^  th«  t^MmojxA  in  writing  your  siolution,  but  show  your 
wo|ii«    Arraaga  your  work,  in  th«  "if  aad  l^nXy  Uf"  form*    tTb«re  «re 
two  iri6quAlitie«  to  »oJvey    7  .<  5  -  2x    and    5  -  2x,  <.  15.) 


ANSWER: 
7  <  5  -  2x 
2  <  -2x 


2  <  -2x,  and  '  5  -  2x  <  15 


3t  <  -1,    and    -2x  <  10 


•  •  The  aolutlan  set  ii    {x  [  -5 '2.  x  "l)' 


-2x  <  10. 
>  -5.  ' 


Show*  the  Koiution  net  of  the  preceding  inequality  on  the  nuafcer  line 
below. ~      *       *  -     ^  ' 


-6     -5     -4  -3. 


1  J 


'1.    I  I 


1 


J  fczt 


-6      -5      -4  -3 


-1 


1_J  L 


Study  the* example  below  and  fill  in  the  blanks.  . 

Find  the  values  of  x    for  which*   x'^  -  .5x.+  6  >JS>        .   ,  , 

'.'    x^  -  5x  +  6  >  0  (x  -'2)(x  -  3)  >  0          .  - 

(X  -  2)(k  -  3)  -  0  «^   (1)  '  ii^  -  2)  >  p    and  ;  (x  -  3>  >  O]  or 

(2),   [(x  -  2)  <0    and    Cx,-3)^'o]    by  Theorem  ^  ' 

Case  d)  X  -  2  >  0  x  >  2,  and    x  -  3;  >  0  x  >  3. 

Nov    X  ^  2    and    x  >  3    are'both  satisfied  QnlyM«?hen   x  >   . 

C4^e  (2)  X  -  2  <  0  ^ 


X  <  ,2/a.nd    X  -  3  <  0            x  <  3. 
Here  .  x  <  2    and    x  <,  3    are^  both  gatisifed  only  when  . 


,4^ 


17 
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Ux  -  2  >  0;j  )  <x  -  3  >         or   [  (x^-  2  <  0)    «n4    (x  -  3  <  0)1 

X    .       or  X 


thiin  eh«  AoluCiOQ  act  la  { 


AMSWSR:  '. 

X  >  3 

X  <  2"  ■• 
X .  >  3    or    X  «  2  " 
{it.  I  X  >  ?    or   X  <  2>  * 


.1^ 


Siuw  th«  iolutioQ  ««t    Cx  }  x  >  3    or    x  <  2)    ob  th«  nimber  lice 


^:5^        -3 '  '-2 


1  '        !     \\  I     j  'I 

^-1    0    12    3,  5^  r 


/  ANSWER 


<t  '  r    I  .  I    J     1    -I  -Tfc  ■■  lir 

-5     -4     -3     -2     -1       0       1       2    '  3 


The  solution  of  the  previous  Inequality  may  \<£  arran^ed^n  the  form 
of     chart  aa  ahown  b*low».   The  first  liivB  of  th&  chart,  haa  iutan  ccam- 
pleted  to  show  that  if    x    ia  laaa  than    2,  then  fcha ^factor    x  -  2 
ia  negative,  the  factor    x  -  3    is  negative,  and  the  product    (x  -2) 
(x  1-  3)    ia  poaitive.  ' 

Complete  the  aecond  and  third  lines  and  the  final  statement. 
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2 15 


1  « 

X  -  2 

X  -  3 

<x  -  2){x  *  3) 

If    X  <  2 

If    2  <  X  <  3  . 

tf    X  ^  3 

Nag. 

(x  -  2)(x  -  3)  >*0  ^ 
ANSWERS 

X  -  2 

X  -  3 

(x  -  2)  (x  -  3) 

If    X  <  2 

Ik'    2  <  X  <  3 

If    X  >  3  ' 

Nag. 

P08. 

Neg. 
Pos* 

.a 

>   Pos . 

Pos.  ■ 

X  <  2    or    X  >  3  ' 

Note  that    {xt  2)(x-  3)    -    0  '  if    x    -    2    or  if  x 


The  infonostlon  from  the  chart  can  be  shown  graphically  thus: 


pos 


P08 


3  4 

The  chart  also  gives  you  the  necessary  Infonsation  to  state  the  solu- 
.  tlon  Set  fot  the  Inequality    (x  -  .2)<x  -  3)  <  0. 

Vfhat  .is  the  solution  set  for    (x  -  2)(x  -  3)  <  0? 


ANSWER: 

{x  j  2  <  X  <  3} 


Coosidtr  ehh*  liolutioa- of       -  25  <  0*  outlined  Nlow:         •  . 
*  25  <  Q  ix  -  5)(k  +  5)  <  0.  • 

By  tMor«M  4.22,  (x  -  5)(x  +  5)  <  0  <1)  :  oc  <2> 

'        "       '  ^ '         ' ~  " "  -  -  -  -  - 

a>  X 

(2)  X 


5  <  0  oitd  X  +  5  >  0  or 
5  >  0    and   X  4-  5  <  0 


■  (1^    X  < 


S    and    X  >  -5  or 


Th«refora    Cx  -  5)(x,  -»-  5)  <  0 
(2)    X  >  5    and    X  <  -5  * 

Which  one  of  the  possibilities  listed  above  must  be  rejected? 

Give  the  solution  est  for  the  inequality  x*  -  25  <  0  in  set  nota- 
tion.  .  . 


ANSWER: 

Thu  gecpod  possibility  must  be  rejected  since    "x  >  5    and    x  <  -5" 


is  not  true  for  any  value  of    x«  \ 
The  solution  set  is  t-^  1  -5  <  x  <  5)< 


CompM<:e  solution  below  to  find  the  solution  of  the- inequality 
12  <  .2x^  5x. 

12  ■<  2*2  _  0  <  2x2  ^       _  12 

2x2  X5x  -  12  >  0  (2x  +  3)(x  -  4)  >  0 


2x  +  3 

X  -  4 

(2x  +  3)(x  -  4) 

If    X  <  -3/2 

If 

If- 

J- 
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ANSWER: 


2x  +  3 

K  -  4 

<2x  +  3)(x  -  4) 

If  ^  X  <  -3/2 

Nag< 

Neg. 

Pos. 

If    -3/2  <  4 

r 

Neg« 

Neg. 

If    »  >  4  ,  ^ 

\ 

P08. 

Pos, 

{x  j  X  <  -3/2.  or    X  >  4}.' 


to  "is 


If  we  change  the    "is  lees  then'V  sign  in  the  above  prdblt 
lus  then  or  le  equal  to"    thus  ^ 
12  -  5x,  ^at  Is  the  solution  set? 


J 


U  j  1c  <  -3/2    or    X  i  4>, 


This  example  shows  how  to  apply  the  foregoing  techniques  to  more  com- 
plicated probl^s. 

Find  the- solution  set  of  the  inequality    (x  +  5)  Cx  ^  3)      -  7)  jc  0 
by  coiSpleting  the.  outline  below. 

1.,    (x  -I"  5)(x  -  3){x  n  7)    •    0     ^     X    -   ,  X    -  ,  or 


2. 


X  +  5 

X  -  3 

X  -  7 

(x  t  5)(x  -  3)<x  -  7) 

I£   X  *  -5 
If  ^-5  <  X  <  3 
rf    3  < .  X  *  7 
If    x  >  '7 

...  T"VT~i  i  I  I  i  ■  I  Y~i\l~V~\: 

-6    -5..  -4    -3    -2    -1      0      1      2      3      4      5      6      7«  8 

Indicate  tJie  positive  and  tiegatlve  seccions  on*  the  graph  above. 

'  ■%    •  ,                         ■  .  , 
3.    H»nce    <x  +  5)(x  -  3){x  -  0   , 

Tiie  solution  Bet  Ik         .  ' 


ANSWER: 

1»    -5,  3,  7 

2. 


I 

■J 


X  +  5 

X  -  3 

X  -  7 

(x  j+  5)Cx  -  3)(x  -  7) 

•If 

X  <.  -5 

Neg. 

Neg« 

^          Neg.  , 

If 

-5  <  X  <  3 

Neg. 

*  Neg. 

If 

3  <  X  <  7 

Poa. 

Pos. 

Neg. 

Neg. 

■If 

X  >  7 

Pes. 

Fo8. 

P08. 

Pos . 

Pos. 


1>  1.  1 


Neg. 


Poa. 


-6    -5    -4    -3  -2,-1 
"3.        <  -5    or'    3  <  X  <  7. 


8 


*.    1      2      3.4      5      6  ■  7 

(x  I  X  <,  -5  or  3  <  X  <:  7},'  I.e.,  the  aei  of  all  real  nuabers  x 
such  that  either*  x<-5    or  3<x<7. 
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Pt&d  th#  solution  umt  for  x  +-1  >  n  +  2.  Show  that  the  steps  in  " 
your  solution  are  reverilbXe  uilng  the'  symbol  *    You  naed  not ' 

■^iv©  reasons  J  but  show  the  steps  in  your  solutitj^^  uaing  the  "if  and 


only  if"  foro. 


x2  -  2x'+  1  >  0     ^  l>(x  -  1)  >  0. 

[x  -  1  >  0    and    x  -  1  >  0]  or 
ix  -  1  <  0    and    X  -  1  <  0]. 

X  >^  1    or    X  <  1. 
•  •  The  solution  set  la     {x  |  x  1}. 


indicate  on  the  nun&er  line  the  set    {x  j  x  >  1    or    x  <  -2}. 


■v 


AtlSWER:  » 
X  +  1         +'  2,    ^     0  >  V  f 

•  •  The  aolution  set  haa  no  menbers  since    0  >  1  -  is  not  true. 


FiM  the  solution  set  for   x  +  1    -         1.    Show  your  work. 


ANSWER:             •       '  ^  .                 /  •            '  . 

X  +  1    -    X  +  1     ^  X  -  X    -    1      1.            •      '  ■  '  ^ 

X  -  X    -    1  -  i  0-0 

•  •  The  solution  set  is  R,    the  self  of  all  real  nuaberS. 


Solve  the  inequality  >  l  >  2x.    Shg^^your  work. 

]  ,f  . 

ANSWERj                  ^  ' 

{x          )*    1}    or    (x  I  X  >  1    or    x  <  1}.  ^ 

x^  +  1  >  2x  ?t2  -  2x  +  1  >  0. 


AKSWfiR; 

^4      -3      -2      -1       0       1      ^      3  4 
  _  

■  t  —  —  - 

Indicate  oil  the  nujaber  line  the  set         {  x  >  X    a»d    x  <  -2*}. 

/  1     I  1  "  Tv  I     I     f    ^     I  '\ 

^     -4     -3     -2     ^     0       1       2       3       4  ^ 


ANSWER: 

Th0fe  are  no  nusibers  in  the.  set  since  there  is  no  nuobfer  x  such 
that    x>  1    and    x  <  -2. 

~  '  ~  '~  .    .  ~  " 

Indicats  on  tHe  nUB*er  line  the  set    {x  {  x  <  1  x  >  -2). 


-4      -3      -2      -1       0       12       3  4 


i  1_J  . 


1  ■  •  I    ^  1    I  ■'  i 


-4     -3      -2  -1 


An  inequality  requires  a  caref*rf^  solution  when  the  variable  occiAa  in 
ihe  denominator  of  a  fraction.    Considelr  the  problem    ^         <  0.  In 
simplifying  the  inequality  by  "multiplying  by  the  denominator"  one 
has  to  worry  about  whether  the  denoolnator  is  positive  or  negative. 
This  dif/iculty  is  avoided  by  the  following  solution. 


2'  1 
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By  Th«or«n  4.25.    ^  *  ^  <,  0 


AtjSWER: 

CX)  {x  4  2  <  0  snd  3  -  X  >  0]  or 
<2)   '{x  +  2  and    3  -  x  <  0], 


(1),  (x  +  2  <  0   and    3  -  x  >  0]  ^Ix^         and  x  J. 

Thus  tp  satisfy,  condition  (1),    x  muat  ba  • 


(2)  Ix  +  2  >  0    aad    3  -  x^Oh   ^    |x   and  x  _]. 

Thus  to  satisfy  condition  (2),    x  Bust  be   .  . 

(3)  Bence    f-^  <  0     ^    ^  .  ^  . 

(4)  •  •  The  ftolueioa  set  i«  , 


ANSWER:  *      ^  ■ 

(1)    X  < ^2    and    X  <  3^*    x    must  be  less  than  -2. 
<2)    x  >  -2    and    x  >/3»    x    ku^it  be  gr&iiter  than  3. 
<3)    X  <  -2    or    X  >/3. 
(4)    {x  I  X  <  -2    ^    X  >  3>. 


If    X  '  satisfle^^  the  conditions, 

<1)    X  >  0    an^    X  >  --2,  then  

(2)    X  <  6    ami    X  <  5,  then  . 


(3)  X  >  -2    and    x  <  3,  thjeA 

(4)  X  <  0    and    x  >  5,  then  _ 

(5)  X  ^  1    and    x  _<  1,  then 


ANSWER: 

(1)  X  >  0. 

(2)  X  <  5. 


(3)  -2  <  X  <  3. 

(4)  Thdr«  arts  no  valuer. 

(5)  X    -  i. 


X  -  2  . 

Solv4  t;he  inequality  ^"^rf  '  ^^^^^  the  steps  in  the  solution  and 
ii»t  the  order  theorea  you  use  as  a  reason  for  your  first. step. 


ANSWER: 
X  -  2 


>  0 


"x  4^  5 

{j^S)2  >  0    and    x  +  5  ^>  O] 


X  -  2  •  >  d  and  % 
or    X     2  <  0    and  x 

[x  >  2    and  x--$^^-53 


[tc  -  2  <  0    and  .x  4^5  <  0]     ^g-^^     [x  <  2    aod    X  <.-53. 

X  ^  -5.  ■  '      •  .  ' 

'       X  -  2 

Hence   — ^lO  x  >  2    or    x  <  -5. 

The  goiutipo  net  is    {x  j  x  >  2,   or    x  <  -5), 


3 

WSrat  is  thd  solution  set  for  the  inequality  Y~I~3s  * 
Indicate  th^iolution' set  on' the  number  line  below. 


1:11 


_L_J  L 


-5      -4      -3      -2    ^L.^  t^  '^  I   -    2       3  4 


ANSWER! 

v      {x  1  X  >  i), 


 \  1,1  \  


-5      -4\     -3      -2      -1  0 


2  3 


*     Not^  by  Thepreo  4.25,  since    3    is  gr^at^  than  zero,  there  is  otdy 
one  case  to  consider;    ^  <  0  [3  >  0    and*  1  -  x  <  0]^ 


X  >  i. 
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Whut       i^e/iiolution  sat  .  for  the  inequality        —  >  0? 

.  X"  *        t        ♦       ■  ,  . 

lodicat^^hlii  ttttt  OR  the  mmber  lioe  below. 


-5     -4      -3     -2  -1 


t        1     •  { 


ANSWER: 


t — i 


-5      -4      -3      -2      -1       0    -  I 


What  are  the  real  outers  in  the  solution  set  of  the  ^uation 

■~~    -    0?         .  .  '  N 

,1  -  X  .•  •  \ 


ANSWER: 

Thete  are  iM>  real  numbers    x    such  th^t 


1  -  x 


^   -  0. 


Consider  the  inequality    ^  _  ^  >  3-         -  I)    oay  be  negative  or 
'  (x  -  1).   may  bij  positive ,  depending  on  the  value  of    x,  hence  we 
must  consider  two  possibilities.    Two  solutions  will  be  given; 


Solution  1: 
2 


X  -  1 


>'3  ^ 


2. 


X  -  1 
2.  -  3x  +  3 

X  -  1 
5  -  3x 


-  3  >  0 
>  0 

>  0 


Complete  the  solution.    What  theorem  is  Used  i^^e  next 


step^? 
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AXSUE&: 

By  Theorem  4.24: 


5  -  3k 
X  -  1 


>  0 


U)    [5  -  3x  >  Q    add    x  -  1  >  0] 

i%  <  5/3    und    X  >  1]  [1  <  X  <  5/3],  or 


1(2)    [5  -  3x  <  0    and    x  -  1  <  0]  ^-^ 
[x  >  5/3    and    x  <  X] 

S,iDC«  there  iu  no  real  nifi&ber  x  such  that  x  >  5/3  and  x  < 
tha  ^olut^on  set  i»,  fvcm  Ca«e  (1),    {x  |  1  <  x  <  5/3} 


>  3    we  consider  th6  two 


SoXuti|on  2:    To  solve  the  Inequali^ 
cases  1  >  0    and    x     1  <  0  follows: 

Comfilifte  the  solution  of  Que  1;  ^ 

2'  - 

Case  i:    x  -  1  >  0    and  — ~r  >  3  x  -  1  >  0    and    2  >  3(x  - 


X  1 


1)    by  Order  Property 


Complete  the  solution  pf  Case  2: 


Case  2:    (x  -  1,  <  0  and 


-  1)]    by  Theor 


X  -  1 


3] 


[x  -  1  <  0    and    2  <  3(x 


Hence  thi  solution  set  is 


ANSWER: 


Case  i:    Orfier  .Property  04. 
[x      1  >  0    and  .  2  v*tx  -  1)] 


[x  >  1    and    3x  <  5] 
[x  >  1    and    X  <  5/3] 
[1  c  x  <  5/3] 


Case  2:     Theorem  4.16  '^--^ 

U  -1-0    and    2  <  3(x  -  1)]      ^     [x  <  1    and    3x  >  5] 


[x  <_1    and    X  >  5/3). 


•9 
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Sincm  th«t«  is  no  r««il  avaftber  k  such  tb^t  k  <  I  Aod  ic  >  Sjl  tM 
solution- irtt ,  fr<^  Casa  1,  i»  the  «et    {x  (  1  <  x  <  5/3}. 


.  Flftd  the  valui^  of    x    foj' which  <  -2    is  tt^a'.    (Solve  the 

prob lea  using  either  type  of  solutlDn  outl.iae'd  In  the  preceding  elt- 
(Ip^le.    Show  your  work.    No  Ve^ons  are  required.)  \ 


Solution'  1: 
*  3 


1  -  * 


<  -2 


J. 


1  -  X 

3  +.2  -  2x 


+  2  <  0, 
<  0, 


1  -  X 
1  -  'X 

There  are  two  cases  to  consider:     (1)    1  -  x  '  0  and 

(2)    1  -  X  ^  0.  . 

(1)    [5  -  2x  <  0    and    1  -  x  >  O], 


5  -  2x 
1  -  X 


<  0 


( 


•(2)         -  2x  >  0    and    1  -  x  <  0}.  • 


<l,^x  >  5/2  and  x  <  l], 
or    (2)    [x  <  5/2    aod    X  >  1]. 


Note:     There  is  no  real  number  ,x    satisfying  conditions  (1) 

[x  ^  5/2    and    x  <  1],  but  frcm  '(Z)  i/e  obtaip    1  <  x  <  5/2. 

•        3  ■       ,  .  .  I 

'  *  TTir  *  -2;.   ^     1  <  X  <  5/2.  ... 

Hence  the  solution  set  Is    {x'  |  1  <  x  <  5/2). 

Solution  2!    We  consider  two  cases    1  -      >  0    and    1  -  x  <  0. 

Case  1:  * 

U  -  X  >  0  *and  <  r2]    ^    U  -  x  >  0    and    3  <  -2(1  -  x)  ] , 

•«^^    [1  >  X    and    3  <  -2  +  2x], 
(1  >  X    and    5  <  2xJ, 

'4-^    (1  >  X    and    5/2  <  x]. 
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C«mW  1  Ik  ifflpoBttibiit  8lnc«  ^tpre  iu  no  rearl  auisber  x  8uch  chat 
X  <  1    aad    X  >  5/21  ' 


[I  -  X     6.  «ntl^ 


X  -  X 


-2} 


[1  <  X    at^  .3  >  r2(l  -  x)l. 
[1  <  X    and    1  >  -2  +  2x], 
[1  <  X    and    5/2  >  x), 


Haaca  the  solution  set  iu  {x 


[1  <  X  <  5/2]. 
jl  a  <  X  <  5/2}.  , 


Solve  the  ineqiialltjr    '       ^  •  >  2.    Show  yoijir  work* 


ANSWER: 

Two  noXutions  "-aire  sh<iwn« 
Solution  1: 


Catte  1: 

[x  >  0  md 


X  4-  1 


2]*    ^-^     [x  >  0    and       4*  i  >  Zx], 

[k  >  0    and    1  >  xh 
^     to  ^  X  <  1], 


Case  2: 

t  X  <  0  and 


X  4^  1- 


2] 


Caae  2  is  impossible, 
j{^»ffc8*  the  solution  set  is  { 
Solution  2: 

)LJlA  ^  2     4t>  -  2  >  0 

X  ^ 


{x  <  0    ikd    X  4  1  <  2x], 


X  .  0  .<  X  <•  1). 


^     ^  -  Jo 
>  0  I 
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« 1 


[(1  -  x)  >- 0  aod  X  >  0}  > 
or    tCl      k)  <  0    iaxd    x  <  oj  j 


1  >  X  and  X  >  0 
I.e. I,    0  <  X  <  I 


or 


X  mui  '  X  <  0 
(iapofiiii|>l#)  1 


H«nc«  th»  li^dlutlon  set  in    {x  |  0  <  x  <  1}« 


\     m  ■ 


Sbive  the  ^nwjuality ■  X  >  %^ .    Show  your  work. 


(i)  (x  I  -I  <  X  <  1} 
Solution: 


0   '  -  1 

0  >  (x  -  i)(x  +  1) 


(        E(x  -.1)  <  0    |ad    (x  +  1)  >  Q] 
I  or    {x  -  1  >  0    «»f    (x  +  1)  <  0] 

f        [x  <  1    and    X  ^^-^l] 
tor    [x  >  1.  and    x  <^-\]  (impossible) 

^     -1  <  X  <  1  ' 


st^  1 

X  ^  I 

(x"  - 

l)(x  +  1) 

X   <  '-1 

Poa. 

-1  <  X  * 

1, 

POfl> 

Neg.  , 

X   >  1 

Pog. 

Pos. 

M«ncc  1 

>  > 

-1   <  3< 

:  <•  1 

Th«  sc^lution  set  Is^    tk  <  x  <  1}. 


Is  the  following  true? 


«     'Hq*    ttttead    04«    Ihifi  aBsumptlon  |idldii  only  when    c  >  0,    x    *  0 

Itt  an  eitt^nt  of  the  ftolutlon  set  of  I  >  but.  >  1  hus  00 
aeaning  when   k        0«  . 

Splvfi  the  inequality    1/xJ  >  I*  /Sh€»i7  your  work.  .  • 


ANSWER;  \        .  s 

Since   x"^     0    for  all  real  ni^^rs    x»  we  do  not  %orry**  about, 
changing  the  di/rection  of  the  inequalitiy  If    x,  <  Op  hc^ever    I'M^.  is 
undefined  at    x    «    0,  therefor;^    1/x^  >  \^  [x    #    0  and 

1  >  x"^].  ^^ov  refer  to  the  previous  probl^  for  the  rest  of  the  ,solu^ 
tion*  Ix  i  -1  <  X  <  0  or  Q  <x  <  1}  (The  solution  set  consists  of 
^11  real  nufflbers  between    -1    4nd    1,    except  0.) 

At  each  step  in  the  process  of  solving  an  equation  (of  inequality)  we 
replace  one  utateisent  by  another*    As  you  have  seen  in  the  previous 
probleisi  the^  replacment  may  not ^ield  a  statement  whi^ch  is  the  "same*, 
in  terms  of  the  solution  8et»  as  the  given  one.    This  leads  to  the 
concept  0^  equivalent  equations  or  inequalities*  ) 


DEFIN^ITION  3.1:    Two  equations  or  inequalities  a^e  said  to  b&  equiva- 
lent if  and  only  if  they  have  the  same  solution  set*  1  .  ^ 

When  s  rule  of  algebra  is  applied  to  troii^form  ^  equation  or  in- 
equality  the  resulting  equation  pr  Inequality  may  or  may  not  be 
equivalent  to  the  original  one.    Some  transformations .  hp^^ver,  af^ 
ways  result  in  an  equivalent  statement,  ^      ^  -^'^ 


In  solving  ab  equation  or  inequality,  a  s t^|>^ ^ ^ j^^j^^Si^l^  given 
statement  is  transformed  inta.an  equtvir^ 
Bible.  •  '^"^  " 


le  is  said  to  be  rever- 


,  .  ■  ^  "  -'If 


(1)     Is    4    -    28^-'M^^l^^Uiit  ;tQ    -1    -    -7-1-  3x? 


Ijfi  thin  mtmp  rttvursible? 

(2)  In  2x  4  l.<  3  «quivdient:  to  2x  <  2?  # 
^tii  thin  ntftp  r(iv«»ibX«? 


ANSWER: 
(I)  Yl5« 


Yen 

(2)  Y«i 
Yen 


Addition  of  a  oon-sero  constant  to  both  sides  of       equation  in** 
equality  yi«ld^  an  equivalant  result.    Similarly,  smltiplication  of 
an  equation  by. a  non-zero  eonatant  or  smltiplication  of  an  inequality 
by  a^aitive  instant  gives  an  equivalent  equation  or  inequality. 

Now  consider  the  exassple  where    ;  ^  has  been  4dded  to  both  membeta 

1  ^  X 

of  an  equation*  ^ 

la    2x  4^  1    •    3    equival'Stnt  to    2x  -i-  1  4-  -r^ —   «  3 


1  -  X  1  -  X 

.\  . 


Mo,  the  solution  ^et  of  the  firat  equation  is    {1}    4hile  the  second 

r  1 

equation  has  no  member  in  ^he  solution  set. 

1 


is  not  defined 


when  X  1.  Addition  of  j^^^  ^  to  both  sides  of  the  equation 
is  not  a  reyerj^ible  step  .J  '  ^  y  * 


------ — ----------  V---- 

Wi)Sit  a,ti/te3(pr&88ionj  involving,  the  Vjirlable    x    is  added  or  aultlplled 
>th 


•  on  both  sides  of  an  equation  or  inequality' the  resulting  statement 
may  not  be  equivalent  to  the  original.         •    '   \  ^ 


Is    2x  +  1    -    3.  equivalent-  to    (x  -  l)(2x  +  1)    -    3(x  1)? 

0  .    .  4^ 


ERIC 


AHSWER;  .  • 

Y^»,  ehu  Bplution  H«t  lor  each  cqu«tia»  la  {!}.  {8«r««d  tbcdefini- 
^lon  for  aqulvalent  equation*.)  N<ye«  in  thia  exupla,  aultiplicatioo 
by  ao  lucpreaaion  involving  tha  variable  41d  mt  "change"  the  solution 


la    23t     1    -  .  3    equivalent  to   x(2x  +.  1)    -  3k? 

•     ■■  •   ,  -  'A  ■ 


AfJSWES:  .         .  ,  '  ^ 

No,    X    •    0    satiafiea  the  aeco;|i  equation  but  not  the  first. 

/  ^  '  "  •  '  ■  "  "  '  -  ^-  -  -  -  -  -  -  -  -  - 

la    2*>^»  -  ,  3    e<|ulvalent  to    4<2x  +  1)    •    12?  .  ,  • 

.     '         *  •  * 

ANSWER:  '  •  .  v 

y«i,  th«  •alution  S8t9  are  the  Multiplying  each  aide  of  the 

equation  by    4    |e«ulta  in  an  equivale|Eit  equation. 


la    53t/8  ^  58  +  3    equivalent  to  .5x  i*  8x  4 


24? 


ANSWER!  ■ 


 n  -  ^ 


Yea,  both  have  the  aoli^tlon  #et    {x  \  %  <^  -Sj.    '  v 

-  - -  -  -  - ..  -      - -  - 

The  atudent  shoijid  be  aware^hat  one  of  four  different  reaults  may  be 
produced  when  anNgquatioa  or  Inequality  is  transformed  by  use  of  the 
ojultlplication  properties.    Let    ^  be  the  solution  set  fo/ the  . 
original  ¥nd    S'    be  the  solution  set  for  the  transfonBed  equation  or  . 
inequality.    Then    ^         ,  v 

(1)  .  s  "  -  "  S'    or     S  ..  ,  '  . 
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<2)    S  C  S',    S         S',    or  '  . 

<3)    S'C    S.    S'    i    S.    or  '  ' 

S  ^  S',    and    S«  ^  S. 

«ld«r  the  equation  obtained  from,  -  „hen  both  oea- 
bera  are  Multiplied  by    {x  -  1)2.    The  solution  set  for  the  derived 
equation    (x  -  l)<x     3)    -    8(x  -  1)  is                 -         ,  ^ 
^'    •      — •    Th*  aoiution  aet  for  the  original  equation  is  S 
 •    Ar^  the^equations  equivalent?. 


AKSWEK] 


(5,  D-^iS).  - 
^o,  thia  is  a  caae^where    Sc  S',    S    i*  S' 


Conalder  the  equation  obtained  from    x  -  5     4/x  ^   ,0   when  both 
mendjera  of  the  equation  ar^multlplied  by  x. 
<1)    The  ablution  set    S'  .  ^ 

...  Hi 

(2)    The  aoiution  aet    S    -   _^  .  • 

'(3)    In  thia  exasple    S  S'. 

\     •   • 


(1)     {4.  1).        '  ■   ^  ' 

<2)     {4.  1).         .  -  ' 

(3)    •    the  equations  are  equlvalfcnt. 


■  *- 

Consider  the  inequality  obtained  froia  1/x,  >  -1  when  both  members' 
are  multiplied  by    x,  . 


Tha  aoiution  aet  for'^^Thc  >  -1    is  S 
The  aoiution  set  for    1  >  -x    ia    S'  - 
In  thia  example    S    *  •  S'. 


4 


ANSUER: 

S    •    (x  I  x     -1    or ^  X  >  Oh 


Coniid«r  the  i^quatian  obtained  ftm  /x  3  •  1  4r  x  when  you 
square  both  of  its  mt^berst  ^ 

(1)    The  ttolution  set  'S'   

<       (2)    The  «oluti<>n  set    S    -  '  - 

(3)    Are  these  equations  equivalent? 


ANSWER: 

(1)  .  {-2,  iU 

(2)  .{!}. 
*{3)  No. 


ttie  following  are  some  ^Haomls"  to  b«. drawn  from  this  diecussionr 

If  all  the  steps  in  the  solution  of  an  equation  or  inequality  are  re- 
verjiifale  you  may  use  the  symbol  is  writing  the  solution  asid 

no  furtlier  check  Is  necessary. 

If  certain  steps  are  not  reverisible  then  you  toust  check  the  possible 

exc^£ipns .  ' 

f  ^ 
You  must  be  sure  that  you  have  ftot  ^performed  pperations  in  your  solu- 
tion that  are  invalid. 

Complete  the  solution  "for  the  followii^  problem:    Fj^nd  tie  values  of 
X    fo?  which    -I  <  ^'Z ;  <  3    is  true-    You  may.is^it  reaiqns,  but 
show  your  work, '  The  answer  should  be  in  set  notation. 
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Step  1. 

Thiire  ate  two  cm^ss 
Case  2:    x  -f-  1  <  f 


-1  <   *  and.  — <  3 


ANSWER: 

Two  BOlutloiUe  wili  be  shpwii. 
-1  <  ^~r.   and    44-4  <.  3 


A  +  1 


0'  <.. 


Case  1:    x  +  1  >  0 

[(x  +rl  >  0    and    2x  >  0)    and  ^(x  +  I  >  0    and    -2x  -  4  <  0)3 
{<x  >  -1    and    X  >  0)    and    (x  >  -1    and    -2  <  x) }  V 
[x  >  0'   and    X  >,-l] 
^     [x  >  Oj      '  ^  ' 


or 


Cue  2:    x  +  X  <  0/  .  .  . 

4^     t<x  -I-  1  <  CT  aftd    2x  <  0)    and    (x >  1  <  0    and  \2x.-  4  >  0)]- 

<  -1    ax^    X  <  0)    and.*(x  <  -1    and    -2  >  x>l 
•^^^     [x  <  -1    and    X  <  -2]  . 
^     [x  <  t2]'     ^       .  . 


Hence  the  solution  set  is  {x  |  x  <  -2  or 
^Solution  2:    -1  <  and  .  .^3* 


Case  Xt 


4C  J 


[  (x  -4-  1  ><i  i^  and    -l'  -5  r-f-r)    and    (x  + 


3)] 


0  anJ 


5C  4-  1 

[  (x  +  1  >  G  and  -35.  -  1  -<  X  -  1)  and  (x  1  >  0*  a^ 
X      1  <  3x  4^  3)  ]  ^ 


[x  >  -1    and'^0  <  x    and    -2  <  x] 

[k  -  OJ  '  . 


r 


ERIC 


o 

^  7 


^  V 


249 


or  ; 

Cm*  2: 


[  (x  +  1  <  0    and    -1  <  *  ^  j^)    snd    (x  +  1  <•  0,  and 


'  [(x  +  1  <  0  and    -x  -  I  >  x  -  1>    and  .  (x  +  1  <  0  and' 

X  -  1  >  3x  +  3)] 

[  [x  <  -1    and  0  >  x    and    -2  >  x]         '  • 

[x  <  -2] 


Hence  the  volution  set  is    {x  |  x  <  -2    or    x  >  0}. 


'  Ve  nov  wish  to  illustrate  SKme  of  the  ccmplicationa  that  can  Wise  In 
solving  equationM  over  a  ays tern  which  do^a  not  poaaeaa  all  of  the 
fiald  proper ilea*    Thia  will  amphaai^a  hov  important  thaae  propeKtifis 
are  in  Bom^  oS  the Vrou tine  work  which  we  do  Aith  equationa*    We  will 
conaider  the  ayateoi  of  all    2  ^2,  isatrices       real  nuobera*.  Recall 
that.<  the  multiplication  of  two  auch  matricea  la  carried  odt  In  the 
fbllowiog  manner: 

ip.i  r- ■[  ]•■••-  '  > .  ■  ■  • 


2 

3   ■  41 


ANSWER:        '  ,     ,  ' 

"(2  r  3)  V  (1  •  i)     (2  •  5)>  (1 
■  3)  >  (4  •  I')    (3      5)  +  (4 


6) 


7  16 

i3  39 

What  multiplicative  field,  properties  $re  not  possessed  by  matrix 
multiplication?  '  . 


*ANSWER:  . 

cry  in 
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1 

1- 


KecAll  tbat  the  real  utisbiir  ttqiuition  ii  *  x  b  c^uld  be  solved 
usiltig  battle  field  proper tieii  by  multiplying  DOth  8id<si  of  th^  equs^ 

.  .  ...  ..  A.. ...  ............ .;.  .  i  J.  . 

AllSWERs  '  /  *  ) 

(This  is  possiblsp  of  course,  QHly  if    a  0«> 


A  unique  solution  to  the  abov^  equation  exists  for  all  real  nwbers 
a    and    b    except    a    «    0.    Uo^avert  severaX.  complications  arise 
when  we  try  to  solve  the  equation   A  *  X        B    where    A    and    B  are 

lo  o] 


matrices  andv  A  ^ 


0 


For  example^  does  the  follo^ipg  eqira'tipn  have  a  solvation  X^^ where 
K    is    a    2  X  2    oatriH?    Explain  how  ypu  arrived  at  your  answer.^ 

0    0)^  "^[o'  t 


ANSWER 


No,    By  the  way  matrix  multiplication  is  defined. 


could  not 


have  a  non-sero  elment  in  its  second  rowt  regardless  of  what  the 
matrix    X    is . 


 » 

Therefore,  we  see  that  not  every  equatjkjn  of  the  fona  AX  ^  &,  with 
A    J*  o  •         a  solution.    Show  that  if    A    has  a  multiplicative 


lQV«rse  then    AX    «    B,    has  the  unique  solution  A^^B. 

X    -    A'^  •  B. 


Part  1.  ■  Show  that  if  |  A  •  X    -  B, 


Part  2.    Show  that  i 


1 


B.  A 


B. 
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Pirt  X.    Sinc«    A«X    -    B,  we  have  .        •  (a"^  X)    -    A^^  ''b. 
A"^  •  (A  •  X)  .  -    CA"^  •  A)  •  X    -    1     X    *    X    (where    I    ia  the 

•  %    "    A"-U«  B. 


^ 


Part  2.    Ut    X    -    A'^  •  B. 

Then    A'(A'^-B)    -    (A  •  A"^)  •  B    -    I  "•  B    -  B. 
ThiMi    A~^  •  B    la  tive  unique  solution  of  .the  equation    Al  •  X    -  B, 
where    A   has  a  multiplicative  inverse. 

The  absence  of  the  field  property   L  prevents  one  trow  proving  th^t 

B  •  A^^    is  also,  io^neral,  a  solution  of  the  equation    A  •  X 

•  ■  *     ■.  / 

■  -   

ANSWER:  ,  *     .    ,  ^  ^ 

.  M  .  '     .        ■    '  '    '    '  ^ 

c  ■*  .      ■  •• 


Suppose    A    has  a  multiplicative  inverse.    Would    B/A    be  a  g©od 
notation  for  the  evolution    A""^  *  B    of  the  equation    A  •  X    •  B? 
Why  or  why  not?    •  '  .  ' 


ANSWER:  .        ♦  I  / 

No,  §{ince  multiplication  is  not^congnutatlve  in  general,    A*"^  •  B  and 
B  •  A'^    ate  not  nec'es/arily  equal/   B/A    could  represent    A~^  •  B 
or    B  •  A  ^    and^this  would  have  ^  double  jpneanlng  in  sosae  cases. 


For  real  numbers  the  equation    ax    •    b    is  equivalent  to 


xa 


.because  of  the  cooanutati^^e  law  for  multiplication.-*^  However  M  does 
not  hold  f^oatrices.    If    A    has  a  multiplicative  Inverse,  what  is 
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^%\x^  UQiqutt  soIutioKi  of    KA    >  B? 


K«c«U  froo  Unit  III  th«t  If  A 


ANSUE&t 


and    ad .-  be    4    0,  then 


A-1  - 


ad      be      «d^-  be 

-c  a 


"S 


[ad     be  -  bc_ 

'I 

^  ii    •  , 

^     Q  .    What  ig  ? 


Let    A  - 


ANSWER: 

4-1  - 


1 


■J 


Let  A 
in  the 
XA  - 


and  B 


fo    i]  ■ 


Using  the  results  obtained 


above  Iteia  find  the  solutions  of  the  equations    AX    -    B  and 


ANSWER ; 
AX  - 

XA  - 


B  !  X  -  A  ^ 
B  :  X    -  BA'^ 


0 

r 

0    ol  • 

0 

0 

i 

0     o|  " 

0 

1_ 

0 

f 

~1 

0 

0 

0_ 

0 

0 

ERIC 


27 1 


253 


fhlM  axoapie  iihowii  thmt    AX         B    &nd    XA^        B    pmy  opt  lie  equlv«^ 


'A  moris  (implicated  Itoear  . equation  Is  ooe  v^lch  ban /tlu»  Cora  A^XAa 
»    B.     If  both    A|    guid    A/^  have  inverses •  %hm  the  imiqueb^olutlon 
of  this  equntion  in    X    •   . 


ANSWER: 


Note  that  Ai  *^A2'%i^  BA^^A;^  ^,  etc,,  are  not  correct  answer^  aince 
taatrii  multlplicatiqn  in  not  cc^&mutative  in  geaeiral.  For  exaapley  if 
we  take    X    •    A^  ^^A^'^B,  then  .  ' 


A|XA2     -  *AjAi"^A2'^BA2     -     1A2""^BA2  -,A2''^BA2.' 

Since  and    AVE    may  not  be  tb^aame  we  canm>t  conclude  that 

AiXi^a     -  B* 


The xaituatioo  is  even  more  ccnaplicated  for  quadratic  equations.  Over 
the  field  of  .real  nusibera  every  quadratic  equation  is  equivalent  to 
an  equatio^  of  the  form    ax^. bx  4-  c    •        with    a    #  0. 

Quadratic  equationa  over  tTi^^^^^^tem  of  2  2  matrices,  may  have  v^ry  % 
compl^Kited  fonua  compared  with  quadratiic  equations  over  tht  field 

at  real  numbers.    For  example c  we  may  have  equati^s  o^  the  form  ^ 

0      0!  ^  ' 


0 


,  Wherfe   ^\/^^2*  A3    are  differ-- 


AiXA2XAj  >  SjXB2  C 

ent  from  tht^  sero  matrix,  and  this  is  no£!^the  moat  general  form*  If 

In  the  given  equation^  we  let  each  of  the  matrices    A2»^3i  and  B2 

e^ual  the  identity  matrix,  I,  the  equation  reduces  to  the  form 
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Ai      +  BiX    +  C 


lot 


8«c«il    AiX  I  XI    -    AjX^V  etc. 


TWe  proof  of  th«  quadratic,  forvulii  depends  upon  the  field  propertisti 


and  so  that  it  doe ti  not  hold  In  general  for  matrix  aqua*- 

tiona  <ev«n  if  tha  aquation  haa  tha  form    AiX^  ^  BiJS  4-  C    -    n    n  . 
Evan  the  ttimpl«  quadratic  aquation  -    A    laada  to  diffieultiaa. 

There  may  be  no  aolutiona  or  many  aolutiona, 

Tha  following  aKaasple  will  iliuatri^te  one  of  theae  poa^ibjfitMs. 


Ut    X  - 


X.  y 

2  W 


*and  A. 


-1  1 

1  0 


write  thi^  following  matrix  aquation: 
-1  I 


Theh  if  we  dan 


-1  1 

r  0 


ANSWEK: 

x^  +  y« 
sx  ^  wz 


xy 
zy 


Since  two 'matrices  ar^^equal  only  if  their  corresponding  elements  are 
equal  we  can  arrive  at  the  following  system  of  four  teal  htanber  equa- 
tions: 


ANSWER: 

(1)  x^ 

+ 

yz  • 

(2)  xy 

+ 

yw  ■ 

-  1 

(3)  zx 

wz  • 

«  .1 

w*^  • 

•  0 
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Pros  •quatioos    <2>  U)*    y.  •  a  - 


-i-  ;  '  ) 

 i 

X      '        ^    .     ■  . 
x  ♦  w 


Tber«for6  y  «  z«  what  way  doe#  this  requiresmit  inttodu^e  an 
inconaistency  iti  tha  abova  system       equations?    [HiBt:    Look  at 


equation  (1)*^] 


ANSWERS 


If    y    »\«»  equbtiof 
>  0   a^    -1  <  0^ 

m  ^      1  ; 


ion  (1^  can  be  written        +      .  ^ 
^  tH^a  the  ayt^of  equationa  is  .incotuiiatent  . 


ay  t^^c 

 ^       .  -   ,     -''-^  ,  *  "     ."-^  ^,  

Therefore  ve  muitt  conclude  that  the  equation  "    \  ^     q  has 


no  solution. 

On  the  other  hand ,  if  a  n  any  real  nimtber  and  %  ^  Iq  \  q 
know    x2    ■«  '  ' 


ANSWER: 


,  we 


Therefore  the  equation  "  ^0  -^oj  ^oj-utlons 

danced  by  the  above  choicfea  for    X.  r 

Soi^tion  of  polynomial  saatrix  equations       factoring  also.  Involves 
certain  difflcul ties.    If  in  solving  a  real  number  quadratic^ equation 
we.  can  atrive  at  the^stmtestent    <x  -  a)-Cx  -  i^)    ■    0,  we  can  farther 
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ccmclude  that 


or 


0.    X  -  b    •  0 
a,    X    •    b) . 


This'  procedure  is  dependent*  on  the  property  given  in  Theorem  2/4%  In 

the  proof  of  Xheorei^i  2,4  wig  l^jsed^  the  property  M:  •    This  should  cause 
.        ■        ■  •  in  ■ 

to  be  suspicious  of 't;^is  ppcedirre  if  we'  att^apt  to  apply  it  to 

Bstrix  equations .^Thu  foilo^^ing  ex^pBe  will  support  oui;  suspicions. 

Let    A    «      °  ,and    B    «  Show  ^y  substitution 'and 

evaluation  thiit  the  identitjr^^matrix,  I,  is  a  solution  of  the  equation 
(X*-  A)  •  (X  -  B)    «  ^ 


ANSWER 


1  0 
0  0 


1  .0 

0  0 


0  Q 
0  1 


But    I  -  A  - 


AnSU£R: i 

iT'ol  [0  0 
IP  oJ'  Lo  1 


^  J 


and    I  B 


u  J 


•  9 


»has  ^(l  -  A)j[l  V  B)---   0^  but    (I  -.A)    4  5   and*  (I  -  ^)    i  0/ 

V'    *  ■     '    *  '     ■■  ' 

As  we  h^6  observed,  in  the. preceding  material  the  solution  of  ma- 

trix  equation*  cannot,  In-^'ner^l,  be  arrived  at  through  usi  of 'the  V. 


tachniqu^ti  we  umm  regularly  In  sblvlng  real  nuiaber  equations.  This 

is  due  primarily  to  the  failure  of    M     and    M.      to  hold  for  the 
u  ^  in  • 

matrix  op^^atlona.    For  the^^^  reason,  matiy  f^illar  factoring  foi:- 
mulaa  full  to  hold  over  the  system  of    2  f^.  2    matrices.    To  illus'- 
trate  thisi  point  we  will  consider  the  following  example:^ 


Expand  th«^  expreattlon  (X  -  A)^**  (Recall  that  matrix  operatibna' have 
all  of  the 

(X  -  A)^  - 


all  of  the  field  properties  except  and  ^j^^^-) 


•  # 


ANSWER:  ^ 
(k  -  A)^    -     (X  -  A)   •  (X  -  A') 
-          -  XA^-  AX  +  A-^, 


X(X  -  A)  -:  A(X  -  A) 


In  order  ta  Illustrate  that  thlg  is  not  equal  to    X^  -  iAX  +  A^  we 
will  consider  the  following  results:     (Note:    ^  defin^e    2AX  to 
me^>  •  AX  +  AX . )  .       '  . 


Let    X  -I 


1  1 
0  0 


and    A  - 


0  0 

1  i 


Corapute  •  X''  -  X  •  A  -  A  •  X  +  , 


ANSWER:  • 

I  1 
0  .0 


fb  0 


1 

p  t) 

1  1 

0  0 


"i  v. 
J 

i  1 

9  oj 

I  1 

0  0 


1  1 

0  ,0 


o]  ■  ■  [d  o] 

ij  "  U. .  u 

"o  d]  »  [o'  q|     [o  lo 

i  u  '  .Li  y  "  \2'\ 


0  e 

1  1 


Compute    X''  -  2AX  +  A-*    for  the  •given    X    and  A. 


'ANSWER: 


[p  oj.- 


1  T 

0  ♦  0. 


0  0 


U  ^     Iff  QJ 


1  1 


1  1 


0.  0  . 


4k 
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1  1 

0  o| 

{1  i{ 

0.  0] 


-2 


0  0 

> 

P  0 

1  1 

1  1 

0 

0 

0 

0 

1  1. 

2 

Z 

I 

1 

-1  -1 

The  twt^  results  are  not  equal.    T^iua  in  geeteral    {j5  -  A)^  - 


^iJEViEW  ITEMS 


/       Ft  ml 


PiiKi  solution  sets  in  th«  following  problaas.  Show  your 'work,. 
1.    x2  _  i/4  <  0  -  ' 


•   ANSWER:  ■  •  '  -  / 

{x  j  -  1/2  1  X  <.  1/2}  I*  -  ^ 

Solution:  . 

x2'^l/^<0  *  (x  -  1/2)  (x  +  i^^^  0  ,  , 

^       -  ,*     *      .  ^     U  -  1/2)  <.b    and    (x  +.  1/2)  i.  0  *  or  ,/ 

{x  -  l/2)/>.  0    and    (x+,l/2)  <0 

'^^\  l  I/2    and    x  21 -1/2    or  •     '  . 

'  ^  x  >.  1/2    arid    X  <.  -1/2  (inposslble) 

Hence- the  solution  set  is  {x  |  -1/2  <  x  <.  1/2}. 
2.    x^  +  25      0      .      .  '       .  ■ 

*  t  ■  .  • 

*  ANSWER:  . . 

No- real* values  for   Tc.r       -  ■  ^ 

Solution:  25  s  0     ^<^,  .       <.-2?        • - 

\  '      ♦  '  *  ^  • 

r     Since    Jt^  >  0    for  •all  real  numbers,  there  are  no  real  duabers  Such 

'  *  .  ^    '  i  . 

that    x^  +  25  <  0.  , 

..    •-  V-  i  -  -.-  -  -   

■  '    •      '  •  -  ,     •  .       '  ■      -  ^  1  259 
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ANSWER: 
'  i%  \  0  <  X  <  5} 
Solution: 
5k  -       >  0 


4» 


36<5   -  X)    >  0 

X  >  0  and  5  -  x  >  0  or 
x<0    and  5-x<'0 


X  >  0    and    5  >  X    or  v 
X  <  0    and    5  <  X  (impossible) 
Hence  the  solution  set  is    (x  j  0  <  x  <  5). 


X  -  2 


>  0 


ANSWER: 

(x  I  jt  <  -0    or    X  >.  2} 


Solution: 


2 


X  >  0  and  x  2  0  or 
X  <  0    arf*       -  2  <  0 

X  >  0    and  x  >  2  o 

X  <  0    and  x  <  2 

^x  >  2 
X  <  o"^ 


HenceAhe  solution  ijec  is     {x  |  x  <  0    or.  x  >  2), 



#  ■ 

5.     -i  *   3x  'f  2  <  17  .  ' 
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2,7  3 


ANSWER? 

U  I  -1  <  X  <  5)  • 
Solution:         ^  * 
•I  <  3k  4  2  <  17  -3  <  3x  <  is 

<<-^    '-1  <  X  <  5 

Hea<;€i  the  solution  met  Is    {x  |        <  k  <  S}-*  \3 


It 


> 


(x  +  l)(jc  -  3)(2x  -  3)  >  0 


ANSWER: 

(x  i  -1  <  X  <  3/2    or    X  >  3}. 


Solution: 

'  " 

r 

X  4-  1 

.  2x  -'3 

X  -  3 

(x  +  l)(2x  -  3)(x  -  3) 

Neg. 

Neg, 

-1  ^  X  <  3/2 

Pos. 

Neg. 

3/2  <  X  <^3 

Pos .  / 

nSeg. 

U           Heft.  .  . 

X  . 

1     Pos .  ^ 

.2oa , 

Pos . 

The  table  shows  that    (x  4  1)(2k  -  3)(x  -  3)    is  positive  if  mi  only 
if    -1  ^  X  <p3/2    or    X  >  3,  hence  the  solution  set  is    (x  (  7I  <  x 
<  3/2    or    x  >  3} .  « 

2    51  Fl    fl  • 

Show  wh^^h^r  of  not  the  equations'  AX    «    B    and    XA    -    B  arie 
equivalent*  *       ^  C 


AtiSUSK; 
Part  X. 


1  y- 


0 


-2/5]  - 


0    ij   V.^  Ll/5 


-1/5J 


1/5  -2/5 


1  1 
0  1 


1/5  -1/5 


)3] 


J 


Part  2. 


1  o}  '  '|o'  1]. -^I  0  /  -a/sl  "  [0  1] 
-2/5]  - 


0 

1/5 


\ 


„ri  0]  _  fi/5  3/'? 

*t0"  ij-  |l/5^  -2/5 

„  .  jl/S  3/r 

■  \\h  -2/5 


The  equations  are  not  equivalent  since  they  do  not  have  the  same 
solution  seta.    The  solution  set  foT    AX    -    B    4s  ^^/j  -l/sjj* 
The  aolu't'ion  sfit;  f<fr    XA    -    B  la  '  *    '  ' 


S- 


I*. 


> 
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'ABSOLITTE  VALUE. 


ABSOLUTE 'VAlIjE  '  ^ 

Hmy  atudenta  beglrmiiig  a  course  in' calculus  have  difficulty  undei> 
standing  da£initi(kia  and  explanations  vhich^  involve  tha  use  of  abso- 
lute  values.    Material  in  tijla  unit  should  prpva  very  helpful  to  the 
Student  who  expects  to  take  mathematics  coureia  beycmd  the  high  - 
school  level*.    |t  is  especially ^i^eful  in  connection!  vith  the 
ot  lis^ts  in  calculus  < 

DEFINITI^  6.1:  the ^abaolute^' value^^^af  of  a  real  nuB4>er  a  ia  da- 
fined'  thus: 

|a|    »    a,    if*^a  >  0; 
fal    -    0.    if    a    -  Oj^ 
|ah   •    -a,    if    a  <  0, 

(1)    Refer  to  the  ^"vd  part  of  thfe  definition.    Is  'the  absolute  ^1-- 
m  of    a,  when    a  <  0,  a  neg^t^ve  or  a  positive  ^eat*  numbifer? 
'  (2)    Supply  the  5!orrect  luunerical  ^values  :  \ 


If  X  -  4,  th>5n  (x| 
If  X  «  ^^,^th»n  |x| 
If    X    •    -4,  then  [> 


f 


r 


ANSWBH:       •  e 
(1)    Positive,  (see  example  beiw), 
m  4 


4  . 
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Itotie:    -(-4)    -    4  .  "  . 

•  Give  nuae^lcal  an^wera  for  the  £ol lowing:  .*        •       .  . 

(a)  -   (b)'    12  -  5|    -  -(c)     |5  ~  S-f    -  __ 

(d)     I -4/ 3 1         ^        (e)     |aj    -   ,  if    a    representg  the  dia- >  ' 

tones  on  the  numb($r  .line  from  the  poirtit  whose  coordinate  is  3  to  the 
politt  whose  coordina^*  is  -7.'  '       .         -  •  .t. 


ANSWER": 

(a)  3         "  /*  . 

(b)  3  :  ,  •  . 

(c)  .Q  •  . 

<4)'    4/3.  .        .  '      -  ''i 


i^y  10 


Some  authors  define  absolute  value  of  a  nwber  thus:     jO|    «    0;  and 
>*lf    a    1*    0,     |a|     is/the  positive  sember  of  ihe  pair,  a,  ^-a-    You  V 
$hpul4  see  that*  this  is .  Equivalent  to  our  daflt^itlon, '  If    a  >  6, 
then^  a    is  posit iV,  hence     faj    •    a;  'if    a  <  0,  t^en    -a    is  posi-^ 
tlve  and- hence   Jal    •    -a.  ,  *  ,  '  '  y 

Note:     Ja|    •«    0    if  and  only  i^    a    -    0\:   V  .    '  V. 

From  the^se  reniarks  can 'we  conclude  '  , 

(1)  that     jap^O.  •ft>r*^every  real  nurafcer  a? 

(2)  that    -jaj  ^0  •  for  ;  every  real  number    a?  * 


(3)|^that.  if.         0,     |a|    *  a? 


ANSWER:,  '       '  * 

(1)  Yes. 

(2)  Yes.  /  ^  T~  ^ 


) 

4 
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THEOREM  6,1:     If    a    and    b    are  real  husAers  thei/   ja  •  b|    •    ja|  • 

■  ibi.    '  ' .      .  V  '  •• 

•    To  p^rove  this  theorem  we  noti^firat  that  if  either    a    *  .  0  or. 
.  b    -    Q    then    |ab|-  -    0  ' and    }a|  •   [bj    -    0;  thus  th^^eorenl  is'. 
.  tr«e  in  this  case.     If    a    ^    0    and    b    ^    0.  we  cDnslder  four  casefi 

I.  a  >  0,  b  >'  0.^  .      •  ,  '  .  *  ■ 

Mhax  are  the  otj^ier  e^ea?  * 

II.  ■'  ■      ■     ■    ■  , 


I 


HI, 


^ 


IV.  ^  J 


ANSWER: 

II.  a  <'0,  b  >  0 

III.  a  >  0,  b  <  0 

IV.  a  <  .0,  b  <  0 


I  .  

For  Gos'e  I:  -  •  . 

(1)    iX-a  >  0,     |aj         a,  and  if    b  >  0,     jbf    -    b,  by  definition 
oluto  value.  - 

.(2)    Thus     fa|   •   j.b|  .  «  ''.ab  . 

{»   ,Also,  if    a  >  0    and    b  >  0    then    ab  >  0,  by  Theores  4.10. 

(4)  .  So    jab  I     *    ab,  by  definition  of  ai^solute'- value. 

(5)  from  steps  (2)  and  (4),    .  fa]'  •   |b|    -    labj.  * 

Complete  the  ?roof  for  Case  IJ  below,  giving  order  properties  as.  rea- 
sons. 

Case  II: 

(1)     If   ,a  <  0,.'  |a|  '  -   ,  and  if    h  >  0,     Ibl  - 


(2)    Thus    ]«|  •  |b|  (Coiaplete  the  proof) 


ANSWER^  . 

(1)    -a.    b  ^  \ 

(2>    (-a)b    [or  -Cab)]' 

OV   Also,  i£    a  <  0,  and    b  >  0,  then    ab  <  0 

(4)  \  So    labi    -  -(ab) 

(5)  jaj   .  |b[    -  |ab| 

(1)  'Definition  of  absolute  value 

(2)  ■  *  .  . 

(3)  Xhaoress  4*12 

(4)  Oefinitioii  of  absolute  value 

(5)  * 


For  Ca3e  III  the  proof  is  the  sai!^  as  for  Case  IX  vlth  the*  roles  of 
a    and    b    interchanged*    W.rite  a  proof  for  Case  IV,  giving  o?dar 
projgerties'.  as  reasons*    Fle^d  properties  need  not  be  given* 


AiJSWER?      ■  .  '  . 

Case  IV: 

(1)  ,If    a  <  0%  •  |a|         -a.  and  if    b  <  0,     |b|    -  -b 

(2)  Thus    laj  •  jbj    -    (-a)(-b)    -    ab  ' 

(3)  Also,. if    a.<  0    and    b  <  0,  then    ab  >  0 

(4)  So    |ab|    -  ab 

(5)  ial  •  Ibl    -    |abl  ■ 


<4,)  Definition  of  absolute  value 
(2)  .  '       ■  / 

L3)    Theorem  4.11 


.  / 


(4)  Definitlort  of ,  absolute  value  _^ 

(5)  .      '  ' 
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2^1 


'7  ' 


4ft 


To  find  thh  HolutioTx  uets  for  «^qua£ions  or  inequalities^  such  aa 
{k  -f*  2|  <  5    or    j3)t|  >^  10    two  additional  theolrem  are  useful.  Our 
problm  lu  ta  cliaqge  a  utatement  involving  ab»olute  value  signs  into 
one  which  does  not  involve  them. 

* 

THEOREM  6.2i  If  a  and  x  are  real  numbers  and  a  >  D,  then  |x|  < 
a    If  and  only  if    -a      x  <  a, 

THEOJSEM  6,3:  If  a  and  %  are  real  ^numbers  and  a  >  0^  then  |x|  > 
a    if  and  only  if    x     -a    or    a^|< 'x. 

Before  attempting  to  prove  either  of  the«e  theorems  let  us  look  at  ^ 
soioe  numerical  exaniple^. 


■  •  ■  \ 

leorems  let  us  Ic 


Consider  the  condition  <.6.    By  Theorem  6.2  any  real  nuo^er  be- 

'tween  a^d    satisfies  the  condition.    Show  this  set  on  the 


lumfasi^  li 


numbsijr  line  below.  ^ 


i   ll   !  i  .1-  I       I  l-^  I  1^  I  I.  1 : ,  1. 

a   -7    -6    -5.  -4    -3    -2    -1-^  0      I     1      J.     4      5      6     .7  8 


ANSWER: 
-6,  6 


I  t  I  I  I  I  I  I 


.       -8.-7    -6    -5    -4    -3    -2-1      0      1  2      3      4      5      6      7  8 

Note  that  th^  end  points    -6    and    ^.    are  not'  included  in  this  set. 

Con^Ie'te  the  following  ^taten^nt:  ^  * 
If  *|x|  0t  6^  then,  by  Theorem  6,37*     -  . 

Show  this  Bet  on  the  nuiTi)er  line  belowi  r  ^ 

I     i     I     I     I     I     !■    I     1     I  '  I  .  I   "".I  \  U 

'^.7    -6    -5          -3    -2            0      1  •   2  3/   4     5     6  7. 
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X  ANSWER:  . 
X  <  -6    or    X  >  6. 4 


t 


-7    -6    ~5    -4    73    -2  -X 


Z     3  4 

:r      . ■   .  ^ 

•  ^    :  ^.    ^  ~  "  ^  ^  " 

Ut  Theoreni'6..2a  be  the  ''only  if"  part ^ofjlheorfim  .6,2,  i.e.. 
THEOREM  6. .2a:     If    a    and    x    are  ^Yeal  ni|jber8 .    0  <        .and^  |x|  < 


a,  then    -a  <  x  <  a. 

If  you  recaH  the  definr^ion  of  a^solute|ralue  you  see  that  there  are 
■three  cases  to  investigate  with  respect         x.  n^Uaely ,  ^ase- I:    x  * 
0,  Case  II:   ,  and  ««se  Ii: 


ANSWER: 
K  >  0, 
X  <'0. 


If  X  *  0  theft  jxj  -  0.  In  this  case  the  inequalities'  < 
X  <  a    and     \x\  <  a    clearly  hold. 


Cbmplete^he  proof  for  Case  II  b^low. 


,  by  the  definition  of  absolute  value. 


Case  II:  •  X  '  0. 
•  (1)     Since    X  >  0,  '  |k| '  -  _ 

(2)  By  hypothesis     jx('  <  *  hence    x'  < 

(3)  3y  hypothesis  0  <  a;  hence  ^  .  0.  Why?  (Give  an  order  theo- 
rem-or  postulate),  ^  '  '  '-»*^ 

(4)  How  can  we  conclude  that    -a  <  x? 

]  (5)    From  steps  (4)  and  (2),  we  have         <  x    and    x  <  a,  i.e.,    -a  < 
X  <  a.       •  ^ 
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ERLC 
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ANSWERS  ... 

(1)  X  •  ■-■  ,  .  •  ^  .    .     ..   ~.  .  . 

(2)  a,    a    '  .      .  .  \ 

(3)  Theorem  4.5a  :  \      /  ' 

(4)  Frdi8.atep  (3)  and  the  rtypofchasis  we  have    -a  <  0    and    0  <  x. 

By  the  transitive  property  of  the ' order  rel||:lon  (Property  02)  we  con 
elude  th^t    -a  <'  x.  ' 


•1 

fase  III,    M  <  0. 


Again  we  must,  prove  th-it    -a  <  k  *and  that  'x,<  a.    Write  the  inequal- 
ity   |x|  <  a.  without  absolute  va"*^  signs;  remember  we  are  assuming 
X  <  0.  ^'  .  . 


\     . _ . . 


-X  <  a,  .because 


Complete  /the  proof  that    -a  <  x    and    x  <  a. 


ANSWER:  '    -  , 

(1)  From'ajjove,        <  a.  ,      •       .  '        -  , 

(2)  *   By  Theorem  4.7,    -x  <  a    implies    -a  <  x., 

(3)  By  hypothesisX  x  <^0    and    0  <  a;  hence,  By  Property  02,  a 

(4)  From  steps  (2)  and  (3)  we  have    -a  <  ^(    and    x  <  a,  i.-e.^  -a 


•  •  -  •  I  f 

•     Refer  to  Theorem  6.2.    State  the  "if"  part  of  this  theorem  as  Theprera  ( 
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2^9 


and 


ANSWER: 

THEOREM  6.2b:  If  a  and  \j>^are  real  numbers,  0  <  a,  and'  -a*  <  x  < 
a»  then    jx!  <  a« 


Again  there  are  chreo  tases  to  consider^  x  "  ^  x/>  0,  and  x  ^<  D. 
If^  X    »    0    then  clea^rly /^^^"^<Vx  <  a    and'         <  a    are  \ralid.  Give 

a  pioof  of  t^f  theorem  for>J?ase  x      0..  Note  that  the  hypothesis 

f^k  <  X  <  a    sneans  that    -a  <  x    anl|    x  <  a.  List  as  reason^  all  or- 
der^  properties  that  you  use. 

Case  II:    x  >  0. 


ANSWER:  . 
(i)    By  hypothesis^  x  >  0;  ^o  »    x»^  by  definition  bf  absolute 

value.  '  / 


(2)    Also,  by  hypoth^sia ,    x  <  a* 


(3)     From  steps  (IX  and  (2)  wfe  conclude  ^x|  <  a. 


Gi,ve  a  prc^of  fog  €me  III.     List  as  reasons  all  order  properties  used. 

(4)     By  hypothesis    x  <  0;  so     jx|     *    -x.  y 

(2)  Also,  by  hypothesis,    --a '<  x.    Therefore,  by  Theorem  4.7,  -x  <  a, 

(3)  From  steps. (1)  and  (2)  we  conclude     |xj  <  a»         _  * 

TBEORKM  6.3at     if  ,  a  *  and    x    arej^eal' number^ ,    a  ^  0,    And  if^-  }^x}  ^ 


1^  )if.  >  0    and    |x|  ^       is  /x    •    0  possible? 


270  ;  ABSOLUTE.  VALUED     ^       .     ^  j  '      '*  '       f  * 


«  ANSWKR:  .  *  .  • 

^  ^  m 

Write  a'pruof  for  Case  II:     x  >  0    and    Case  III:    x  <*0,  sttawing 
,  f  that  in  Cast?  11,    x  >  a»    and  in  Case  III,    x  <  -a.    List  as  rqasons 

all  order  properties .  used,  *  ^  ^  * 

;^  # 
^  Case  II:     X  >  0.    .  ■  •  •  . 

Case  III:    x  <  0'  -  ^  •  . 


I 


ANSWER:  .  .  •      ^  ; 

Case  II:    ^  ''0'.^  ^  *  j 

Since    x  >  0,     |x|    •*    x,  by  defintion  of  absolute  value.     By  hypoth-- 

\  esis,     |x|   -'a.    Therefore  x  >  a* 

'     Case  nr.:     x  <  0,       ^  ,  i 


Sin^^  >fe  <  0,     jxj    "    ^x,    by  definitidn  of  absolute  vali^.  By 
h^jSpfesis,     |x|  >  a.    Hence    -jtc  >  a,     Thei^t^by  Theorem  4.7,    --a  >  5^ 


t 


*      THEOREM  6,3b:     If    a    and    x  *are  real  numbers,    a  >  0,    and  *  if    x  > 
ji  /or    X  <  -a,  then     jxj  >  a.       .  ^ 

^    Prove  the  theorem  in  two  parts,  Part  A:    j£  >  a,  and  P,ai^  B:  -  x  <  -a.  • 
List  .as  reasons  all  orde-r  properties  used. 

Part  A:     X  "  a,  .  .  - 

ANSWER:  '  ■  ^  • 

Part-  A:  •  *  %  ^ 

(1)  hypothesis,     x-  ^  a    and    a  >  0,     Henct     x  >  0,  by  Property  02, 

4     (2)    Since    x  >  0,     j-gcl     -    x    by  definition  of  absolute  value. 

*■  • 

(3)    Therefore     |x(  >  a,.  because    x  >  a^.    .  - 

— .  

^  "   '  '  .       ' .  .  '  27i> 
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Part  B:^   x  <  -a. 


ANSWER:  .  '  *  * 

Part  B:  .  ,     .  •  . 

(1)    Since    x  <  -a,,  by  Theorem  4.?,    a  <  -x.       *  . 
<2)    By  hypothte'ais,        >  0;  hence,  by  Theorem  4 Z^,    -a  0. 
(i)    X  <  -a    and    -a  <  0    iagjly,  fay  Property,  02 /that    x  <  0. 
ijr)    t  <  0    implies  tbat    j  x  |-  -    -x;  by  the  definition^pf  absolute, 
'value.  '  .  *  *  ^  r  ' 

(5)    From  /tep^  (1)  and  (4)  we  can  com^e 'that     |'x|  >  <i. 


.If    a    is  a  positive  ifdal  nunijei:  and    x  ,  i-S      real  nusaber  then     |x|  « 
a    if  ai.d.  only  if    x    ^   .a    or'.x.  -    ^a.  '  This  fact  yields i  the- fol- 
lowing corollaries  t»  Theorem^  6.2  and  6.3:    /  ' 

1.  If  a  'and  *x  are  real  nuofcers  and  'a.>"o,  then  '  \x\  <  a  if  and 
only  If  •       <_  x  ^  a. 

2.  If  a  and  x  are  real  nussters  and'  a  >  0,  then  |xj*>  a  if  and 
dnly  If    X  <  -a    or    x  ^  a. 

When  CoroliarW  above  is  involved  as  a  reason -in  a  preof'the  reason 
*will  be  giv^nj^  simply  Tlieorep  6.2.    Similarly,  when  Colol^ary  2  Is 
involved  the  reason  will  be  given  a^^  Theorem  6.3.        "  * 

^e  eow  illustrate  the  use  of  the  preceding  Cheorems  in  solving  In- 
equalities .  *  •  ' 

It)  solve  t^e  inequality     j  x  4-  2 1   <  5    we  first  write  an  equivalent 
statement  based  on  Theorem  6.2,  fhen  iproceed  in  the  usual  manner.  • 
•(1)     |x  +  2|  <  5  ~5  <  »  +  2  <  3  Theorem '6.2 

C2)  ' 


(3)    Hence  the  solution  se^i^is 
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■  ~  '  200 


«  f 

J 


f 

ANSWER;. 

(2)  -7  <f  X  <  3.  . 

(3)  Ck  j  -7  <  X  <  3}. 
1^  ' 


/  • 


Indicar^^^tiie  solultion  set    {x  |  -7  <  x  <  3}    on  the 'nusaber  line- 


-7    -6.  -5    -4    -3    -2  -1 

 V  -  - 


3      4  /5  .  6 


-l—J- 


ANSWER: 


XT 


-7    -6    -5    -4    -3    -2  -1 


T  '6 


If'  a    and    b    are  real  tiuaibers,  .then     [a  -*b|    geometrically  repre- 
sents the  distance  along  the  ni^er  line  between  ti\e  points  with 
coordinates    a    and    b..    If    a     b    theh         is     |a  -  b|    -    a  -  b 
unite  to  the  right  of    b    on  the  line*    If  a  <  fa    then    a    is'    |a  - 
bf 

iti  guessing"  the  aoiution  of.  to  **lneciuality  ♦ 


b  -  a    units  to  the  ieft  of    b.    This  remark  is  pften  useful 


inequality  in  the  preceding  e^Eample,     |x  +  2|  <  5^  can  be  rewrit-- 

ten         7  (--2)1  <  .5.^  Hence  the  cq^ition  on    x    is  th^t  the  distance 

from*/  X    to    -2    along  the  nup^er  jkne  i^  less  than  5»  Units.     It  is 

gometrically  clear 'that  this  cohdipoh  is  equivalent  to    7-7  <  x  <  3. 

Hence  ^Ae  could  guess  that  the  solu»9n  set  is    {x  |  -7  <  x  <  3}. 
/  s         mi*  -  ^ 

Consider  the  inequali\:y     1 2x  -  Ij  ^|l.^  The  condition  here  is*that  j 
the  distance  fronr    2x    to    1    a^6ng|the  nuinber  line  is' less  than  or 
eq^ial  to    1.    This  is  equivalent  to  ftfO  <  2x  1  2.     Hence  we  can  guess 
'that,  the  solutiob  set  %3    {x  i  0  <  x4<  1)^'    You  are  now  asked  to  ver- 

•  *    '  *  r  '  * 

jify  t'hat  this  is        ^correct,  solution^  set  lay  using  the  theorems  we 

*  -7       ♦  *  , 

havfe'proved».  ,  '    /        >  ^ 


Solve  the  J.nequallty 


Write  the 'Steps  but  give  a  rea- 


lion  only  for  the  first  step.  Indicate  the  solution  set  on  the  nuober 
line.  '  .       •*     .         ^  ^ 


l2x  -  ll  _<  1.  -l';c2x  -r<l 

^      .  •  0  <  2x  <  2 


1  X  <^  1  .v^ 


Hence 'the  solution  s<m  is     {x     0  <  x  <  1}. 


Theorem  6.2 


-1  *   0      1-2  3 


Geometrically,  injterms^of  distance,  the  inequality,  4  <  1 3x  2l 
states  that 


The  dlstfocQ  from-"  3x    to    2    along  the  nutnfae«  line  is  greateij  than 


4. 


 V  . 

lution  set/ 


€ueSs  the  so 


\ 


ANSWER: 

tx  I  X  <  -2/3    or    X  >  2). 
•   ■       •  r 


The  inequality    4  >^  3k  - 


lows. 
/  • 
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ved  using  Theorem  6.3  as  fol- 


-  a--?  -4    or    3k  -  2  >  4    Theorem  6,3 


2. 


or 


3.    H^hct*  the  solution  9et  is 


Indicat«  the  solution ^fi^et  on  the  number  line, 


1-J  L_L 


-3 


-2  ,  -1 


ANSWER:- 

2.  X  <  -2/3    or  .  X  ^""2^ 

3.  {x  I  X  <  -ifi  .-or    X  >'  2) 


-3     -2  -1*0 
•  -2/3 


'^Ing  distance  considerations  gi^ss  the  solution  set.  of  the  iae^ual- 
Ity     |1  -  xj  1  3.  .  .  .  f 


Next  write  out  a  solution  "of  the  inequality  Using  a  theoreni  of  this 


unit.     Indicate  which  theorem  yod<use. 


'Finally  iri( 


I  0 


lly  indicate  the  solution  set  on  the  number  line. 


1 


-10    -8    -6  0      2  '  4      6  '    8  10 


ANSWER:  ^  ;  ■ 

Ax  I  X  >  4    OS-  X  <  -2)     (Your  answer  should  l^e  written  in  set'  nota-- 


tion.f 


Solution.  *  '  - 

jl,-  x|  ;^  3  1-  XI -3  'or    1  -  X  >^  3     Theorem  6.3 


^         °I    ~^  -  -  2 
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-10   r8    -6    -4-2      0      2      4      6      8  10 


Write  the  solution  set  of  |x  -  5| 
set  notation. 


*  3.    Answer  should  be  in  correct 


ANSWER: 

{x  i  X    -    8    or    X    -    2}    or    {2^  8} 


Wri^  the  solutlpn  set  of  ♦[x  -  5|  <  3, 


ANSWER: 

{ J  t  2^  X  <  8} 


Write  Ihe  solution  set  of     |x  -  Sl"?  3. 


ANSWB»:  , 

{x  I  X  <  2    or    X  >  &} 


Explain  why  there  is  no  real  number  x  whfch  is 'a  solOtlon  of 
|3x  -  1|  t  3  <  2."  ,  .  . 

_'     ^  V 


ANSWER: ^ 

j  3x  -        +  3  <  2 


3x  -  Ij  <  -1. 

V 


Sut  ia|  0  for  ^11  a,  by  definition;  therefore  it  is  inqjossible 
to  find  a  nunier    x    Such  fc^at     j  3x  -         is  less  tKan  r-l. 
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/<  6.    Show  thie  steps  •In  your  solution  in  the  xe^ 
yerslble  step  form  l^r^  )/    You  to#y  emit  the  reasons.    Write  the  ^ 
•solutien  set  using  set  notation..  ;  | 


ANSWEJl: 


Oa  the  nusiber  line  belcA;  show  the  set  of  all  number^  ,  x.  which  Satis- 
fy -the  C'ollowiug  conditions: 


r  1  I  1  i  I 


i.-i  1  \ 


-9  -8  -7  -6  -5  -4  -  ?  -2  -1    012345678  9 


.      •  (2) 


(1) 


(2) 


-9        "7  -6  -5-4  -3-2-1    0    1  •2-  3    4    5  '  6    7    8  9 


In  the  USU4I  set  notation  describe  the  set  of 'all    x    whij^h  satisfy 
the  condition    |xj      4    or  7.    Do  this  without  using -absolute 


value  signs. 


:  ^_■J_ 


'    J  ' 


i 


i 
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-0  •  •  - 


ANSWER:^'*.  ^  -  '  .  \ 

♦  {x  [  (-4  ^  X     4)  (x  ^  7  *or,  x  j<  --7) } 


\  - 

1.  / 


Refer.  trt»  the  preceding  item,  Wiiat  af^  the  real  numbers  x  ,  which 
satisfy  the  conditions  !x|  |^  4    and  i  7? 

•   .,v---C^^ 


ANSWER: 

There  are  none.  It  is  impossible  to\atisfy  simultaneously  the  eon- 
ditioni^        :t  ^  1  ^  i  7    or    x\  -7).    dieck  this  on  the 

graph..  \         \     .       ^         '     ^  •  ^ 

Consider  the  inequality    2  <  |x  -f  3|  <  8. 

2  <  jx      3|  <  8  2  <  1x4-31     and    |x  +  2\  .<  "  ^ 

^  [  ]^   and    [  .  ]'^• 


ANSWEK:.  '  . 

[x  4  -5^  ^  ^"^^  ^  2<  <  5]. 


*  The  two  casles  above  are  combined  a&  follows; 


'x  <  -5    and    -11  ^  x  <  5]  '  pr    [  x  >  -1    an^  -11  <  x  <  5]  ^ 


or 


(A  riu!d>e»  line  may  help  you  to  determine  the*  answers . ) 


[-11  <  %'<  ^sT^X^i  <  X  <  5].  ^   J  ^ 

^  See  the  accompanying  sketches  of  t^g^various  sets. 
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1 


\     -il  <  X  <  5  ^ 


\ 


'  »    I  I. 


ill!  .1  ^  

''-ll-To  jT^  -S  -7  -,6  -5  -4  -3  -2  -1    6    1    2    3    4  T 


~11  <  X  <  -5,  I.e. , 
'^K         .  *      -11  <  X  <  5 


and  -  -11  i  X  <  5  ^ 
x>-l  ' 

 — - — 


-Ml  I  i 


-11-10  -9  -8  t7  -6  -5>-4  -3  -2  -1  ^  0    1    2    3    4  '  5'  6  7 

■  .   ,  ^ 

-rl  <  X  <  5,  i.e.,  (-.11  <  X  <  5)    and    (x  >  -'l) 


\ 


\i  1  t  I  J  ,1  »  .! . 


-^11-10  -9  -8  -7  -6  -5  -4  -3  -2  -1    0    1    2    3    4    5    6  7 
V  ^    .   ^  / 


-11  «-x  <  -5 


or 


-1  <  X  <  5 


...........  .........jj.. ......... 

Tlie  complete  solution  to-the  above  problem  is  presented  below. 

2  <  fx  +  M  ^  8     ^-^   ■  2  <  jx  +  3l|  and    I^k  ^  3|  <-  8 

[  X  4-  3  <  -2.^  pr    X      3  >  2  ]  and 

[  -8  <  35  3  <  8  } 

[  X  <  -5  or    X  >  --1  1   and    [  -11  <  x  <  5  ] 
1^ These,  crises  are  combined  thus:^  y  , 

[  X  <  -5    and    -11  <  x  <  5  ]   or  r 

-  i 

[  x(>v^-l    and    -11  <  x  <  5  ] 

[  -11  <  X  <  ^5  3   or    [  "1  <  X  <  5  ] 
♦ 

Note  that  It  is  easy  to  .guess  the  solution  set. of    2  <   jx  +  3)  <  8,  * 
since  we  c!^h  interpret  '  jx  4-  3|^  geometrically  as  the  distance  along  ^ 
^    the  number  lin|  from         to    -3,    Thus  the  condition  on    x    is  that 
its  distance  from    -3    is  greater  than    2    but^  less  than    S«    It  is  . 
then  geometrically  clear  that  the  inequality    2  <  |x  '^^  ^-^5/^.  is 
equivalent  to;    -11  <  }C  <    -5  or  ^-1  <  x  <  5. 
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GuesB  the  solution  t*et  of  the  inequality  1  <  |x  -  2|  <_  5,  ,  Write  it 
using  ccjrrect  set-notation. 


ANSWER: 

t  xjil    or  3jcx<^7}- 
The  condition  is  that  the  distance  frodi^  x    to    2    is  greater  than  v 
or  equal  to    1    bu|:  less  thai\  or  equal  to    5..  * 


:od^x 


Wrlt#  put  a  solution  of  the  inequality    1  £'|x  -  2|  £  5    using  the 
theorems  of  this  unit.    You  need  not  list  reasons  for  sieps.  Use 
the  reversible  step  form  ( ) .   ^indicate  the  solution  set  on  the  ^ 
number  line.  '  ^  ^  ; 


,  n  I  I  I 

-7  -6  -5 


-1     I     1     I     I     I  I     I  ^ 

-4  -3  -2  -1    0    1    2    3    4    5    6    7    8    9  ^ 


ANSWER:        f  r      ;  .  '  '         •  . 

1  i  l.«  ~  5'  1  £  |x  -  2i    and     |x  -  2i  <-5, 


[i.<.  X  -  2    or    -l'>_  X  -  2]  and 
T-5  1  X-     2  <^  5] 

[3      X  "or    1  _>  x]    and  [-^^j^xi?]. 


These  cases  are  combined  thus: 


[3  <_  X    and    -3  ^  x  _<  7]  or 
[1  Ji^x    and    -3      X  £  7] 
^  [3  £  X  £  7]    or    [-3  £  X  ji  1] 

The  solution  set  is     { x  |   [  3  £  x  jc  7  ]  -  or     [-3  £  x  <,  1]} , 
1 


4^ 


-^-6-5-4-3-2-10    1   .2    3    4    5    6    7    8  9 
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You  know  frfttt  Theorem  6.1  that    lyzj    -    |yj  *  faj.    We  look  now* for 
a  correspond log  theorem  for  swns.    Insert  the  correct  relation 
<,  or  >)    in  each  of  (he  following.  • 

|4  +  idi   |4|  •+  jlQ|.  -  .  '  . 

M8-K-3)|  _^  |8|  +  |-3|.      ■  •  '  • 

•  U-6)  +  14)    i-6|  +  ]l4f..  ■  .  -  . 

'  H-h  +  (-7)1  _!-3r+  i-7|.'  ' 

For  any  real  numbers         and    y,    "Jx  +  y|         (^|^  •»  |y| 
the  answer.)  ., 


(Guess 


'ANSWER;  ^*  * 

« 

14  +  10 1     -     j4|  +  |10| 

IJB  +  -(-3)1  <"  j8i  +  1-3] 

I  (-6)  +  14]  <  .j-6|  +  |l4j 

I (-30  +  (-7)1    -  +  1-7 1  . 

Ix  +  y|  <         +  |y| 

This  last  statement  is  proved  bnlow! 


qfHgOREM  6,4:     If    x    and    y    are  real  numbers,  then*        4  y|  jc  |x|  + 

Jy|.  .  "    -  ' 

The /nequaiity  in  Ti^eoresn  6. A  is  SOTetimes  referred  to  as  "the  tri- 
angde  inequality".*^ 

To  prove  Theorem  6^4  we  will  prove  that     |x  +  yp  _<  (|x|  +  |y|)^. 
Then  the  theorem  wili  follow  by  Theorem  4.27.  ,    •  • 

•PROOF:     (Supply  the  missing  reasons.)  ^ 


(1)     Ix  +  yP     .    j(x  +  y)?l 
-     (x  +  y)2'  , 
"         +  y2  +  2xy 


r 


>  ^281 


(2)   -(JxM  \y\)^    -     |xP  4^  JyP  ^  2|xj  .   |y|  . 

Ix^l  +  iy^l  ^  2JkJ  •  |y|  ^ 
-        +  y2'+  2jx|  •'{yf 


ANSWER:  •  ' 

(Df  Theorem  6.1    (jx  4-  y|   •  |x  +  y|      «      |  (x  -^-y)  •  (x  +  y)|) 
Def initios  pf  absolute  value,  since    (x  4-  y)2      q    (iheotem  4,13). 

(2)  ^.Theor&  6.1  ^(|x|  '  jxl    «^  |x-xU     ly|   -  ly}-  |y^yj) 
*    Definition  of  absolute  valuer,  «ince    x^  >  0    atui         >  0, 

I  

We  continue  the  proof  by  showing  that    2xy  ^  2|^<t^%^|y|, 

(3)  if    xy  ^  0,*  ffhen    fxy|  *  •  '  xy     .Definition  of  absolute  value 

(4)  if    xy  <  0,  then    jxyj    •  .  Definition  of  absplut^  value 

''-•xy  >  0  Theorem  4.6 

xy  <  --xy     '  ^1 

•         »        ;  • 

(5)  frem  (3)  and  (A)  We  conclude         .  ' 

.    I       1  *  >  I  " 

^  that    xy '  <^  jxy  j  '      '       .  *  ■ 


(6)  Ixyi     -     IxJ^-  jyt. 

(7)  xy  5  |x!   •   jyl  ..S 

(8)  2xy^2|x|    .    ly)    ^  xj,' 


Jheorea  6.1  ' 


.04 


ANSWER: 
02 


r 


Complete  the  proof, 


ANSWER: 

(8)    2xy      2|xi   •  \yk 
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(9)    x2  4  y2  +  2xy  _<.x^,  +  y3  +  2lx|  .  "03 
(10>     1x4.^.12  <  tlx  iV  "|y{).3       ^  '  . 

•"Kll)     !x  +  yl  1  Ui  +  Ij^I  '  Th^oriSffl  4.27 


REVIEW' ITEMS  '  -    *  , 

1.  Prove:,    If     jx|    •    0,  then    x    -    0,    .  ;  .  ' 

List  as  reason  each  order  property  that  you  p^e«  but  do  not  list 
field  properties^.  ^  .  ^ 

 ^  .  -^-^ 

■V  ♦ 

ANSWER:  *  *      ^  .  '\ 

.PROOf:     By    01,  either    k    -    0,    x  >  0,  '  ot    x  <  0,    The  proof  con-- 
•  sis t»  of  showing  that    x  >  0    alid    x  <  0    are  impossible. 

Suppose    X  >  0.    Then    |x|    «•    x,  by , definition  of  absolupe^ value. 
Hence    |xj^>  0;    Since,  by  hypothesis,    ^xj    ^    0^    it  cannot  be  true 
that     |x|  >  0    (by  01).    Hence    x  >  0    is  impossible*       ^  ' 

Suppose*  X  <  0.    Then  "  |x|     «    -x,.  by        initios  of  absolute  valuer 
Also,    -X  >  0,  by  Theorem 'V6.  ^Thus   ^|xj  >  0.    Again  (by  01)  this 
cannot  be  true^p^o    x  <  0    is*  impossible. 

_  _  ^  ^      _  ^  ^  ^  ^  ^  ^  _  _  ________  _  _  ^  _ 

2.  Let    b    be  a' non-zero  real  number.     Pfove  that     ]b]  • 
Li&t  as  reason  any  theorem  you  use  frcan  this  unit. 


ANSWER: 


•  •    -  \ 

Since    1^0,     |l|         1    by  definition  of  absolute  value.  Then 


|b/b|  111  1.    But     |b/b|    -     |b  •  I/b|     -  •  i^i   •   |l/bj,  by 

Theorem  6.1.    Therfifore     |bl  •   |l/bj       '  1.     "  , 

_      . . _   -  _>  .  -  - .  -  ^  : 


283 


.  riual?#.r*/b.    Using  this- j)rov^t]»at!   4a/hl   /ial/lbl    for  real  . 
^  "ntiarfvers    a.  '^^d    b    with    t      .  0.    Lls't^&s  reaion  #ny  t^iwocem  yo" 
use  tro«  thiis-  unjlt.  ^       *    -  '«  -  »    ,  ,    .  -  * 


^  «• 
ANSWER: 


4a/fal  j-a  •  l/b|    -    Ja|  '^il/bj,       Theoreo  6.1.    But  by  the 

above,   jX/b|    -    l/|bj.    Therefore-   fa/fej    -    |a|  •  \l/h\    -  |ai 


•3.  Find  the  solution  set  for -the  inequality  18  -  2|y  +  3{  >^  12. 
Show, your  work.         .reasons  are  required. 


V 


ANSWER:  '  - 

18  -  2|y  +  3|  >  12  .6  >  2|y+  3| 

.  '  3  >.  (y  +  3j 

-3  j<  y  +  3  <.  3 
-6f£  y  _<  0 


*   •  Solutioft  set  is     {y  I  -6  5  y  <  0} . 

St- 


4.    Give  the  solution  set  for 
(1)     fx|/x  <  2 

(2/    [^1  i  W    .   '  t  ' 

(3)    -3lx|  +  3  <  3     '     •  ^  , 


ANSWER  J  •        ,  - 

(1)  4x.j  X  0)_ 

(2)  The  set  of  all  r'eal  nun^ers 

(3)  {x  I  X,  0) 
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5.    Prove;     li    x    and    y  'ara  iipal  numbers,  then  ^  i 

.  .  .     ^  ■ 

Lint  as  c£ation(8^any  theorem^  that  you  use  from  this-  unit.* 


[Hliftt:     WrW:e    x    -  ^(it  -  y)  +  y]^  * 


4  ^  V :  ' 


r  y 


ANSVSR 
PROOFS' 
Ixj   ^-  . 

•*•  l^s!  -  jyl  £  ,|x^*-  y 


V 


«  ♦ 
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'feVll-    COMPU!TENE$S>P-fHE  teAlf  JiUMBER  SYSTEM  ■ 


1 


'J  ■ 


V 

0 


4 


*  COWLEXENESS  OF  THE  REAL  NUMBER  SYSTEM  - 

Thn  r6al  oianber  systcaoi  1»  not  the  only  ot^etea  field.  ^  Foife^ example, ^  •  ; 

•    th«  gystem  of.  retional^niraibers  Is  also  gi  field  having  th^  properties  .  , 

01,  02,.  03^  an4  04.    But  the  ayatem  of  .real  numbers  has  an  addition-- 

al  property  called  completeness  which  the  set  .of  rational  maabersi  / 

does  not  have*    We  say  that  the  r^al  number  system  Is^  a  complete  or^ 

dered  field*      |       .  '  /  ^ 

^    ■      '  '        ^  .        4^  \^  ' 

Before  we  can  state  this  property  it  is  necessary  to  define'  two  ne^ 

...  '  / 

tenaa,  .upper  bound  and  least  upper  ^ouneT.    Cot\sider  the  yet'  A  « 

^  {1,  1,4,  1.41,  1,4J.4,  ...}    obtained  by  takftg  yUccessive  ^liilte  dec- 
imal Approximations  for    /l.    This  set    A    is'  a  subset  of    B    ^    (x  I 
X  .*ls  a  real  number. and    x^^  <  2}.    Each  of  these  sets  contain^  nam-' 
bers  which  are  less  than    /l^^d  neither  has  a  mafiber  wjWich  is 
greater  than    /l.    Then  It  ijould  seem  that  could  lije  called  an 

upper  boVnd  for  the  set    A    or  for  the  ^et    B.    By  t^is  same  reason-- 
ing,  would  you  call  3  an  upper  bound?    |  2,5?   ■/  ■  Ip? 


1 

%  1 

ANSWER: 

Yes 

Tes 

1  m 

* 

■  \ 

■     /  . 

/ 

>  r. 

Yes. 
No 

t 

4 

 1"  ^ 

t 

ft 
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V 

t 

0  .     '  ' 

;  4  '  ' 

ANSWER: 
Yes. 
Yes. 
No. 


.  DEFlNt|f|<^N  7.1:  A  nuipfaer  u  is  called  an  u)>per  bpund  ol^a  non-empty 
3^    Met    S!        tttal  numbers  if    u  ^  x    ioT  each  element    %    in    SV  ^ 

.         Let"^ '^bil^'  tRe  set  of  all  ^negative  real  nmsi^ers. 

'  •     ■•  "  ' V  ■    ■  *  ■  *   '  '  ' 

.  ■  ■  .  .  4  • 

la    3    an  bpper -bound  of    S?    -  * 
la    0    art  llipper  bound  of    S?  .  , 

la    ^1    ai^%ipper'  bgund  of    S?  '  ^ 


r 


If    B    «  -  {x      is<  X  <^  12,    and    x    is  a  real  number),  which  of  t^e 
^^^^  -         .  ,     ■  '  • 

follojrflng  are  uppeci^oundfe  lot  the  set    B?    12,  15,  3,  12.1,.  11.9.  ' 


ANSWER: 


I2r  15,.  lf.i 


*^kye  an  upper  bdunU  for  the  set  S.  «  {x  |  x  >  2,  x  is  a  real^num-- 
b0r}.  •  ^  *  ^ 


ANSWER:  \  •    f  * 

There  is        upper  bound  for  thig  set. 


EFINITION  7,2:    A  real  number    v  is  called  the  le^t  upper  bound 

(l.u.b.)  of    S    If  ^     ■             .  ' 

(a)  V    Is  an  upper  bound  of    S,  ' 

(b)  for  every  upper  bound         of  S,    v  u.' 
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n 


«     ■      ■    F.  .  ■  <  t 


For 'an  (T^peV^bbund'of  the  finite  86t    S  '•»'v!3,  6,  IS*,  18}  we 

could  ({hoose  the'nuinb«r  '        or  aHy  la^gex  humber.     \^'*  • 

.     • . •  '  .... 

leaafc.^upper  bound  of  •  the  sSt    S    is  '  '  ■    , .      .  .  • 

Is  the  nrii^] 


ber.you  have  selected  as  the  L'^tJ^li.  "an  element  cTf  *.  S? 


isj  '  • 
18 


(If  your  an^er  was  correct.) 


Consid^  the  infinity  sets  •  ^  _ 

(1)  S  -  {1/2,  2/3,  3/4^,  .....  ^^-~-r,  ..:}  -''  {— TtJ  n  is  a  na- 
tural  number) 

(2)  T    -    {2/1..  3/2,  4/3.  -^-tJ./ ,}  , .    {JUU  {  „    ig  ^ 
tural  number) 


n 


Ifind.the-  least  upper  ^oun4.of  each  set*  ts  the  number  you  have  se- 
lected ±ti  each  case        the  given  set?#  .  .  " 


) 


'ANSWER: 


(p    1;    no,  '  ^  -f  1  '''^  ^^^^  natural  number  * 

(2)     2;  yes. 


-  A-  * 


If  S  is  a  set  of  real  numbers  and  b^  is  a.  number  in  §  su&^  that, 
b  >^  X    for  every  nucfber    x  .in         then    b    i^  the  largest*  o^ber  1 

If    S    has  a  latgest  element    b    then    b    ±b  the  l.u-|i^  of  S 
b    is 'an  upper  bound  bec^auBg.   b  >^.x    for  ever^  nmnber    x    in    S;  and 
if    u    is  any  upper  bound,    u  >  b    because    b    is  in    S.    However,  a 
set    S    ma^?  have  a  l.u.b.  i^ithout  having  a  largest  element;  then  the 
i.u.b.  of    S    is  not  an  ^eiemiBtit  of    S,    The  example 
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a  siatural  number) 


given  Above  has'  l.u^b.  1  but  ^  is  not  in  the  set"  S,  Hence'  S 
has  a  I.u.bv  but  doeq  nofr  have  a  la^-gest  element. 

Let  IS    -    (x  I  0  <  X  <  1,    X    is  a  real  nuiaber},  ' 

(k)    'What  is  the  l.u,b,  ^  S?    '  '^'^^^ 

.(SV    Does    S    h«ve  a  largest  client?  '  v 


(b)  No. 


/ 


u  4 


b&t    S '  «    {x  1  0  ^  X  £  1,  'x    a  real*  number 

(a)  What  is  the  l.i^.b.  of  S?   

(b)  Does    S    have  a  largest  elaaeht?   . 


■  ( 


(a)  1  ^ 

(b)  Yes     ^  '  . 


Find  the  least  upper  bound  of  each  of  the  sets  listed  beloW,  Is  the 
least  u^er  bound  an  element  of  the  given  set?  ,  • 

(1)  S    -    {1/2,1/3,1/4.?..,-^,.,.}    .    {--Tin    is  a 

n  +  1  n  4-  1  *  - 

natural  number}  ^  , 

(2)  T  {-i/2.  -1/3,  -1/4,   ....  -  -f-  ,  ...}    .    {_  I  n 

n  +  1  n  +  1  ' 


Is^  natu^a 


al  number} 


•ANSWER: 
(1)    1/2;  yes. 


/ 
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£2)    0;     no,  r 


— <  0    for  each  tiaturial  odmber 


We  will  now^lv^  our'  final  postulate  for  th€  system  of  real  nuiobers. 

SOHPLEfTENESS  PROPERTY:  Every  non-^rapty  a^fc  of  real  nuiabers  which  has 
an  upper  bound  also  has  a 'least  upp'^r  bound. 

^  Uur«  cootplet^  set  of  axioms,^  drrpd^i^lates,  f  or « the  sy$t^  of  real 

nymbers  consists  of  the  flelld  proper fii^s    A  ,  A  ,  A.      A.  ,  M  ,  M  , 

a      c '    id      In     a  c 

"id*  ^in*         order  ptoifertles    01,  0:5/,  03,  and    04,  and  the  Com- 
pleteness Property  state'id  Sibov€^»    Jh,^^  Completeness  Property  is  th'e 
pnly  one  of  these  wh^ch       not  orditjatiiy  studied  (in  sc^e  form)  in 
high  School  alj||0bra.    However,  ,it  is.\^a5ic  to  the  theory  of  limits 
wKlch  underlies  calculiis^Iw      ^  * 

-  THEOREM  7-1:    If*  a 'sub's et    S    od-   %    hajs  a  least  upper  bound,  4hen  it 
ha»  ot^ly  one  • 


To  •pro\>e  .Theoreixj  7,J  we  suppo^  tl^t    v    and    w  *  are  least  upper 
boCmds  of    S.    We  need  to  p^^re'that         ,  ^  } 

  -      :  -  


ANSWER:  ■ 

r 

V  w 


If    V    ^  then  we  mu^t  have  either 


or 


ANSWER: 

V  '<  w  V 


or 


.4s 


Let^us  show  thaS  v  <  w  is  not  possible.  Since  w.  is  a  l.u.b,.  of 
S,  we  must  heVe  \  ^  u    for  every  ^upper  bound    u.  .  But    v    is  an 


s- 


f 


/ 


>  - 


^  ^  uppchr  bound^    So  |  w  j<  v,  e  This  implies  that    v  <  w    is^ impossible,  - 
by  Ol,*    Similar  rea^Mming  shows^that    v  <  v    is  Ispos^tble,    There-  . 
fore    V    -         and'  the '  theorem  is  proved,  / 

^   We  have  stated  th^'  Cgapl^^^^Propeity  in  terms  of  upper  bounds  'and 

1      —  'I 

the  least  upper  bound  of  a  non-^pty  set  of* real  numbers;    Tais  pro- 
perty can  also  be  stated  in  terms  df  lover  boui^s  and  the  ^reateat  ' 
-lower  bound,  if  suitable  definitions  are  given  for  ^thege  terms.  Com- 
.  plet^  each  o*  the  following,  by  analogy  with  Definitions  7yl<.  aad  7.2, 
{!)    DEFINITION  7*3:  --A  number    b    is  called  a  lower  bc^nd  of  a  non- 
'topty  set,  S    of  real  numbigf^  if         ,        *    /  :  \ 

(2)  DEFIJJITION  7.4:  a  number  c  ^  is  calle<f  the  |;.reatest  lover  bound 
•  ^^ga.b.yof'   S    if  ^  .  ^         '  '  *^ 


(3)^    CDMPLME^TeSS  PROPERTY; 


•ANSWER:     "  '  ' 

ti)    b      xAfoY  each  element    x    of  S. 


(2)    c    la  a  lower  bound  of    S,  and  for  every  lower  bound    b  of 

c  >  b.r 


(3)  Every  non^empt)*  feet  S  of  real  numbers  wh|ph  has  a  doweY  bound 
has  a  greatest -lower  bound-       •  _  ' 


A  p^of  si5>ilar*to  that  used  In  proving  Theorem-'7.1  can  be  given  to 
prove  the  following  thebtem. 

THEOREM  >,2:  If  a  subset  S  of  R  has  a  greatest  lower  bound,,  then 
it  has  ondy  one*       ^  *• 

L^t    S    Be  the  set  , of  all  negative  r^eal  numbers, 

(a)  f  Ddes    S    have  a  lower  bound?  ^  ^ 

(b)  Does    S    have  a  greatest  lower  bqund?  
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T   ■      ■         '       ■  ^  ■        •  :  ■  ■-  .  .  - 

ANSWER:    ^  "  '  /  '1^ 

(«)    no.  I 
'  <b)    no.  <  *  ^ 

V,  -  

.  *■  *    ■  '     »  '      *  '  ' 

Let  S  «  (x  1  3  1,  X  r<  12,  x  ,ra  real  niaiber}.  Which  of  the  follow- 
ing are  lower  bounds  for v the  set    S?    2*  3,  fO/3,  -13,  12.. 

.  ......  I,  >  -i-  -        ~  . 

-^SWER:      '     .     .        •  '  ^ 

V.  ■    2,,  3,  -13  '  ,  . 

Consider  the  following  statements  about  a  set  S. 

(1)  S    has       uppgr  b9undv       .  *  * 

(2)  S    has  no  loweJr  bound.  ^        ^  *  * 
( Jjhf  S    has  a  Ijsast  upper  'CSund  which  is  not  in  the  set    S^j*  ' 

(4)  S    has  a  •greatest  lover  bound  which  is  not  in  the  se^ 

(5)  S    has  a  l4ast  upper  bound 'which  is  in  the  set    S.         .  . 

(6)  S    has  a  greatest  lower  bound  which  is  in  the  set  S,*--^^ 

*^  ■  .  '       ■      '  ' 

For  each  of  the  following  sets    S    indicate  which  of  the  ^{>^e  six 
statements  are  true  for    S  \  "  .  < 

(a)    S         the  set  of  all  integers.  \.  . 

^    (b)    S    •    (x  i  ^^f^^^  ^    ^  number}.  i 

(c)  S    >-    {x  I  -5         <^  1/2,    X    a  rational  number) 

(d)  S    -    the  set  of  all  positive  real  numbers.  :  , 

ANSWER:         .  -  ■ 

(a)  (1),  <2)         '*  '   -  r  1 

(b)  (5),  (6)  .  ,  ^ 

(c)  (4),  (5)  ^  .  '  . 
•(d)     (D;  (4)           ,  .  .  , 

•   *  .  • 

»  '  ■ 
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Ust    ?    be  a  acm^eapty  set  of  r^*l  ntmbers  %itlch        a  ioyet  bound. 
We  defiae  a        set    T    to  be  the  aet  o#ill  lower  bounds  of  Sv 
Thu|f,    T    la  a  non-empty  set  and,,  by  the  definition  of  lower  bound  of 

S,  a  re^l  number    b    ia  in    T    if  and  only  If  .  for  every  number  I 

X    in    S.  .  ^ 

ANSWEffi   ^  '        r  t 


b  <  X. 


 —    —  , 

Therefore,  for' any  element    x    ixk,    S    and  any  el^ent    b    in  T, 

b*<     X.  .  r 

Does  the  set    T    have  an  upp^ bound?    Ejtplain.  ^ 

J 


ANSWER;       .       .  *  ^  : 

Yea,  every  Vefleoent  of    S    is  an  upper  bbund  of  T. 

If  we  assise  the  Ccaapleteness  Property  stated  in  terms  of  upper 
bounds  we  can  prove  the  Compleifeaa^  Pipperty  stated  in  terms  of  low- 
er  bounds.    The  proof  is  ^utlined  below 


We  assume  that  .  S    is  a  non-empty  set  which  has  a  Icwer^bound  and 
show  that    S    has  a  greatest  lower  bound.    As  above,  we  let    T  b§ 
the  set  of  alJ|  lower  bounds  of    S.    Then  every  element  of    T    is  a 
lower*  bound  .of    S    and  eyery  elejnertt  of    S    is  an  upper  bound  of  T, 
The  following  diagram         prove  helpful.  * 

^  '    '  '  b         V         X.  '  . 

# .M. . — .. .  —  ^    '  j*'    i* » A  ,  ^ 

,  ;< — ^  ^  >  V   ^       '  • 

T    *  ■  s  ■  . 

T  is  a  non^^eApty  set  of  real  numbers.  If  '  x  isr  any  element  of  S,  ' 
then    X  .is  an 'YJ^per  bound  of    T.    Since  we  ^re  assuming  the  Cc»n- 
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pleteaess  Property  stated 'in  tsmu  o£  upper  bounds»  we  can  say  that 

t  '  has  .        ,  .  ' 

i-  ~i —  '  . .    ■     :  ,  s»        ■  .    .  . 

-f/-------:-  

ANSWERS  r  .  .  -  .  .  *         '  |» 

'a -least  upper  bound 

-.-'H   -  -  -  -  _  .  _   

Denote  the  least  upper  bound  of    T    by    v.    Ve  wish  to  show  that  v 
Is  the  greatest  lower  bound  of    S;    To  do  this  we  must  ^ow 
(a)  -  •    •  ,  f 

(a)  V    is  a  lower  bound  of  S. 

(b)  If    b    is         lower  bound  of  f  S    th^n    b  . 

If    h    is  any  lower  bound  of   S ,  then    b    is  in  what  set? 


ANSWER: 
T. 


*  0 

Why  can  we  donclude 

that    b  £  V? 

ANSWER: 

b    is  in    T    -and  v 

is  an  upper  bound  of 

T.    Therefore    b  £  v. 

Thus  statement  (b)  is  true*  Now  we  prove  statem^t  (a).-  If  x  is 
ai3^<<Ue^ent  of    S    we  have  ^een  that'  x    is  an  upper  bound  of  T. 
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3  !  2 


^But  V  ia'the  least  uppe*  bound  of  X.  Therefor©  we  must  have*  the 
inequ«lity    for  «very  eiement    x    of    S.,"     ,  < 


ANS«E«J  ^ 

. :  1 .-  <  •  '■, '  ■  • 

*Bift  thi^  Just  sayis  th^t    v  t  is  a  J^ower  bound  of    S,  which  is  stata-- 
meiit  (a)  •  ^  ^  * 

We  h4ve»proved  that  the  Coapleteness  Property  stated  in  tenaa  of  tip-- 
per  bouiid©  lmpli(^s  the  Completeness  Property  st,at^  in  terms  of  low- 
er bouftds.  We  could  also  prove  the  converse  of  this  statesient:  the 
Cocipletenesa  Property  st;^ted  in  terms  of  lower  bpunds  lmj]^les  the 
CcMapleteness  Property/ stated  in  ter^  of  upper  bounds.  Therefore  the 
C<»npiet;^riess  Property  ?iay  be  stj^ted  in  terms  of  either" upper  or  low- 
er.  bounds.  •  V*  ^ 

4 

What  is  the  greatest . lower  bound  of  the  set  df  all  real  numbers  of 
the  form  .  ^ 

with    r'>  1?  '  V  ^  \ 


ANSWER: 


g.l.b.    ^  2. 


n  x-^u  then  4^  -       J-Hx  - 1? 


X*  -  1 


X  +  1. 


Find  the  products: 
(x  -  l)(x  +  1)  - 


-f     ,  (>?  -  l)<x2  +  X  +  1)  • 
,      (x  -  l){xi  f       +  X 


295 


ERIC 


«  «  .  •      ■     •  ■ 

.  *  .  ■  ■  '  ■ 

.  Generalize:    {x  -  l)(x"  +  x^"^  +  . . .     x  +  1)  y      ^  '  . 

"  '\  -  -  -  ^  -  -  -     -  -  -  -     -  -  -  -  r  -  - 

|^-Vh«t  Is  ehe  greatest  l<»^er  bouiui  of  t}ie  set  d£  all  teal  numbers 
,  ^7-^   with    X  ?  1?  .  . 

g.l.b.  >    3.         (  • 

*    -  ,  '  ■  ■ 

From  the  preceding  problen,  if    x  >  1    then  '  ^ 

Hence    3    is  th^  greatest  lower  bound,       -  % 

'1  '        -  1 

What  is  the  greatest  lower  bound  of  the  set  of  real  numbers'  ^ 

.  .  X  -  1 

with    X  >  1? 

.  •  .  \ 

0  ~         ~        ~  —        —  —  M 

ANSWSR:     i^  V  ' 

7 



•  X  1 

What  is  the  greatest  lower  bound  of  the  set  of*  real  numbers^   -r 

\  X  -  1 

With    X  >  1?  I  *  -  , 

)  .        ...  _  ■ 
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4 


ANSWER: 
n 


r  > 


Fiod  the  lease  upper  boutid  of  the  set  of  real  numbers         **  ^ 


X  <  1. 


X  -  i 


with 


ANSWER:  ' 
l.u.b^.    -  2. 


Find  th^  least  upper  bound  of  the  set  of  real  numbers  ^— 

0  <  X  <  1.:"  •  * 


with 


9 


>^  ANSWER: 

.    l.u.b.    -    3.*  '      ,  - 

Could  you  give  a  least  upper  bound  for  the  set  of  real  number 6' 

,  — J  ,  for  all    X    such  that    x  <  1?  E}q>l,ain. 

/  .      ^         •  * 


^      ANSWER:^  «  '  *  /'^'^X 

J     Nj^Of  there  is  no  upper  bound  for  *t:he  set,  hence  no  least  ooper  boundV 

•    ------V ■• . 

'DECIMAI^  EXPANSIONS  ^  '  *     '  . 

You  are  probably  familiar  with  the  statement  that  every . positive  real 
.  number  has  a  finite  or  infinite  decimal  expansion  and  that  this  ex- 

-llansidn  is  unique  if  we  do  not  allow  expansions  which  end  in  an  in- 
finitely repeated  succession  of  9's.    It  is  our  purpose  here  to  .take  ' 
^  closer  look  at  the  meaning  of  this  statement.^ 
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44 


^mktitd 


The  «xpaniiion    237.51    r&prs^ilts  the  number  ♦ 
2  V  10^  +3  •  10^  4^  7     10^  +  5  /  10"^^  .+  1  •  10"^ r  4^ 
The  expansion  i 3025.004    represents  what  number?  ^ 


ANSWERS 

i  V 

\ 


3  •  10^  +  2      10^  +  5  -10^'+  4  *  10" 3       *  j 


Every  finite  decimal  represents »a  number  ^  a  finite  sum  of  multi- 
ples,   a  *  of  p6wer9  of    10    whete    a    is  a  non-^negative  inte«- 
ger  less  than    10-  and    n    is  an  integer       positive,  negative,  ^or 
iero.   <But  we  cannot  add  an  infinite  numbe.r  of  terms.    Therefore,  in 
what  sense  is  it  true  that    1/3    «    .^333  ^^.?    We  zid  give  an  answer 
to  ti^is  questio^l  using  the  notion  of  least  upper  bound.    Consider  the 
set  ,S    consisting  of  the  nu^5^     .3,  .33,  .333,  .3333,  ...|^The 
set.  r  S    is  infinite  but  each  number  in    S    haB  a  finite  decimal  ex- 


.panslon.    It  can  be  shown,  although  we  will  not  do  so,  that  th^J.u,^ 
bt  of  the  set    S    1^  the  number    1/3.    In  a  similar  way  we  can  aaso^r 
elate  with  any  positive  infinite  decimal *^  set    S    of  numbers  which 
have  finite  expansions.    This  set  will  have  a  l.u.b.  and  we  say  that  , 
th^  given  infinite  decimal^s  the  expansion  of  the  number  which  ,iA 
the  l..u,b.  of    S.  . 

We  will  not  gi^e  proof s *here  but  the  following  statement^  are  true.^ 

(1)  Every  positive  number  h$s  a  finite  or  infinite  decimal  expan-  p 
sion..  - 

(2)  If  we  do  not  allow  expansions, which  end  in  an  infinitely  repeat- 
ed succession  bf  9*s,  then  the  decimal  expansion  of  each  positive 
number  is  unique.  '  *  ' 

Find  a  finite  decimal  expansion  with  which  it  would  be  reasonable  to 
associate  the  nus^er  represe^ed  by    2.379999  ...  (ending  in  aa  ia-- 
finitely  repeated  succession  of  9*3b« 
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2.38 


Consid^t  two  infinite  declaal  expansions  whose  fimt  five  digits  are 

given  as  follows:     .132>5..*    and    .13268. For  purposes  of  this 

exercise  it  does  not  matter  what  the 'remaii\tng  digits  are.    The  first 

decimal  represents  the  l.u.b,  of  the  set  ■    Cl,  .13,  .132, 

-  If  '  .  • 

.1327,  ...>,    and  the  second  decimal  represents  the  l.u.b.  of  the  set 

S2    *    {        .13,  .132»  .1326i  ,..}.    Find  an  upper  bound  of    S2      ,  . 
which  is  not  an  upper  boui^  of    Sj.  ^ Why  does  this  show  that  the'  sec- 
ond dcclaal  repret^ents  a  sjlller  number  than  the  fir^t  d^Qimal? 


ANSWER: 


Any  nujBber  greater  th^n  or  ^ual  t?o    .1327    and  less  than  .13275 
will  be  an  upper  boi^nd  for    S2    but  not  an  upper  bc^und  for    Si;  fi.g., 
.1327    itself.    Since  the  l.u.K,  of    83         less  than  the  l.u^b.  of 
Sj,  the  second  decimal  represents  a  smalletf  number  than  the  Hrst. 


Since  ©any' higft  school  algebra  books  "define"  a  real  .number  to  be  a 
finite  or  infinite  decimal  expansion/  It  is  perhaps  worth  pointing 
cut-that  it  Is  very  difficult  to  give. a  satisfactory  development  of 
th6  real  numbers  from  this  definition  without  using  the. least  upper 
bound  notion  or  limits  in  some  form.    Even  the  definitions  of  addi- 
tion and  multiplication  pose  some  difficulties.    You  might  asOyoiir- 
self  how  one  should  define  as  finite  or  infinite  decimals  the  nteabers 
a  4  b    and    a  •  b ,  where  - 


.86866866686666.. •    and  b 


.235233523335..., 


•J 

(T^e  expahsions  of  a  and  b  continue  the  pattern  suggested  in  the 
teroa  gi^en.) 
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REVIEW  ITEMS'  .  ;  . 

1.    What  is  the  least  upper  bound  of  each  of  the  fol'lowing  sets? 

(a)  {x  I  0  <  X  <  3/2}  ^    .  ,  ' 

(b)  •  aet  ,of  non-poaltive  real  numbers 

^(c)    set  of  negative  integers  ' 
(d)    set  of  all  even  Integers 


ANSWER:  ^ 
(a)  3/2 

<b)    0  .  ^ 

(c)  -1 

(d)  tno  least  upper  bound 


^1 


2.     In  which  of  the  sets         tern  1  i'g  the  I/u^b.  an  element  of  the 


set? 


ANSWER:  ' 

(b)    and    (c)  « 


2n  ' 
3.    Letv    S    »    { — r~r  In    is  a  natural  niBsber).    What  is  the  l.u.b, 

,        n  T  1  '  ,      *      ^  , 


and  the  g.l.fa.  of  S? 


Ai^SWER: 

l.u.b.     ?    -  2 


t^nd  a  set  of  rational  Jiumbers  whose  l.u.b.  is  represented  by  the 
infinite  decimal 


.232332333^^33332... 


<3g0^'  C0MPLETE3J^S'  OF  THE  REAL  NUMBER  SYST^ 


♦ 

(The  pattern  iildlc«t&d  is  continued.) 


.ANSWER: 

^    -    {.2,  .23,  .232, 

.2323,  .23233.  .. 

'   S.    Does 'it  make  seiise 
.23233233323333.2...? 

to  talk^about  fclje  l.u.b.  of  the/declsuil 

■  )  -----  - 

ANSWER:  '  .    '    .  , 

•  .  •  ■     '     '       ■         .-  J.. 

No.    The  deciaal  repi-esents  a  single  number,  aot  a  §et  6f  nuobers. 

fhe  nufflfaer  repr.eifented  by  the- 'decimal 'is  the,  l,u. fa.  of -the  set  of 

^rational  numbers  which  are  thja  finite  'decl©ai«^approximatlons  to  fhe 

gi|fen  infinite  deciiaal  (as  given  in  Item  6). 


VIII.     NATURAL  NUMBERS 


INTROPUCTION  " 

\.  •  •   ,      ,         .  .      ■  •         ■  • 

The  set        of  q^atural  ousibers,  or  positive  iqi'tegers > ,  is  an  importdnt 
subset  of  the  set  of  real  numbers..   Natural  numbers  "are  often  called 
count tm£  numfaers  since  ^W&y  are  the  numbers  used'ln' counting.    When  a 
child  begins  the  trtudy  of  arithmetiq  he  begins  with  theae  numbers. 

It  is  possible  to  give  a  definition  of  the  set  «;^^ati|ral  numbers 
based  on  properties  of  sets,    l^en  this  is.  done  one  can  construct 
successively  the  set  of  the  Integers*  the  set  of  rational  numbers, 
and  the  set  of  real  numbers,    H<si?ever,  since  we  already.have  a  set  of 
a^lioms  for  the  system  of  real  nuiaber;^,  it  is  "more  ^suitable  for  our  ^ 
purposes  ^to  give  a  definition  in  terms  of 'real  numbers. 

If  you  were  asked  to  give  a  definition  of  the  set  of  natural  numbers, 
you  might  well  answier,  "the  iget  consisting  of  the  number  i  and  ail 
numbers  jabtained  frbm  1  by  successively  adding  1".    The  definition 
which  we  give  is  a ''precise  statement  of  this  baste  idea. 

i 

DEFINITION  OF  HHE  SET  OF  "NATURAL  NUMBERS 

■  * 

DEFINITION  8,1:    The  set  of  natural  numbers  is  a^^ubset  of  the  set  Of 

real  numberjs  having  the  following  properties: 

fa)    1    is  a  natural  number *  ,  a 

(b)  If    n    is  a  natural  number,  then    n  4-  1    is  a  natural,  _nUmber »  ' 

(c)  If    a  .  is  a  natural  numbert  then    n  >,  1# 

(d)  If    n    is  a  natural  number,  then  there  is  no  natural  number  be- 
tween    n    and    n  +  1;  i.e.,  for  no  natural  number    ®    is  it  true  that 
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n  «^  m    and  '  m  <  n  i. 

/  '  •  ^  •  ^  :  .  •  ■  ■ ,  ••  •  ' 

Note  that  In  stating  Definition  8; I  we  ar^  In  effect  seating  (a),- 
(b),  (c),  and  (d)  as  postulates  for  the^set  of  natural  numbers.  We 
will  refer  to  these  as  Postulate  (a) ,  Postulate  (b);^  eta, 

•■  ^  •  •  "  ♦ 

We  will- need  to  show"lat«r  that  Definition  8.1  uniquely  defines  thii 
.set  of  natural  nusob^^,  i«e,.  tl\at  there  candbt  be  two  different  sub«^ 
sets  of  the  real  number^  for  which  Postulates  (a)  -  (d)  are  valid* 

The  aan^r^Jiajailiar  properties  of  the  natural  nuabers  can  be  derived 
from  Postulates  (a)  ^  (d)  and  the  postulates  ^or  the  real  numbers. 
FoT  exassple,  we  can  prove  the  following^  theorm. 


l.lV  if    n  is 


VIHEOREM  8. 
is.  a  natural  number. 


a  natural  number  and    «    ^    1,    then    n  -  1 


In  proving  this  theorei^  we  will  make  use  of  the  CcHopleteness  Property 

of  the  real  numbers*  ^  . 

■  # 

If  ROOF:    Assume  that  there  is  a  natural  niHaber    Ic    such  that    k    ?^  T"' 
and  such  that    k  -  1    is  not  a  natural  number «    We  wish  %o  show  that 
this  assusption  leads  to  a  contradiction.    Let    S    b«  the  sat  of  all 
natural  numbers  less  than    k.    We  know  that    S    is  not  empty  becaupe, 
by  Postulates  (a)  and  {c)^    Is  in  S. 


ANSWER: 
1. 


.  '  -   .  -  -    ^  ^  ,^ 

is'an  upper  bound  for  the  feet    S.    Hence,  by  the  Cow- 


The  number 


pleteness  Property^    S    has  a 


ANSWER."  - 

leaut  up^er  bound  (in  the  s«t  of  real  numbers) « 
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,  ftfenote  the  iea^fc  up^er  bound  of  %    by    s.    Is    s      1    an  upper  bound/ 
for    S?    Why?  . 


ANSWER;  .       .  , 

No;    s  -  1    Is  less  than  the' least  upp^r  bound  for 


Since  s  -  1  is  not*an  upper  bound  for  S  we  rknow  tK^t  there  is  an  ^  ^ 
element    h    in    S    such  that    ..    ,  *  v 


ANSWER: 
a  -  1  ^ 


Therefore  s  <  s  4- "l,  by  03  and  Theorem  4.13.  Is*  s  +  1  a  natural  , 
number?    Why?  <  . 


ANSWER: 


Yes;    s     Is  a  natural  numbeir  because 'it  S;     therefore    s  1 

.is  a  natural  number,  by  Postulate 

Is    s  +  1     In    S?  Why? 


ANSWER: 

No;     8  4-  1  >  s    and    s    is  an  upper  bound  Lor  S, 


Since  ^41  Is  a  natural  number  not  in  S  what  can  we  say  about, 
the  relative  order  and  k? 
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ANSWER:  ,  * 

»      ^  t  ^9    because    S    in  the  set  of  all  natui^al  n,unibers  vhich  are 

less  than    k«  ^  ' 

*'  *        .  *»  - 

.     ' '  '  ■  ''■'<■ 

—      *^'*f"-  ~      — •  —  —  —      —         —         —  —  —  —  —  —  — 

Therefore    s  <  k  _<  s  4^  1.  ^Why         we  .conclude  that    k    *    8  -I-  1? 

-.  

ANSWER:  ' 

postulate  C«l)  .says  there  no  natural  number,  between  s  and  s  +  X- 
Sinee    k    is  a  natural  number  and    s  <  k  £  s  +  1,.    we  mu^t  bave    k  ■ 

^  ^  -         ^  „  _  _  _  ^  _  „         ^  ^  _  ^  _  ^  ^  _  ^  _ 

How  does  k  •  s  ^1  lead  to  a  contradiction  of  t^e  ^suapt ion  that 
k  -  1    is  not  a. natural  number? 

■       A  ,  ' 

ANSWER:       '      ^      '■'  \ 
If    k    -    s  +  1,     then    \      I         s .    We  know  that    s    is  a  natural 
humber,  *  '  * 


Now  reconstruct  the  entire  proof  of  Theorem  8,1.     (You  ^ay  review  the 
preceding*^  itesLs  first,  but  once  you  ^gin  to  write  the  proof  do  not 
J.ook  back.)     .  *  .  * 

 4„  _  -.^^ 

^  ANSWER: 

Theorem  8,1:     If    n    is  a  natural  nujnber  and   n    ^    1,     then    n  -  1 
Is  a  natural  number. 

PROOF:     Assume  that     k    is  a  natural  number  such  that    k         1  and 
that    k      1     is  not  a  natural  number.    Let    S    be  the  set  of  all  nat- 
ural ftun^.ers  le^s  thaji    k.     k    ^    1,    k  >  1,    by  Postulate  (c); 
therefore    i  j*'!^ 'in'   S.    k    is  an  upper  bound  for    S;     therefore,  "by 

■      '  / 
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the  CoBple tenesmi  Property  M  thd  real  aupjfaers,    S    has  a  least  upper 

bound    a,    a  -  i    in  less  than  the  least  upper  bound  fdr    S,  so 

there  ia  a  nataral  r.uniier    s    In   S    such  that    7-1  <  a.  Then 

<  s  +  l»    a  +  1    Is  a  natural  number  by  Postulate  <b);  and    a  +  1 

^  is  not  in   'S    because    a  +  1  >  a.    Therefore    s  +  1  _>  k.    We  have 

*       ,  '  . 

g  <  fc  j<  a  4^  1.    By  Postulate  (d),    k    -    s  4  1.    This  sho^s  that 

k  -  1    -    s    and  contrailicts  $^he  assumptioiv  thai    k  -^1    is  not  a 

natur/l  number.    Thut*  the  theorem  ia  true..  \^ 


It  is  perhaps  worth  pointing  out  here  that  the  C<Mapleten8Ss  Postulate 
is  essential  for  the  proof  of  Theorem  8.1.    It  is  possible  to  coo- 
fcTtruct  an  ordered  field' which  satisfies  all  the*  other  postulates  for  . 
l^the  real  number  system  {i.e. \  all  except  the^^Coapletaness  Postulate) 
and  which  has  a  subset    N    satisfying  Postulates  (a)      (d>  jj^t  for 
.    which  Theorem  8.1  fails  to  hold.    Such  ao  example  is  too  difficult  to 
'-^be  given  here.  . 

WELL-DROERINC  AND  MATHEMATICAL  INDUCTION  / 

^  The  set  of  natural  numbers  has  a  yery  important  property  which  is  not 
possessed^by  the  set -rjf  integers »  the  serof  ratioiia-l  numbers,  and 
the  set  of  real^  numbers •    We  refer  to  it  as  the  Well-ordering  Proper- 

DEFINITION  8,2:    A  non-empty  set    S    of  real  numbers  is  well-ordered 
provided  that  every  non-empty  subset  of    S    contains  a  least  element.^. 

Read  the,  preceding  definition  carefully,  then  anawer  the  following 
itejos.  \ 

If    S    is  a  well-ordered  set  does    S    have  a  least  elenent? 
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ANSWEI^:  _ 

Ye«,  because    S'   is  a  non-eajpty  subset  af  itself*  * 


If  S  '  i»  a  »et  of  rual  numbers  which  has  a  reast  el^ent.  is  S  ^ 
well-ordered?       '  ' 


Not  necessarily,    As  an  example,  c<yisider  the  set    S    of  non-negative 
real  numbers*   ^The  set    S    has  a  least  eleiuent,  viz.    0,    But  th*^ 
^et    T    of  positive  real  numbers,  vAlch  is  a  non-empty  subset  of  S, 
does  not  have  a  least  client;  hence    S    is  riot  well'-Ordered.    The  - 
definition  says  that  not  only  does    S    itself  have  a  least  element, 
but  every  non-caaptv  subset  of    S    also  contains  a  least  element.  ' 

Let    S    be  the  set  of  non^-negative  rational  numbers,  .  ^ 

D^s    S    have  a  least  element?  .  \ 

Is    S    a  well-ordered  set? 


ANSWERS 

Yes,  zero  is  the  least  element  of  S* 

,    ,  No,  /'S    is  not  well-bordered;  e,g,,  the  positive  rll^^pnal  nimibers  form 
a  a^ubset  of    S    without  a  least  number^ 

-         -  ,  .   ^ 

Which  of  the  following  sets  are  well-ordered?     (Answer  on  the  basis 
your  experience  with  the  given  sets.) 
»    (a)    Set  of  integers* 
*(b)    Set  of  even' natural  numbers  4 

'  (c)    Set  of  positive  rational  numbers  with  numerator  3, 
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*(d}    Set  oi  pouiiive  rational  fiumbers  with  denominatot  2« 


ANSWER^  .       \>'  *      -  .     •       .  . 

(Ii)  aid  (d).    !  \    ■  '  . 

(In  (a)»  the  &et'of  integers  itself  does  not  contain  a  least  element,  *« 

In  (c)«  the  set  of  positive  rat ibmil  nuiabdrs  wi th  numerator    3  does* 

not  contain  a  least  al^iaent.)  '         .  . 

*  ■ 

..  ^     ^  <       ^  *  4 

lUEOkEM  8.2:    The  set    N    of  natural  nuaibetB  is  well' ordered/  *'  / 

Whatmu^t  we  prove  in  order  to  establish  the  trath  of  Theorem  8.2?  <^ 

ANSWER:-  ;  . 

We  must,  provj^  that  >very  hon-empty  subs.et^of    N*         a  least  elesient. 

. ,  _  '_\     .   ... 1  _  _  _  _._  ^ .  / 

What  postulates  for    N    tell  us  that    1    is  th^  least  element  of  N?' 

^-  .....  V.  - 1  J  ^ . . . 

ANSWER;  -        . '  .         .  '  , 

Postulates  (a)  and  (c)*    .  ' 


Let  S'  be  any  non-empty  set  of  natural  humbei^s*  The  ntflnber  1  .  is  a' 
lover  bound  for    S.  Why? 


0 

ANSWER:" 
Postulate  (c) j 


Then,  by  the  Completeness  Property -stated  in  terins  of  lover  bounds* 
the  set    S    has  a,  ^^^^T**^  ^ 
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greateiit  lower  bound  (g.X.b.) 


Let    s    be  the  g;i.b,  of    S.     If,  s    is  in    S    then  it  is  the  least' 

element  of    S,    because  no  element  of    S    can  be  le^  than  thd  g.l.b. 

of  We  have  seen  in  Unit  VII  that  the  g-l.b.  ojg/ a  set  of  real 

nuitfbers  does  not  have  to  be  in  the  set.    So  we  must  prove  that  in  the 

case  which  we  are  considering  here,    s    is  in  S» 

*  ■    .  ^ 

SuppotJe    s    is  not  In    S,.  We  will  show  that  this  leads  to  a  contra- 
diction;  then  the  theorem  will  be  proved^  ^ 

(1)  ^ere  exists  an  element    S|     in    S    such  that         s  s  +  1.  Why? 


ANSWER:  I 
Because    s  ' is  ffhe  g»l.b 
not  a  lower  bound  of  S. 


Because    s    is  tfhe  g*l.b:  of    S    and    s  -f-  1  >  s;     l.e.,^  s  +  1  is 


(2)     s      s^.'  Why?     '  ^, 


ANSWER:  > 


Definition  of  g,l,b.  an(i/our  assumption    s     is  not  i^n  S.     Thus  every 

*^         *     —  ■ 

element  of    S'  is  greater  than           no  element  of    S  is  equal  to  Is. 

,                       ^     •  *" 

;  ^^^-^^^-.^^  

The  following  geometrical  picture  may  be  helpful, 

^  — i — ± — — — > 

(3)    There  is  an  element  in    S    such  that         <  S].  Why;?- 
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'ANSWER:  . 

Because  «  is  the  gU-fa,  of  S  and  >^sj  i.e».  ®i  is  not  a 
Xqi^er  bound  of    S»  ,  . 


(4)    a  <  82.  Why? 

%  '  ■  ■  ■ 

-   -  ■  *   ~    ~  "  f  ~  I'- 

ANSWER:  ;    •'  '    .       .  ^ 

■  Definlclpn  of  g.l.b.  and  our  assuaption  t|at:    s    is  not  in  S. 

.■  .       '      '  *  •  .  ^  .  '  .  *  .• 

♦  ,  •  •  ■  '  -■ 

From  (4>    82  ^       we^fain  *     ^  ^ 
(5)    82      1  ^  s 

^  ^  ■  J  ■  .  ■  ■■ 

bringing  ail  our  inequalities  together^  we  have«  from  our  assuuiption 
that    a    is  not  in    S,  ' 
(1)         <  7  +1.  ^  ,  ^ 

—  <2)    s  <  . 

(3)  -92   <  S|.  \  vj  /  r 

(4)  s  <  82.  •  'I 

(5)  S2  +  1  >  s  +  1.  '  •  "V 

What  inequality  do  stataaents  (5)  and  (1)  itoply? 

ANSWER:' 

(6)  S2  +  I  >  S| 
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Explain  «hy  stV^tttaeQCs  (3)  aod  (6)  ie^^  to  a  cdntradictloft. 

ANSWER;-  '    '  '   '     *  :  '  ■  '0 

"(3)  (6)  state  tbat  th«  natural  number  si  is  between  the  two 
toatutal  numbers    »2    and    S2  +  1.    This  contradicts  Postulate  {d) . 


Since  our  ^asuumptlon  tl&t    s,    the  g.l,.b.  of    S,    is  not  in    S  leads 
to  a  coatradictipn.  It  mis t  be  true  that    s    is  in  -S.    We  have  shown 
that^ch  non-empty  subset  of    N    has  a  least  element,  nsaely  the 
g,l.b.  of  the  set.    Hence    N    is   .       .  '  Y 


>   ANSWER:  ... 

*  ',  "  4 

*  .    well-q^dered,  " 

S  .  1  1.  .  . 

:  X    ■  ■     •  •    -  ■  ■ 

^  Keo^nstruct^the  proof  of  Theoraa*8.2.    Dfa  not  loolrtkack  over  the  pfe- 
ccdlag  itemLafter  yoM  have  begun  to  write  the  proof . 

'  ,  AtiSWER:  '-^^^  -  '  ^  '    ^    ■         '  ^ 

THEOREM  8.2:    The  set  J    of  natural  naabers  is  well-ordeted.  -  - 

Km -want  to  show  that,  every  non-empty  subset    S    of    N    has  a  least 
element.    By  Postulates  {«)  and  (c),  we  know  that  .N    has  the  l^ast  ' 
elemieint  1. 

■  ..■  / 

PjftOOF:    Let    S    be  any  non-empty  seti  of  natural  niflbbers*    Be  definl- 
tion  of  lower  bound  and  Postulate  (c),    1    is  a  lower  bound  of    S.  ^ 
ThuSp  by  the  Completeness  Property 'stated  in  terms  of  lower  bounds, 
the  set    S    has  a  greatest  lower  bound  (gVl.bO. 

Let    8    be  the  g'.l.b.  of    S.     If    s    is  in    S    then,  S    has  a  least 
element,  ^ias.,    s.    '  .    '  .  . 


^  Suppp$e    s    Is  not  in    S.    We  wish  to'show  that  this  leads  to  a  con-* 


tradictlo^. 


Since  s  is  thfe  g.l.b.  of  S  and  s  ^+  1  >-  8,  therts  exists  an  ele- 
ment   B-i    Ip  ,S    ^uch*  that,  . 

(1)  '  S|    <  1, 


(2)  <  ,by  definition  of  g.l.b,  and  ons  aasuKption  that    s  is 
not  in    S.^  ^^here  is  an  ele^inent^  ^    in    S    such  that  ^ 

(3)  S2  ^  b^caiwre    s    is  the  g.l.ir.  of,   S  .  and    8i  >  s.^        ■  '.  ^ 

(4)  s  <  definition  of  g,X*b.  and  our  assumpt ion  that    s  is 
not  in    S.  .  from  (4)  Wis*  have  «  . 
X%)  ^  S2  >  1  /  .s  +  1.    Freer  (5)  and  (1),    .         ;        .  * 

(6)  S2      I  >  s'l.    From  (3)  and  (6),  .  * 

(7)  S2   ^  Si   <  S2  +  1.  '  . 

We  have  reached  a  contradiction  to  Postulate  (d).    Hence    s    is  ^ 
^S,    and  every  non-»-empty  subset  of*  ^  has  a  least  element »  namely  the 
g,l,bi.  of  the  set.    Therefore    N    is  well-ordered* 


TheoWell-ordering  ^Toperty  of  the  natural  numbers  is  one  of  the  most 
powerful  toola  for  cpnstructiifg  proofs  At  ail.math^aatics.  Proofs 
yhich  depend  upon  this  property  arise  so  often  that  they  have  be^n 
giv^n  a' Special  nafl(ie,    Ari5r  proof  in  mathematics  which,  is  based  on  the 
Well-ordering  Property  of  thp  natural  nulabers  is  called^  proof  by 
n^ficsnatical  induction,  *     .  ^ 

Many  proofs  ,by  mathematical  induction  are  not  based  directly  upon 
well-ordering  but  upon  the  following  principle  which  can*  be  proved, 
using  the  Weil-ordering . Property . 

THEOREM  8,3:  (Induction  Principle)  If  S  is  a  subset  of  N'  such  , 
tha^  /  ^  r 

(a)     1    is  in    S,    and  ^ 
^(b) '  if    k    is  any  number  in.  then    k  -f  1,    Is  also  in    S,  then 

S    is  all.  of  .       .  f 


ERIC 


312    NATURAL  NUMBERS 


/ 


t 


V 


li  «  »et    S    satlsfieB    (a)    and    <b)    df  the' theorem,  then  '  i    ia  in 
y  S.    Thtin  by  {b)  .^taking    k   -  -1,    I  +  1         2    Is  in  "S.    Again  by  . 
(b),  takiog^k    «.  2,    2  4;.  1    -  3    ia  in    S.    It  ig  intuitively  clear 
S    .       that  thliii  procedure  can  be  «Jontlnue4  .to  conclude  that  every  natih-«l 
number  is.  in    S.  *  . 

Ue  viXl  give  a  piFoof  of  the  Induction  Principle  using  the  Well-order- • 
ing  Property.  »  ; 

%       PROOF:    We  assume  that    S    is  a  subset  of    N    which  satisfies  (a)  and 
:   (b)  ^bove.  *  . 

'  /   '  •  •  • 

If    S  then  there  is*  at  least  one  natural  nissber  which  ia  iK>t 

■    •       V  in    S   ^  •  *  •  . 

Let    T    be  the  set  of  all,  natural  numbers  not  in    S.    Then    T    is  a  ^ 
non-^pty  subset  of    N,  aad    S    and    T    have  no  eleaent  in  coosion, 
Fur.th*inore,  we  can  say  th^    T   has  a  smallest  element^    t.  Why? 

—      —      —      —  —  ^       <^      ^      ^      ^      ^      ^  ^      ^      mm   '  ■  mm      mm      mm      mm   '  mm       mm      -m^      ^  «.* 

^  .  *  —      —  —      —  -•^^^ 

/  ^  ANSWER? 


By  tiie  Well-ordering  Ptoperty. 


In  addition  we  can  say 'that    t    #    1.    Why:?^  *V 


ANSWER:  ^  .  \  ^ 


^  1    is  in.  S    by  statement  (a)  above,    ^n^ie    J.  "is  not  4n  T. 


Since    t  ^    1,    Theoresi  8.1  tellp  us  that  1    is  -a  natural 


num- 


•   ber.     Is    t  -  1    in    S    or  in    T?  /VTn  V 


• 
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ANSWER:  »      '.  ' 

c  -  1  is  In  St  SlBce  t  -  I  <  t  and  t  is  the  smallest  cundjer  in 
T,    then    t  -  1    is  in  S. 


If    k  ,i8  in    S,    is    k  +  1    in  'f^c- 


or  in*  T? 

:  ■ 

—  -  -  _  -        -  ^  -  •p,^^. 


 -------I-.---------...-, 

ANSWER:  \/ 
k>  1    is  in    S    by  statin t  (b)  of  the  hypothesis.  t 
^  \,  _  .  /  ^  ^  _  

Since    t  -  1    is  in.  S,    let    k    *    t  -  X.  , Then-  k  4-  1  * 


ANSWER:  -  \  ^ 


♦  ■  V- 

the  ai2sui9p.tion    S    4    N    has  Ir^d  to  a  contradiction •  .  Uhat  is  it? 


AKSWER5 

t    is  in    S    and  "  t    is  not  in  .  S. 


Therefore, '  S    «  N 

We^ll  1  use  the  Induction  Princ'^le^^  proving  the  next  two  theorems* 
These  j^ovide  excellent  illustrations  of  proofs  by  ^thematical  in- 
'ductiotip        ^  « 

THEOREM  8,4:     The  set  of  natural  numbers  is  closed  U|ider  addition. 

PRCX)F:  Let  *m  be  an  arbitrary  natural  number.  We  will  show  by^ 
oathematical  induction  that  n    is  a  natural  number  for  every 

natural  nui^er    n^    Let    S    be  t^e' set  of  all  natural  nisabers  .  n 

such  that    m  +  n    is  a  natural  number*    (We  emphasize  that,  in  this 

♦  • 
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dtscu«sid^»    m    is  a  fixed  natural  nuobet*) 

(I)    1    ta  in  m>  1    is  a  natural  nuGd>€$r.  Why? 


ANSWER; 

Postulate  (by  for  the  nati^aX  numbers. 
^  ■  f 


^        (2)    Assume    k    is  in    S,    i.e.,    m  +  k    is  #  natural  ^number. 
(3)    Prove    k     1 .  ii^  in    S.  - 


ANSWER: 

(3)    m  ^  Ck  4"  >5    •    (m  4-  k)  +  1.    8y  out  assumption ,  (2) ,    m  4*  k  is 
<a  naturiU  number)  and  by  Postulate  (b),     (jn  4-  k)  -f  1    is  a  natural 
nuD&er;  hence +  I    is  Iti    S.  • 


Therefore    S    -  by  the  Induction  Principle,  and  the  proof 

complete. 


THEOREM  8.5:  The  set  of  natural  numbers  is  closed  under  multiplies- 
>^tion.  - 

What  mU^  be  shown  in  brder  to  prove  Theorem  8.5? 
ANSWER:  .  , 

That  if  m  is  a  natural  number,  then  m  •  n  is  a  natural'  number  for 
each  natural  number  *n.^ 


Let  m  be  a  natural  mmjber  and  let  S  be  the  set  of  ^11  natural 
numbers    n    such  that    m  •  n    is  a  natural  number.    Prove  that  S 

Hint:    You  will  need  -to  ^use  Theorem  8.^  in  your  proof.  * 


ANSWER:  -  : 

(i)    1    is  in    §    because    m  •  1  .  •  m. 

<2)    Assume    k    is  in    S,    i,.e.»    »  •  k   ,4s  a  natural jnuml^eir,- 

(i)'  B  •  (k  +  1)    •    m  •  k  -f  m  •  r  m  •  k  4-  m    in  a  natural  number 

by  step  *f2)  and  Theoirem  8.4.    Hence  k  V  1    is  in    S    if    k    is  in  " 

J  ...  _       •  . 

•   •  S    »    N,  .by  the  Induction  Principle,  ^ 

The  two  preceding  theorems  £ell  u«  that  addition  and  multiplication 
4re  domed  operations  in  the  set  of  statural  numbers.    The  set    N  of 
natural  numbers  together  with  these  two  operations  is  then  an  alge- 
braic avHtem.     It  Is  rfatural  to  ask  which  of  tli^field  postulates  are 
valid  for  the  System    N»  .  -'  . 

If  yoM^will  study  carefully  the  field  postulates  given  for  the  real 

numbers  in  Ujiit  11,  you  will  see  that  there  is  an  Essential  differ-- 

ence  between  Postulates    A  »  A  ,  M  ,*M  ,   .and    D    on  the  one  hand 

a'    c*    a  c 

and  -Afji*  on  the  other-    Eaoh  of  the  fonaer 

postulates  gives  an  equalUy  which  must  fidld  in  general  for  real  nuni- 
bers,  while  each  of  the  latter  postulates  statues  the  existence  of  a  • 
Special  real  number  or  of  special  real  numbers. 

'  N 

Each  of  .the  Postulates    A  ,  A  ,  M  ,  M  ,     and    D    is  valid  for    N  be- 

a      c      a  c 

cause  every  natural  number  is  also  a  real  number.  For  examplet  if 
a  and  b  are  natural  numbers  then  a  and  b  are  also  real  num*^ 
bers;  therefore    a-fb'^*    b  +  a    by  Property    A^    for  real  numbers. 

"Therefore  Property    A^    is  valid  for  *  N.    However,  in  testing  Postu- 
lates   A^^,  A^^,  M^^,    and    M^^    for    N    we  have  to  determine  if  the 

*  special  element' (of  elements)  which  is  stated  to"^  exist  in  the  set  of 

real  numbers  is  also  in  th^  set'  N.     For  example.    A.,    states  the 

^  *  .  id 

existence  of  an  additive"  identity   )0.    But^t^e  real  number    0  is-ynot 
a  natural  number*    live  set    N    does  pot  Contain  an  identity  element 
f^or  addition /^  So    A^,    is  not  valid  for 
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Which  df  the  Properties  .A^^,  M^^,    and    M^^^    is  (are)  valid  for  }ii 


ANSUBK: 

^Id         V4lid  for    »    »inc«  this  special  eJteaient    1    is  in    N,  Hov- 

#^in^  ^in  «ot  valid  f  ^r    N.    If    n         a 'natural  nua- 

b«r  then  thu?  additive  inverse    -n    of    n    is  rrot  -in  AI&09  the 

Multiplicative  inverse  of  »  n    iii  not  In    N    unless    p    •  1. 


We  a«e  that    Nv  satisfies  ail  the  field  postulates  except    A.,.  X  . 

^       id'  in^ 

and.  M^^.    The  system    N    isv  not  a  field/  - 

We  return  now  to  our  discussion  of  mathematical  induction,  ; 

There  ia  a  method  of  proof  by  siath«matical  induction  which  arises 
quite  often  in  math^natics,    Suppoae  that  for  each  natural  number  n 
we  have  a  mathematical  proposition    T^,    |ind  that  we  would  lt*e  to 
prove  that  is  true'  for  every  natbral  niiaber    n.    Let    S    be  the 

set  of  all  the  natural  nuod>ers    n    such  that    T     is  true*    W6  would 
like  to  u6^  fHe  Induction  Principle  to  prove  that    S         N«    To  do 
this  we  must  shpw  that  ^\  * 

(a)    1  '1/  in    S,^   i.e,.    is  true,  ahd 

Ih)    if    k    is  in    S,    then    k.4  1    is  in    S,    i.e.,_  . 


ANSWER: 

If.  Tj^    is  true/thfen    T,.^,    is  true* 


This  type  of  proof  was  involved  in  the  proofs  of  Theorem  8.4»,and  8.5. 
For  exffiapie.  In  Theorem  8,4  we  Could  let    m    be  a  fixed  natural  pu©-- 
ber  and  then,  for  each  natural  pumb^r    n,    let    T^    be  the  proposl- 
'  t ion  that         +  n    is  a  natural  niasber".    In  the  proof  o^  Theorem  8,4 
•we  shQwed  first  that    m      1    is  a  natural  nui^er,  i.e.,    T^    is  true. 


317 

I 


Then  w«  «haw«idi  that  If    m  4  k    lit  a  natural  number  than    »  4-  (k  +  X)- 

in  a  natural  number/  i.e.,    if    T,     is  true  then    T,        is  true. 

K  k+l  *  IP 

We  further  illua'trate  thla  type  of  proof  with  «o®e  more  exisiples. 

*  ■    ■  * 

The  reader  ts  undoubtedly  familiar  with  the  formula  fojr  finding  4^ 
Hum  of  the  first*  n    natural  numbers;    S  1  +  2>  3  -f  . . ,  >  n  • 

 K    -Let  u«.  iiaS  the  method  of  ffljathematical  induction  to  provr 

this  formula.  .  '  N 


Show  Llriit  that  the  fortaula  is  true  fot    n    «  1, 


ANSWER:  .  ■  ■  ^     .    ^  *  . 

Si     •    -1    and  -    1,  / 


Next  ahow  that  if  we  aasuste  ^he  f insula  ia  true  for    n    ^  k  then 

the  fortaula* will  be  true  for    n  *    k'-f  1.  You  aasuaie  that  - 

^^V^        and  try  to  prove  that  S^j    -  4-  IH^  ^  ^)  ^  ^j^^ 

W   •    Sj^^  (k^  1)-  :  " 


ANSWER: 


Then    Sj^^j    -         +  (k  +  1) 


<k  +  l)(k/2.  +  1) 


...        *  U(k  -t-  2? 
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Thin  in  pr«cii»eiy  tha  8«®a  v«lue  we  would  obtain  If  we  substituted 

k  ♦  1    for    n    in  the  giveo  fonsuia:    S.^^  ^■^)[(K  ^  ^] 

^.    (k  ^  l)(k  4  2)       '      ,  '^^^  '        2  ' 

4  2  •  '        .  \  ^ 

V  ' "  '  ^  V  —  —       —  - 

We  have  ahown  that  the  roraula  -  ^        is  true  when 

1    wd  that  if  it  i»  true  when  n   m   k'>,then  it  la  also  true  when 
n    •    k  4  i.    If  we  i«t,  for  each  natural  nu»ber    n»  be  the. 

mathematical  a tat^ent  that    S         iliE-i-JX^    ^h^u  „^  ji^y^  shown 

that    T|    is  true  apd  that    Tj^  icipllep    T^^^j.    Sxpiaim  how  we  can 
conclude  frcas  the  ] 
natural  nus^er  ji^ 


conclude  fro©  the  Induction  Principle  that  is  true  for  every 


ANSWER:  ,  .         •  .  . 

Let    S    be  the  set  of  pll  natural  numbers^  n    such  that    T     la  true« 

n  ji 

We  have  shown  that  ^  * 

(a)  i    is  in  and  -  \^ 

(b)  t1^.  k    is  in    S,    then    k  4-  1    is  in    S.        \  • 


By  the-Induction  Principle,    S    -»    N.    Hence    T      is  true  for  every 

In  each  proof  of  the  preceding  type  there  are ^two  partsi    (tf)  that 

ll    Is  true,  and  (b)  if    k  .  is  a  natural  number  such  that    T  is,, 

k  / 

tru^,  then    Tj^Jjp   x«  also  true.    I^ote  that  in  part  (b)  we  do  not  have 
to  worry  >  'a  priori^  about/whether    Tj^    is  or  is  not  true.    We-  need 
only  show  that  if  is  true  then    T,        is  also  .true. 

The  fons)ula  for  the  sum  of  the  first  -n.+  1    terms  in  a  geometric 

progression  is  «    a  4  «  4-  ar^        -f-  ar     *  .  a<-r-^  ) 

What  restriction  mus^  be  |>ut  on  r?f 


ANSWER: 

r    9^    It    because^ division  by  zero       not  allowed. 


Prove  the  forwla^Jbp  the  &ii^©*of  the  firs-t  n  +  1  terms  in  a  geo- 
metric progression  by  mathetaatical  induction^ 


ANSWER:  ' 

1  - 

(a)  Show  that    G,    ^    a(:  .     ) . 

1  i—  r 

«•    4  -f  ar 

^  y  )    -    ^        1     r  ^   *   jg^d  +  r)    -    a  +  ar. 

1  -  r2 

llierefore  •    a(-j   ). 

X       •    ,  i      r  ■ 

1       r^^^  \  1  ^"^2 

(b)  Show  that  if    G,     -    a<f--i      )    then    G,        -  a(T~^ 
G_,     -    G,  ^  ar"^^^ 

/•    i  "  I*      V  ^  k+1 

at-.-    ■  '"■      -K  r      }    ■  ^ 


1  -  r 


k+i  .  JsA-l  k+2 

r 

k+2 


^  1  -  r  ^ 


1  -  r 

t 

Let    S    be  the  se-t  of  all  natural  numbers  'n    such  that    G  «■ 

(a   7         )•    We  have  shown  that    1    is  in    S    and  that  if    k  is 

any  natural  nhmbar  in    S    then    k  4^  1    is  also  in    S.    By  the  Induc- 
tion Principle,    S    •  Therefore  the  formula  is  valid  for  every^ 
natural  number  n« 
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Prove  by  'aatbeadtieal  induction  that  the  product  of  two  consecutive 
natural  numbers  Is  an  even  nundser;  i.e.,    n(n  +  1)    is  even  for  every 
natural  nwaber    n.  • 


■ ».  .   ■  '       »     ■  , 

ANSWER:  '  « 

(a)  Verify  for    n    -    I.  .  . 
1(1  +  1)         2,    which  is  even 

(b)  Show  that  if    k<k  +  1)    is  even  then 
(k  +  l){[k  +  1],+  1)    ia  even. 

Ck  4-  l)([k  +  1]  +.1)    «    (k  +  l)(k  +  2)  •  •  ' 

^  -    k(k  -f  1)  +  2(k  +  1) 

If  k(k  +  1^  is  an  even  nwaber  then,  since  2(k  +  I)  is  an  even 
number,  their  sum  is  even. 


Let    S    be  th?  set  of  all  natural  numbers    n    such  that    n<n  +  1)  is 
even.    We  have  shown  that    1    is  in    S    and  that  if    k    is  any  natur- 
al nuodjer  in    S    then    k  +  1    is  also  in    S.    By  the  Induction  Prln- 
-  ciple,    S  *-    N.    Therefore  ,  njn  \  1)    is  even  for  every,  natulal  num- 
b|p  n. 

  .   ^  ^ 


Prove  by  mathemafiical  Induction  that       -     ^ — i —  +  + 


n  +  1*  • 


1) 


(1)    Verify  for    n    -  *  1. . 

I  1 
'  ■    1(1  +  1)    "    1  +  1 


2     2  .  3  k(k  4.  1)^  (k  +  l){k  +  2) 

4-  I  ^  {k  +  i)(k  +  2) 


k  +  1^       k  +  2 

1     .k^  ■>■  2k  4- 
k  +  1^     k  +  2  ^ 

k  +       k  +  2  ^ 

k  4-  1 
k  4-  2 


Let    S    be  the  set  of  natural  numbers    n    for  which  the  formula  is 
valid.    We  have  shown  thfit    1    Is  in  ^    and  that  if    k  .ia  any  nat- 
ural number  in    S    then    k  4-  1    is  also  in    S.    Therefore,  by  the  In-  ; 
duction  Principle    S  ^  N,    and  the  formula  is  val'id  for  every  nat- 
ural nunsber    n.  ,  . 
_■  .  _  .  J.   . 

—       —      —  mm       mm      mm  Mm      *"      —  —      —  "  —  —  —      —      —      —  — 

Aftj  another  illu&tration  of  Itow  the  Idduption  Principle  can  be  used, 
we  will  orove  a  theory  that  will  be  in  a  later  unit* 

THEOREM  8,ff5     If    m    akd    q    are  natural  nusid>6rs  and    o  <  then 
q  -  jfii    1$  a  natural  number;  i.e.,  there  is  a  natural  number    p  such 
that    q    •    m  +  p.  /  '  ,  , 

PROOF;    Let    S    be  the  set  of  all  natural  numbers    h    such  that  one 
of  the  following  is  trues  ^  ^  . 

(1)  .   n  <  10 

(2)  n«<a  -. 

(3^    h    "    m  +  p,     for  some  natural  number  p. 

We  will  prove  Theorem  8.6  by  induction,  showing  that    S    «    N.  From 
S    ■    N.  we  can  conclude  that    q    is  in    S.  -  Why? 
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ANSWER: 

By  hypothesis  in  Theorea  8.6^    \    is  a  natural  nusther}  hence  if  S 
them    q    is  in    S.  »  ^ 

If  we  can  prove  that    q    is  in    S,    thea    q  pt    for  socie/ nat- 

ural number  Explain.  # 

^ 

ANSWER: 

By  hypothesis,    q  >  d.    Hence,  by  01  (Trlchotoay) ,    q.  <  jn    and    q  ,» 
raV ote  false.    So  we  must  have    q    -    «  +  p,    for  sosae  natural  number 

p.    •  •  ■ 

'  -  ^ 

-  -  -  ■  -   .  - 

f  -   ■         ■  . 

Thus  we  need  only  to  prove  that    S    «  N. 

1    ia  in    S;    i.e.,    1    *"    h    or    1  <  m.  Why? 


ANSWER: 

Postulate  <c)  for  the  natulal  numbers. 


Suppose         is  in    S.    We  must  sho>?  that  this  implies  k  -f  I    is  in 

S    for  each  of  the  three  /Cases    k  <  m,    k    ■  m,    and'  k    «   m  +  p* 

If    k  ^m    then    m    i    -'^•cy^^  Postulate  (c)  •  Also    k  m  -  1,  by 
Theorem  8.1    and  Postulate  (d).    Ekpl^in  why. 


:ANSWJER:  . 

By  Thaorira^'S.I p  if    m    is  a  natural  nu^er,    m    f    1,     then  .m  1 
iij[  a  natural  number,  iffd  by  Postulate  (d)>  there  is  no  natural  number 
between    m     1    and    (m  -  1)  +  1    •   m.    Thus  if    k  <  then 
k  <  m    .1.  ,  ' , 


Thaii    k     I  £  &•    Thus    k  ^  I    satisfies  either  (1)  or  (2)  and  must 
be  iTu  L 

\  ^  Show  diaC^f    k   -    ®,    then    k  4-  1    is  in  , 
ANSUERt  *  •    ,  , 

If    k    »    m»    then    k**-  ei  +  i.    Hence    If  +  1    is  in   S»  sitoce 

m  4-  1    has  the  for©   ®  +  p,    where    p    «    i.  ♦ 

'       '  "     .        '  •  .■  ^  ■  ' 

Show  that  If    k    »    m  4-.p,    then    k  V  1    is  in  S. 

'  .  4  ■■ 

ics0\mit         .     '  ■  ' 

If    k    •    m  -f  p,    then  •k  +  1    *    {m     p)  +  m  +  (p  +  1)  .  Since^ 

by  FositCiiate  (b),    p      1    is  a  natural  numbei:  if    p^  is  a  natural 
number,  then   m  4-  (p      1)    has  the  form  of  (3)  and    k  +  1    is  in  *  S« 

Hence  in  any  case,  if    k    i$  in    S    then    k  ^  1    is  als^o  in    S.  By 

*^the  Induction  Principle,    S  « 

'      '  .  •   '  .  •- 

Reconstruct  the  proof  of  Theorem  8.6,    Da  not -look  back  over  the  pre- 

ceding  items  once  you  have  begun  to  write  the  proof, 


ANSWER:     ^  .  ^           .                              ,  ;  • 

THEOREM  8.6;    If;  m  and    q    are  natural  numbers  and    m  <  q,  then 

q  -  m    is  "a  natural  number;  i.e,,  there  is  a  natural  number    p  sfuch 

that    q    »    S3  -f  p.  '                         ,  • 

Cet  S  be  the  ue%  of  all  natural  numbers  n  such  that  anyone  of  \  the 
following  i€j  true: 

(1)    n  <  m  *  . 

,  (2)  ^  n    «    ©    ■       ,      .  ^    .  -  .  .  ■    r,  \ 

(3)^   n    -    »  +  p,    fpt  sofae  natural  number    p*    '  \ 
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I  in  In  S,  liince  either  I  <  m  -or  1>  «  m  by  Postuiate^Cc)  for 
th«  natural  nut&bera. '  ' 

"It  k    is  in          then    k     t  in    S    for  each  of  the  three  po^-* 

iiib^e  caaea  (1),  (2),  and  (3).  ^  ^ 

'(I)    If        <  ©,    .then    k  <_  m  -  X;  hence'  k  ,+  1  1  a    and  eithi^r  (1)  or 

(2)  holds  for    k  -1^  1. 

,.,(2)    If    k    -    B,    then    It  +  i  and  (3)  holds  for    k  +  1 

with    p    -    1.      ,  .  *  ^ 

(3)  rf    k    -    ta  4-  p,    then    k'+  1    -    m  4-  (p  +  1)  -.arid. "(3)  holds  for 

By  %h^^  Induction  Principle,    S    «  N.    Since    q  .  is  id    N,    q  .  is  in 

S>    Since    q    >  si*^  hypothesisi  ®^  ^d    S    ■         a^e  false.  * 
Hence  the  only'remainihjg.  possibiljUy^    q    •    m  +  p,    fnf  some  natural 

p,    is  "true.    Therefore'   q  -  m    -  p    is  a  natural  number'.  .  ' 


ALTERNATE  DEFINITIOJJ  OF    N  ^  ,  /  '  *^ 

■ .  .  ■  /■   ■  ■  •     ■  ^  '     .  ■ 

For  most  of  us  the  intuitive  notion  tjb^  vej  have  of  the  set  of  natur^* 
al' numbers  is  scmiething  like  the  following; 

1    is  a  natural  jiuisber  and  the' other  natural  nus^fer^  ate  obtained  by 
starting  with  the  number    1    and  successively  adding  ones. 

*t¥i8  intuitive  notion  can  be^  ^de  a  little  t&ore  pteci^e  by  starting 
t^t  J  ,  ,  ^ 

(1)  1    iW  a  natural  numbfer,  and  ^ 

(2)  '    Ifv*  k    is  a  oatftiral  riimiber,  then    k  -f  1    is  a  natural  number, 
and  furthenaore,  ^  s 

(3)  Jhe  set  of  natural  numbers  is  the  ".smallest'^  set  which  contains 

1    and  which,  if  it  contains  a  number    k,  •  also  Contains    k  -¥  1. 

**  ,  .  .        *  ■ 

We  can  rephra9e  this  as  an  alternate  definition  of  the  set    N    of  ■ 
natural  numbers.  '  • 
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DEFINITION  8.2:     (AlteriuitrBefiiiition  of  N> 

Let    I    be  the  f«rally       all  jiets    S    of  real  numbers  such  that 
<a)    1    Is  1&   S»    and  ^ 

(b)  .  if    X    la  in    S,    then   x  >  T  is  in  .  S.      *  ' 

(The  iitet  of  ail  real  nuabera  ia  a  aet  in  the  family    Id)    Then  thg- 
aet    N    of  natural  numbi^a  ia  the  aet  pi  thoae  elmentajj^at  are  cc»«- 
mon  to  every  aet    S    in  the  family    I;  i.e*.    n    la*  in        if  and 
only  if    n    ia  in    S  4ot  (every  aet    S    in  I. 

From  the  above  definition  of  the  aet  can  we  conclude: 

ta)^  1   :i8  in    N?  Why? 

ANSWEHt  /  ,  .  ' 

Hm%    by  (a)  "T  is  jg-  every  set    S    in  the^family  I. 

Can  we  ciJQclude:  •       '  . 

(b)    If    It    is  in    N,    then    x  +  1    is  in    N?  Why? 

ANSWER:  '     \      '     '    '  '  - 

Yes.  ;  If    k    is  In    N,    then    x    is  in  e§ch  set    S  *  of    I.    llxen,  by 
(b)^    H     1    i|i  In  each  set    iS    of    I;    l.e*,    x  -f-  1    is  ia  Jt* 


We  have  shol^n  trfct  thfe  aet    N    satisfies  both  (a)  and  (b),  so    N  is 
a  set  in    I.    Inlfaqt  it  is  the  smallest  set  in    V   because  it  is 
contained  in  eVeiAf  set    S    in    I.  '  /  ' 


The  Alternate  Definition  Essentially  amounts  tt  the  use  of  the  Induc- 
tion  Principle  as  9  definition  of    N,    Repall  that  the  Induction  ^ 
Principle  states  that  i-f         is  a  subset  of    N    which  satisfies  (a) 
and  (b)  then    S    is  all  of    N;    i.e.,    no  set    S    smaller  than  N 
satisfies  , (a)  and  j(b)  . 
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If    S    U^i^mubttit  of    N   which  Mtlsfics  <a)  «Qd  (b)  then  ihe let  S 

■  ■        "  *  ^ 

in  in  th*  collection;         .  '  ■ 


-ANSWER: 
I 


Sincer    S    is  in    I>    then   in  «  subeiet  of 


.ANSWER? 
N    is  a  subset  of  S. 


Sinc0    S    is  also  a  subset  of  S  ^  N. 

W«  wish  no%r  to  show  that  Postulates  (c)  atui  W)  follow  ire®  the  Al- 
t^nate  Definition  of    N,    Postulate  <c)  sitates  that    n  >^  1    fo?  each 
niaiber    n    in    ^.    To  ^prove  Postulate  (c)  we  w|.ll  show  that  there  is 
a  set.  S    in    I    which  contains  no  number  less  than  l/ 

Prove  that  the  set    S    p|  all  real  ni^nbers    x    such  that    x  >.  1  la 
in    I.  • 


ANSWERJ  V  ,  , 

PROOFS    Since    l'>.  .l,    1    ig  in    s.    If    x    is  in  *S,  then    J£  >  1. 

Glance  x  +  1  >^  1  4-  1  >  1.  Therefore  x  +  1  is  in  S.  It  follows 
that    S   'satisfies  (a)  and  <b)  and  is  in  I. 


Since  S  in  in  I,  N  is  a  subset  of  S.  Hence  n  >^  1  for  esch  n 
in 


PCMtulata  (d)r    If    nl  is  in  there  ±a  no  number  in   N  betweieit 

n    and    n     1.  ^ 

Wd  Will  prov«  Poi^tulate  (d)  by  induction*  Let  S  be  the  ii^t  of  all 
nuobera  ic  in  M  Buch  that  k  •  1  or  x  >  2.  Prove  that  S  ia 
in    I.  .       ^  * 

ANSWEK:  , 
PSOOFi    1    is  in    S,    by  hypothesia*    If    x    is  in    S    then  either 
X    «    I    or    X  i  2i    If    X    -    1^    then    x  +  1    *    2,    If    x  ^  2, 
then    X  *i-  i  i  3  >^2.    liance  in  either  case,    x  +  1  >^  2,    Since    x  +  1 
is  in    N    it  must  be  in    S.    This 'proves  that         satisfies  (a)  and 
(b),  and  so    S    is  In    1 4  .  .  *. 


Since    $    is  in    1,    N    is  a  subset  of  But    S    is  alto  a  subset 

of    N.    So    S    *    N«    This  proves  that  there  ,ia  no  numbiet  in    N  be- 

tweeh  1  and  2.         *  *  * 

Assume  Postulate  (4)  i£(  true  for    n    »  k;  i.e«|  there  is  no  natural 

number  between  ^  . 

. .     .  ~ . . .  _  -     . . . 

ANSWER: 

^     •  ^  ...  . . 

k    and    k  +  1 .  '  . 


 V 

We  want  to  show  thia  assumption  implies  


ANSWER:  ^ 


there  is  no  natural  number  between    k  +  1    and    (k  4  I)  -f  1^ 
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Ut    S    b«  the  subnet  of  N    cLsiating  of  all  natural  aumbers  ^^ept 

thotte  natural  nuabera    x  such  that    k*|  i  <  x  <  <k  +  1)  W  - 

k  t  2.    If  we  can  show    S        N;    then  there  will  b^  no  natural  nua- 

ber»  between    k  +  1    and  (k  +  1)      l,    and  the  proof  will  be  co«d-- 

plete.    We  will  show  that  S    is  In.  I. 

(a)    .1    is  in    S.  Why? 


ANSWER:  •  . 

(a)  There. is  no  natural  number  less  tfian    1.    Since    k    is  in  N, 

•  k  +  1    is  also  in    N.  , Hence    k  +  1  <  1    is  impossible.  .  Sinc^  1  is 
in    )i,    i'  is  in  S. 

■  "  7^-* 

(b)  Assume    t    is  in    S.    Since  we  ire  aasuaing^stulate  <d)  for 

n  •  k,  t  is  not  between  fc  jind  k  +  1,  Therefcbre,  either  t  <'k 
•    or    t  >^  k      i    by  01.  ^     -       '       ■  ^ 

W«  want  to  show  from  this  assuiaption  that    is  in    S,  , 


1  •     ■  / 


AiNSWEH:  '  ,  ' 

(b)     t  +  1 


If    t  5  k    or    t  i  k  +  i;     then    t  +  1  <   or    t  +  1  > 


ANSWER: 
k  ^  1 

k  4-  2 


Thus    k  +  i  <  t  +  1  <  k  +  2    1»  impossible.    Hence    t -»-  1    is  in  'S. 
We  have  shown  that    S    satisfies  (a)  and  (b),'and  so    S    %h  in  I. 
It  follows  that    N    is  a' subset  of    S.    But    S    is  a  subset  of  If. 
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Tb€r«fQre»    S  i^q  ^roof  in  complete* 

•  •        /,  ■  '  .  ■      ■  •  .  ^■ 

Out  proof  of  Postulate  (d)  uuing  the  Alternate  Def laltioix  of    N  is 

•  >     ^   *"   -  ♦  .     **  ■ 

baaed  on  the  loductloo  Principre.-   Tbia  proof  Is  valid  beeauae  the 

Induction  Priaclple  ia  obvioualy  truie  when    N    la  defined  uaing  the. 

AlteVoate  Definition*  ^  > 

IhpB  we  have  ahown  that^he  four  poatujilate^  fiveo  in  our  first  defin- 
ition of- N    c0n  be  proved  froo^our  second  or  alternate 'definitlc^  of 

We  can         show  thafe  the  set    N    ia  uniquely  defined  by  Definition  ^ 
8*1;  i.e.f  w«  can  show  that  there  is  only  one  set       real  numbers 
which  tiatiafles  Postulates  <a)  .-  (d)  ef  IH^finitlon  8.1*  '  '  ^■ 

We  have  Ju«t  shpwn  that  the  set    N    defined  in  Definition  8.2  satis- 
fies these  four  postulates.    Suppose  i$  a  set  of  real  ntusbers 
which  satisfioa  Postulates*^  (^)  -  (d).    Which  of  the  postulati^B  tell 
ua  that           is  in  the  family    I    deacribed  in  Definition  8^2? 

ANSWER:  ■  ■ 

,_JEo4tulat^^^(a)  tod  (b)  .  . 


f 


Since  N' '  Is  in  I,  N  ia  a  suWet  of  N^.  But  we  prove*' the  In- 
due tioa.  I'rinciple  on  the  basis  of  Postulates  (a)  (d),  so  it  holds 
for    H*.    Npw    N    is  a  subset  of  which  satisfies 

(a)  1    is  in  and 

(b)  If         is  in    N,     then    k  4  1    is  in    N.    Therefore,  by  the 
Induction  Principle,.  N'-   *  N. 

So  we  conclude  that  the  set    N    defined  in  Definition'  8,2  is  the  only 
set  of  real  Hungers  satisfying  Postulates  (a)  -  (d)  of  Definition 
8  •  1  • 
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WriCt  nfich  o£  the  £42llowit^  oatural  nimbers  mi  the  product  of  two  or 
.  sarfi  oatutal^niffiibers.    In  mmm  cmmum  you  will  be  to  do  this  in 

(Blsregard  thu  order  af  th«  factornt) 


'2 

b. 

3 

_  M 

c. 

d. 

m 

.  «• 

6 

HI 

f . ' 

7. 

m 

8 

In 

9 

1. 

10 

m 

•J/ 

11 

m 

or 

or 

or 
or 
or 


or 


ANSWEfl: 


(2  • 

1) 

b. 

(3  • 

1) 

c. 

<Z  • 

2 

or 

4  • 

I) 

d. 

<5  • 

1) 

•'. 

(3  • 

2 

or 

6  • 

f . 

(7  • 

1) 

&• 

C8  • 

1 

or 

4  ■•■ 

2    or  2 

h. 

(3  • 

3 

or 

9  ' 

1) 

i. 

(5  • 

2 

or 

iU 

•  1) 

j. 

{U  ' 

'  1) 

Which  of  the  abov«  numberB  could  be  f Atored  In  only  one  way  (without 
regard  to  t^e  order  of  the  factors)? 
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2.  3,       7,  a 


If  w<e  continu4^d 'i:h&  above  prpcesn  we  would  separate  the  natural  num** 
bers  greater  than  ^    into  two  sets.    One  set  would  consist  of  those 
natural  numbers    a    that  can  be  factored  as  products  of  niitural  num- 
bers in  only  one  way,    a  •  1,    The  pther  set  would  consist  of*  those 
natural  numbers  that  can  be  factored  ati  {l^roducts  of  natural  niMQbers 
in  iliori(^  than  one  way. 

DB^INITION  8.3:    A  natural  nuiaber    p    is  isaid  to  be  prime  if    p  >  I 
and    p    cannot  be  written  as  the  product  of  two  natural  numbers  other 
than    p    and    1.    A  natural  nmnber         Ib  aaid  to.be  composite  if 
c  ^  1    and    c    la  not  pr£me.  . 

Thua    N    may  be  partitioned  into  three  s^s|  the  set  of   ,  the  aet 

of    and  the  set  of  consisting  of  just  the  nuanber  1* 


ANSWER:  i 

♦ 

prioies, 

cacapositeat  (either/ order) 

Wtiat  are  the  tteKt  four  prlfflea  larger  than  11? 


ANSWER; 

13.   17,   19,  23 


An  ifaportant  part  of  the  definition  of  a  prime  number  the  reatric** 
tlon,  natural  nun3bej_s-,  placed  on  the  set  from  which  We  can  choose  our 
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iactorti.    Briefly p  we  will  be  factoring  over 

III  how  Wny  ways  can  7  &e  factored  over  di«  real  nuiaber  systera? 
ANSWER:  •  .  .... 

7  can  be  factored  I'n  an  iQinite  nyab«r  of  ways  over  the  real  nuab^ 
»y«t«>».    For  exaaple,    7    -    7/2  '  2    •  *  U/3  •  3/2    •    49/211  • 
211/7,    etc.  ,  •   ;  ✓  . 

-  -  -  -  -  -  .  .V  1.  if^. 

The  nunfaer  12  has  6  factor's  In    N.    They  are   •    \  ' 

 md  . 


-ANSWER:  ,    '  '  :. 

i.  2,  3.  4,  6,  12 

.  ■' " " " " ' " '        "  ~  T   

THEOREM.  8.  7;     If    n    is  a  natur^  niiwber  and    n    •    a  .'  b,  where 
each  of    a    and    b    la-  a  natural  nuraber  different  fro«  1,  then 
1  *  a  <  n    and    1  <  b  <  n. 


PROOF:  SlQce  a  i  \  a«d  /  b  i  1.  a^I  and  b>l  by  Postu- 
-  -Br  Order  -Eheor^  4.ir.    \  i  ^.    Kefifee.  by  02,' we  have ' 

b  '  0.     Gwnplete  the  proof^.  .  • 


. .  V  _  _,_ 

"  * —  ■         '  . 

ANSWER:,  '      /  '     '  •  ^ 

(c)  .     ■       "■  ^ 


Fr«a    a  -  1,    b   •  0,    we  can  conclude  by  04  that    a  •'  b.>  1  •  ^  or 
n  ■  b.    Similary,     a  -  1    and    1  »  0    implies    a  >  0.    Frt^    b  >  1~ 
and    a   •  0,    we  have    a  •  b  -  a  •  1    or    n  >  a.    Thus  we  have  shown 
that    1      a    and    a  <  n,    and  that    1  <  fa    and    b  <  n. 


J- 
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PRIME  FACT0HI2ATI0N  , 

THEORQl  8.8:    Every    a    in  n  >         in  either  a  prime  or  ftaa  a  *  - 

factoriauitloQ  aa  a  product  of  prlmen  which  is  unique  except  for  the  ^ 
order  of  the  factors^ ^  ^ 

This  theorem  is  generally  ref erreb  tu'^y  one  of  two  names;  the  fuada-* 
.mental  theorm  of  arithmetic  or  the  unique  factorization  th^ofem. 

We  must  prove  that  a  ^^r^9^  factorisation  exlata  and  that  only  one 
auch  factorization  ia  i^jsalbie. 

If    tt'  it*  prime,  there.*  la  no  tiling  to^ptov^.  ^  If  not,  thea  ^  • 
a  ♦  b.  ^f/^  ^  prime,  we  prfe  through.    If  not^^^a  * 

»l«2f    b  1^  hib2,    and    n    •  j^i^i  *  ^\^2*    If  each  of  the  faptora 
a^    and    b^T"^    -    1,  2> ,         priae,^we  are  through.    If  not,  we 
continue  aa  before  until  a  prime  factorization  of    n  ^ia  obtained. 
This  discuBtilon  provides  an  Intuitive  approach  to  the  proof  of  Theo-*  , 
rem  A  precise  proof  ualng  mathema^tical  induction  follows, 

PROOF:     (Existence)    Assume  that  ther.e  is  an    n    in    N,    n  >  1, 
which  IS  neither  a  prime  ftor  a  product  of  primes.  ^ 

What  t^hedrem  tells  ua  there  is  a  smallest  such  nt^er    n?  • 

-  —   -  ^ 


\ 


Theorem  8.2 


Let  k  ^e  the  si^allest  such  nimjber.  Let  k  •**  ab  wftere,  a  and  b 
areVin    N    and    a    i    \^    b    4    1*,  Then    r<  a  <  k    and    1  <  b  <  k; 


by  Theorem  B.?. 


We  know  that  each  6^    a    and^    b    is  a  prime  or  a  product  of  primes « 


0 
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ANSWER;  .  .  , 

%  .  and    b  both  lesii  than    k    and    k    is  the  smallest  numbier  In 

different  froai  1^  that  is  not  a  prime  or  the  product  of  primes. 


Thar^tore    k    1^  a  product  of  primes.    Tliis  contradicts  what  state- 


ANSWER: 


Our  original  assurnption  that    k    was  neither  pfhac^nor  a  product  of 
Palmes.  *  ^  • 

*  i  ■  .  ^ 

Therefore  our  original  assumptidn  is  ihcorr^ct  and  thei^e  is  no  n 
which       neither  prlae  nor  a  product  of  primes,    tfe  havfe  proved  that 
a  prisie  factorization  of  every    n    in  n  >  1,  ^is|a/ 

^'  ■  -  . 

The  proof  that  we  have  given  ia  a  proof  by  matheaatical  induction 

since  it  involves  the  Well-ordering  Property  Theorem  8.2. 

(Uniqueneas)  Asaume  that  there  exists  an  n  In  N  that  can  be^fac** 
tored  in^  two  different^ays/wh^re  all  of  the'^factors  ar6  prime. 

The  Well-ordering  Principle  tells*  us^there  ia  a   ;  such  n. 

ANSWER:  .    '        -  * 

■  * 

smallest,  or  least  ^ 


Let    k    be  the  least  si^ch  number    n.    Then    k         pi  •  p2  *  •  " 
qi  •  -  .q^    where  the    p*s    and    q's    represent  the  prime  factors 

4fl  the  two  factorizations  w^  have  asspiaed.    We  can  further  assume 
that  the  factors  are  arranged  in  order  of  increasing  size,  i.e., 


Moredvert    p     ^  A    ior  then  w&  could  cancc^l  the  first  factor  ia 
•  MCh  of  th€  deco9po^itian«  and  obtain  two  different  prime  Ya^torissa- 
tlgna  of  the  number    u    «   P2  ;  P3  •    «I2  '  ^3  t|  i» 

tbitt  pot  poaai{^^  ^  ^ 

ANSWER;  . 

u  <        which  would  contradict  our  aasumption  that    H    is  the  amall*^ 
est  nusaber  la    N    having  two  different  prte^  factorisations.  * 


Since    pi         qji|  by  th^  Trichotomy  Property  01  we  caff^  conclude  that 


ANSWER: 

Pi.  <  qi  qi  <  Pi 


Suppose  pj  <  qi-  (If  qi.<  Pit  then  we  would  just  interchange  the 
p^iS    and    q's    in  the  following.)  '     .  *  ; 

We  will  now  fona  a  number    n'    and  use  it  to  arrive  at  a  contradic- 
tion of  our  origln^^  assumption  that    k    haa  two  factorisations. 
(1)    n'"^  •    k  -  (pi   •  q2  •  q3  -  .  q^)  . 

Substituting  each  o^  the  factorizations  for  k  in  .the  above  expres- 
,  alon  for    n'    we  have» 

^  (-2)    n'     •    ipi  •  p2_^^^<-p^)  -  (pj   •  q2  .  q^.)' 

'  ■>  ..  ■  • 

(3)     n'     •     (qi   •  q2   ...  q^)  -  (pi   •  qj   ...  q^)' 


Wklch  of  the  equatiij^  tells  us  that    n'  <  k?  Why? 
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35i 


ANSWER:  % 

^  # 


<1)    t«il8  uii  that    a*  <  k,    because    Pi  •        *  qs  •  •  •  q^^^  > 


Uhtch  o|  the  equations  t^llu  us  that    pi    1«  a  factor  of    n'?  \ 

•  •  • 

 ci^^  '  -  — 

SWER: 


AN 

^Equation  (2)  *  • 


Which  of  thfe  equations  tells  that  n*^  ie  a  natural  iiisab«?  Why? 
(Hint:    Rmeia(>er    Pi  <  qi)  ' 


ANSWER: 

Equation  (3).    Since    p^  <  q^^    <qj  -  pj)    will  be  a  natural  nmber 
by  Theorem  8.6,  therefore    n'    is  a  natural  number  because  the  set  of 
\        natural^  numbers  is  closed  under  multlpUcation. 


^    The  facfis  that    n*     is  in    N    and  that    n*  <  k\J^low  us.  to  make 
What  statement  about  the  factorization  of.   n't    [Note  that    n'    |t  1 


because    pi.    is  a  factor  of  -  it*.]  " 


ANSWER:  o 
The  factjorizatioTl  of    n'    is  unique  beckuse    k    is  the  smallest  nu^ 
ber  in    N    having  two  different  prime  factorizations/ 

Then  must  be  a  factor  in  this  6nique  f actdrlzation  of    n*.  Why? 


^ 


W  ANSWER: 

I  PI    i»  priofe,  and  lt$  a  factor  of    n'    from  equation  (2), 

v.-----;.-.,.. 


a^caii 


n 


from  equation  (3)  that  *  ^  , 

(cjj  -  Pi)      (q2  t  q3V,.,  q^) ,  ^  V 

Since    (qi  -  pi)    is  a  tiatural  number,  then  both    (qj  -  p^)  and 
(<I2  '^2/'*'  written  aa  a  product  of  priiae  fectora.  We 

to  ahow  that    pi    is  hot  ^  factor  of  this  deca®pos  it  ion  6i 
(\l      Pi)    and    <q2  •  c^3  ...  q^)p    thus  arriving  at  a  contradiction: 

Can  be  a  factor  o'f    (q2  •  q3  q^r?--«-^y? 

(Hint:    Recall  that    pj  <  qi  Jl  qa  i.  qa        i  ^l/) 
-  ^  .  .  .  -  _  


ANSWER:  ^  . 

No;    Pi    and  all  the  q'-s  are  prime.    If    pj    .were,  a  factor  of  (q2 
qj  ...  A^) t    it  would  have  to  equal  one  of  the  q's,  but    pi    is  less 
than  each  of  them.    {Reja«Haber  that  the  prime '^^factorization  q2 
. ,  i/q. 


'^q^    is  uniqli^Hoecaya^'         *  q3.  • .  •        <  k.) 


ShoirtHat  *  pi    iB  not  a  factor  of    (qj  -  pj).    Why?    (Hint:  Aasuce 
that    Pi  ;  is  a  factor  of     (qi  -  pl),     then    qi  ^  pi    -    Jh  •  pi,. 
Where    h    is  some  natural  nueifaer,) 


H   T>f    is  a  factor  of    qi  -^pj^  then    q^  -  pj         h  •  pi,    yiere  h 
is  ac»ne  nat.Hjal^iu^ber *         ^  pi        "h*  •  p^  implies,  that    qi '  * 
Plh  ^    -    p|(h  +  1),  * 

But    qi  pj(h  •♦•  1)     because    q'j  is  prime,  '  , 
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\ 


'  Uft  bav«  «rriv«d  it  m  contcadictloQ.    What  is  it? 


•    ■  .    ,  ■ 

ANSWER:  ,  '        ,  .. 

pj    im  a  factor  of  .  n*    and    pi    is  tiot  a  factor  of  n*. 

Sinc6  w«r  have  arrived  at  a  contradiction,  our  Original  asai^ption 
that    k    haa  two  prime  factorieatlens  is  faiae;  and  we  have  proved 
that  thje  primf  factorization  of  any    n    in  M    ii^i  unique » 


Review  the  preceding  itma  and  then  reconstruct  the  proof  of  the 
uniqueneaa  part  of  Theorem  8.8.    Do  not  look  back,  dnce  you  have  be- 
gun to  write  the  proof. 


ANSWER:  jjl 

THEOREM  8.8:    Every    n    in    N,*  n  >  1,    is  either  a  prime  or  ha*  a 
factorisation  as  a  product,  of  primei?  which  it  unique  except  for  p\\e 
orcfer  of  the  factora. 

PiKX)F2     (liniq^eneaa)    Aaaume  that  there  exists  an      n    itf   N  that 
can  be  factored  in  two  different  ways,  where  all  of  the  factory  are 
prime.    The  Well-ordering  Principle,  Theor«n  8/2,  tells  ua  there  is 
aikmallest  such    n*    Call  it  kV 

Thea^  k    *    pi  •  p2  *    m  •  ^2         ^    where  the    p's  and 

q*B  .  ^e^re&ent  the  primd  factors  in  the  two  factorizations  wS  have 
assumed.    We  further  assume  that  the  factors  are  arranged  in  order  of 
increasing  size,  i.e..    Pi  1  Pa  £        1  Po    and    qi  1  q2  1  qa  ± 

-  '      .    ■    "      ^  , 

Moreover,    pi    ^  for  If    pi    -    q^    we  could  cancel  the  first 

factpr  in  each  of 'the  decompositions  and  obtain  two  different  prime 

j^actoriza|4jpns  ^of- the  nim^^ber    u    ■    P^  *  Pa         P£  .«    q2  '  ^3. 

Tq^^.  Sin^Mu  <  k,  this  Contradicts  our  assumption  that  k  is  the 
amallest  number  in    N    with"^twp  prime  factorizations. 
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Slace    Pi    4    qj,    by  ,  01  CTrich4|o«y)  we  have         <  qj    or    qi  <  p|. 
|^W«  smuimsr  .p|  <  qi,    and  arrive       a  contradiction.    (If   q|  <  pj^ 
th^n  w«  would  Interchange  the    p'a    and    q*a    In  the  foi:^owltig  and 
arrlVa  at  the  a«ae  contraddctlon) ,    Sint^e*  by  a^siMptiosL    pj  <qi,, 
we  have    Pi   •  qa  •  q3  ../q^  <  qi  *        '  and  by 

Theorem  8.7,    k    ^    Pi  •  q2  •  q3  . . .  q^  *  is  a  natural  puarfier.  Let 

(I)    n*    -    k  -•pi  ♦  q2  •  ^^   q^. 

Substituting  each  of  the  pi:im  f actoriaations  for    k    in  the  above 
expreaaion  for    n%  we  have  \ 

{2)«nV   ^    (pi  •  P^)  ^  €Pt  •  q2  ^) 


(3)     n'     -     (q^    •  q^   ,  .  .  q^X  -  (pi   '  q2 
-    <qi  -  Pl)(q/  y  .  q^>. 

We  know    ft*     is  in    N>    arid  frcxn  (1),    n'  <  k.    Uence^  the  factoriza- 
tion of    n*    is  unique  since    k    is  the  asiaUeet  number  in 
two  prime  fairtorisations*  \ 


having 


Fro©  equation  (2)  we  know  pf  ia  a  faAor  in  this  unique  f 
tion  of    n\    We  will  no#  use  equation  <3)  to  .show  that  p 


fictoriza^ 

I )  Is  not 


a  factor  in  this  unique  factorization  of 
contradiction. 


hepce  arriving  at  a 


In  (3),  Pi  is  not  a  factor  of  (q2  . 
the  q*8  are  prlsie  and    p|  <  qi  £  q2 


because 
(q2   •  q3 


Pi 


tto  the  f actoriseation  of    qa  /qa' 
factor  of    (qi  -  pi),     then    qi  -  pi 
natural  number,  which  implies    qj    •    Pi(h  -f  1) 
1)    because    qi'    is  prime;*  hence  pj 


and  ai'i 


q^    Is  unique*)    If    pi  ^is  a 
«    h  vpi    where    h    is  some 


Pi(h  ^ 


is  not  a  fa 


Thus  we  h&ve  arrived  at  the  contrad 
n'    and    pi     is  not  a  factor 
that    k    has  two  dif  f ere 


s  a  factor  of 


"^original  assumption 


nations  is  false  and  we  have 


proved  e:|i«|t  the  prii^  factorilsation  of  any    n    io    N    Im  unique; 


An  Interesting  corolJeary.  to  this  theoress  iut 

orollaryr  ^If  a  priae  p  is  a  fact'ot  of  ab»  th«o  p  must  he  a- 
factor  of  e'ither*  a    ot*  b.  * 


Prove  the  corollary  uning  Theoreia  8«8« 


ANSWEH:  ^  ' 

If    p    1m  a  factor  of  the  iT&tural  number    ab    th^n    ab    «    pg,    a  in 

The. product  of    p    tlisea  the  prime  decooiposition  of    a  voul(| 
yield  a  prime  deccnaposltion         ab    containlx^    p»  . 

If    p    is  npt  a  factor  of  either    a  "or    b    then  the  product  of  the 
prime  decompositions  of    a    and    b    would  yield  a  pVime  decomposition 
of  ^ab    not  containing    p    as  a  factor.    This  would  contradict  the 
fact  that  the  prime  factorization  o£    ab    is  uniquei 

 ..J.-L-  

/     :  '  ■    ■  .  _  •     •  ,  . 

The  following  examples  ill^stfaCe  i^n  algoritha- that*  gives  a  system-' 
atic  method  f6r  finding  the  ptlme  factorization  of  a  number. 

%  ■  ■ 

Find  the  priaie  factorization  of  308. 

Divide  308  and  the  successive  quotients  by  the  prime  numbers  in  order 
of  increasing  magnitude. 

(Divide  b^  2  since  308  is^  ev^n)  ' 

(Divide  by  2  again  since  134  is  even) 

(Divide  by  7;W7  is  not  divisible  by  2,  3, 
oir  5) 

(FinAi  quotient^  is  a  prime  nuj»ber) 
7  •  11. 


successive 
%  quotients. 


Thetttfore 


308 

2 

154 

2 

77  .  ' 

V'"' 

11 

11 

308  - 

.  2^ 

THEOREM  a. 9:    L<dt    n    be  a  natural  number,    n  >  i/   If    n    In  not  « 
prime  thea   n    han  m  prlm^  divisor-  p    such  that         <  n. 

PROOF:    Sijppose    ri    iu  not  a  priiae/  Then    n    •    «  •  b;    where  .a 
and    b    are  natural  nimbera  and^  1  <  a  <  n»    1  <  h*  <  n.    Each  of  a\ 
and    b  a  prime  factor,  by  , 

ANSWER:  .  ' 

Theorem  8.8.       .      ^       .       \  -  '  * 


Suppose  p  is  a  prime  factqr  of  a  and  q\  is  a  prime  factor  of  b. 
Show  tha^  it  is  ^poaaible  that  both    p^      n    and         >-  n,.  ^ 


AtsaMme    p^  -  n-  and         -  n.;   pi|    is      factor      .  ab,    go    pq  <  ab  • 
n.     Suppose    p  ^  q.    Then    -pq  i  q^   -  n,    a  contradiction/    If  .p  1  q 
then    pq      p''  >  n,     also  a  contradiction* 

Therefore  either  p  or  q  .  is  a  prine  factor  of  n  with  square  leas 
than  or  equal  to    n.    This  prqves  the  theorem. 

7-        -       ^^-r--  ^   .-^^^ 

I 

Fkid»  the  prime  f ac toy i nation        211^  , 

'  Sinqe    2,  3,  5,  7,  11,'  13    are  mt  divieora  of-211       know  that  2H^ 
is  a  priro€3  without' try itig  any  prime'numbar  g^reater  than  13.  Why? 

-  .  -  -  ...  1  .  ..w .  -  .  .  .   \  ^ 

ANSWER:  ^ 

By  Theorem  8,9  it  is  not  necessary  to  use  ^y  primes  greater  than  / 

as  trial  divisors  when  finding  the  prime  factorization  of  a  nat-^ 
urai  number    n.  • 


'  34!  '  NATU'lUt  NUMBERS 


^Findj^  priiw  f*etoriaafcion  of  210, 


210 


3  •  5 


* 

Find  the 

prims  factorisation  of  44982. 

answer/ 

449d2 

2  •  3^  •  7?  •  X7 

DEFINITION  8,4;  ,  The  leaut  co^ion  multipjlts.  1.<:.bi.,  of  a  pair  of  nat- 
ural numbgra  ia  the  as^lleat  natural  number  which  haa  each  of  the 
numbara  aa  a  diviaor  (factor). 

The  prime  factorisation  of  ^  naturai^u^bf r  ia  valuable  in  finding 
the  l.c.ia.  of  tvo  or  more  natural  nuiabers.  *  » 

Examis^le:  •  Find  the  l.c.ta,  of  60  and  90. 

60    -         •  J  •  5    and    90    -    2  v,3.2  •  5.  ' 

"Slnci  p';and  90  are  fsctprs  of  ch«ir  I.c.b.,  the  Less.  must,  ttontaln 
th«  factors  of  each  n^sbar.    Therefore  the  I.e. m. .of  60  and  90  is 
2^  ''  3^  •  5    -    180.  .        ,  .  '  ,  .  •  \ 

Find  the  least  conaaon  multiple  of  57  and  95.  .  • 


-ANSWER:  . 

57    -    3  '  p 

95    -    5  •  19 

t 

X.c.nu  of  57  and  95  Is 


19 


2S5. 
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Find  th«  laiifit  cosffiOQ  imiltiple^af  432  and  649. 


ANSWEK: 

4J2    -    2**  •  3 

648    •    2^  •  3"*  . 

l.c.m.  of  432  and  648  is    2**  •  3"*    -  1296 


This  proceua  a£  finding  ^e-leaat  cemion  nultifile.  ^ive«  us  «  ayattm- 
atic  way  of  finding  the  lowewt  coiarao'n  denoainator  when  adding  or  aub- 
tractlng  fractions.  ' 


Example:    Find  the  uum:    1/75  4  2/4S. 


1/75  *  2/45- 


3  •  5  •  5      3  •  3  •  5 

I         .32  5 

3  •  5  •  5  '  3     3  •  3  •  5  '  5 

3  .  10 


3  !  3  •  5.  •  5      3  •  3  •  5  •  5 

.  13 


^3 
225 


Notice  that  leav^^ng  th«  d^rtjxiinatora  in  factored  form  tells  us 

the  final  fraction  cannot  be- reduced  glnce  the  primes  4,i  ^\  are  not 

.  '       '  '■ 

factori*  of  13*  - 

Find  the;  following  .suiDS..    (Show  your  work,)  ' 

^a)     3/14  -  4/35  s       .  ^ 
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(«>    3/14  -  4/15 


JL 


•  4 


2  •  7      5  •  7 

15  '   '  8. 


2  •  5 


2  •  5  •  7 


.10 


(b) 


5  7  75  63 


ANSWER: 

tw\    3  ^,  7  /  5  3 


5  '  3  •  5,  •  5  3 
3  '  3  '  3  *  5  '  7 


•  3  •  5  -  5 
5  •  5  V  5 


2-1-1 


3*5 


3  •  3  •  5  •  5  • 

945  4-  147  -  125 
-       3^  .  5^  .  7' 


967 
3^-  .  5^  .  7 

967 


1575 


...  .  .--.  ..y,.  .............. 

DEFINITION  8.5:    Th^  gre^tsst  nAturaj(|nuinber  that  dividM  each  of  a 
pair  of  natural  nw^era  i»  called  the  greateat  coroon  divisor.  gtC,d., 
qf  the  pair,  '  . 

The  prlt&a  factorisation  of  "a  natural  i^umbet  alao  allowi^  ua  to  f^«a 
ayataxnatlcally  tha  t^^^^^i^  of  fin^in^  the  greataat  ccnibn  diviaor 
(g«c\d.}.    Let  usfuae  60  and  9Q'once  again  to  llluatrate  how  to  find 


34S 


thm  gr«at¥ist  c<»mon  4iviMor. 

W«  tit^t  wflce  down  th«  priae  f actoriz«eionii  of  60  and  90. 

■  •  ■  / 
60    -    2  •  2  •  3  •  -  5 

90  •    2  •  3  •  3  •  .5 

Fro®  thsnii  factorizations  nee  itssediately  that  the  greatest  common 
diviaor  of  6p  and  90  i«    2  •  3  :  5    «    30.   .  . 

What  is  the  greatent  coraion  divlgor  of  21  and*  91? 

ANSWER: 

21    -    3  •  7 

91  -    7  •  13    .  - 

'  .  A  ■     ■  , 

•  •  g.c.d.    -    ?.  , 

What  l»  the  g.c.d.  of  432  and  648?  ^ 


ANSWER! 

432    "    ;2''  •  3^  , 

648    -    2  '  •  3** 

•/•  g.c.d,  -    2^  -'3^    -  216, 


Tbig  mathpd  of  finding  the  greatest  £OBJaon  diviaor  allows  us  to  treat 
-th^  reduction  of  fractions  systematically* 

Example:    ^    -    K  '  \    -    1  .  2^  ■  3    ^    2  2;  »  3  . 

i^«npie.                2^  •  32         3      2^  •  3         3*  2^  •  3  * 

•  3    1^  the    of  24  and  36. 
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Writ«  tha 

3ttS 

4$5  . 


jfo'llowilm  t'r«cciQii  in  reduced  fpra.    (Show  your  ^ork) 


ANSVr£St: 
385 

455  " 


5  •  7 


11 
13> 


ii 
13 


COUNTABILIW  • 

DmiimON  8*6:    We  say  that  «  noa-^|ity  set    B    is  countable  if 
there  is  a  reversible  function    F   whose  d«3Bisin  is  the  set  of  natural 
ttuffibers  and  whose  range  is  the  set  B. 

Recall  that  if    F    is  a  function  fro®    X  to  Y,    the  dTOaIn  of    F  ig 
 »  and  thfe  r«ing©*of    F    la   , 


AfiSWEH:  , 
X. 

a  sub£»i»t  of  Y« 


If  the  range  of    f    is  all  of  we  say    F    is  a  function  from 

X  ^         Y,  •  i 


1 


■  ..        .  ■;  ■■  .      y   •  •••  . 

-   ' —  -  ^  -  -     —  ■ — .  ^  ^  —  •  ^ 

Thuii  isveif^ function  ir^  fU|ietlon  frqm  its   onto  its^  . 


ANSWER:  i  ; 

domain  ^  ^    '  . 

■  ^  ■ "  ■  ■  ■  ■ ' '  ~>  ' " "  ■ —  >- " " 

Rw:all»  too,  thdt  if    P    in  a  revers^bl^  function  then    F    sets  up  a 
correspondence  b«itweeh  the  eleiientii  of  its  domain  snit  the  eiemeiits  of 

its  range  such  that  each  eiesacnt  of  the  domain  corresponds  to  ,  

and  each  elmsnt  of  the  range  corresponds  to 


ANSWER: 

exactly  one  element  of  the  range « 
exac^tly  one  elaaent  (^f  the  doiQain. 


If    F    is  a  revetsible  functiion  frc«B    X    onto    Y,    we  say  that  \* 
defines  g  one-ts^ond  correspondence  between  the  elei^nta  oiP    X  and 
the  eleaents  of    Y.    Thus  we  say  a  set  is  coun^ab^e  if  its  eXanents' 
can  be  put;  into  a  one-to-one  correspondence  with  the  elements  of 

If    f    is  a  function  frc»a    X    ^to    Y    an.d  if.  ^    is  the  eleiaent  In 
the  domain  that  is  mapped^  onto    y    by  the  ful^ctionVf,  ,  we  sos^e times 
4enote  this,  by  writing    sc         y.    Using  the  a^ve  notation,  show  a 
function    f    fro©    N    onto  the  set  of  even  natural  numbers. 


4 
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n  2n 


or,    £    is  «  function  such  that  if    n    is  & 

i 

natural  number,  then    n  ~*  2ix. 


Ttia  above'  exaaple  shews  that  thfii  set  of  even  nktural  -nirabers  ifi 


ANSWER:  ' 
countable. 


THK,  ARCHIMEDEAN  PROPERTY  • 

Th6  Coiaf\l6teae08  Property  of  the  real  number  system  allows  us  tV 
prove  the  following  ^heoreis,  ^  • 

TIiE;OK£M  8.10:    The  set    N    of  natural  numbers  has  no  upper  bound. 

PROOF:    If    N    has  an  upper  bound  then  the  C^H&plqteness  Propert 
tells  us  that  • 


N    has  a  least  upper  bound* 


■  ■  N /  •  ■    :  -  ■  :  '■.  ,  I  ^  :.  . ' 

AsKuae  tt)*c    N   h«a  an  up|j«r  t>ound  aad  l«t   it   denote' the  l.uil>. 

N.    Then,  u  -  1  ^iu  ao^  Mn  upper  bound  'df^  N.    So  tfeare  ia  a  natural' 
tnuBber    n    audi  tl)«t    u  -  1  <-o.^.Th«o   u  <  n  +  i.  /why  doaa  this 
^lv«  u«  a  contr^lctlon?      -  / 


Sinca    n    ia  a  natural  number,   .n  +  1    is  aUo  in    N.    But    u  <  n  ♦  1 


coat^dicts  the  aauumption  that    u    ia  an  upper  bound  of  N. 


An  imaediate  consequence  of.  ITieorein  8.10  is  the  . following  theoresB 
vrfiich  ia  called  the  Archimedean  Progertv.  - 

THEOREM  S.il:  If  a  and  fa  are  positive  real  numbera,  there  is  a 
natural  nuodier    n    such  that    na  >  b. 

PROOF:    There^^  a  niatural  number    n-  such  tjj*t    n  >  b/a'.  Why? 


ANSWER; 

By  Theorem  8wl0,  Is  not  an  uppe£  bpund  oi  N. 


Froai^  n  >  h/^^J^  get    na  .>         which  proves  the  *  theorem. 
Taking    b.   -    i    in  Theorem  8.11  we  obtain  ^  '        y  ^ 

THEOREM  8.12:  If  a  is  a  positive  real  number,  tkere  is  a  natural 
ntwiber    rC  such  that     1/n  <  a.  — ^ 

PROOF;    By  ^eorm  8.ii  there  is  a  natural  niJsnber    n    such  that 
h  •  a      1.    Then    a'  >  1/n.  '  ^ 

Let    S    be  the  set  of  all  numbers  of  the  form    1/n    such  that    n  is 

a  natural  number.    The  preceding  result  tells  us  that   is  the 

greatest  lower  bound  of  S. 


ERIC 


sero. 


REVIEW  ITEMS 

1.    What , f  ield  postulates  fail  to  hold  for  N? 


ANSWER;/ 


7:  •  • 

^ld»/inV"in-  ' 


7f.    Find  the  prime  factorization  of  99t999, 


ANSWER?  ^  .  " 


3  •  3  •  41  •  271 


3.    Which  of  the  following  seta  of  numbers  are  wall-otrdered? 
(a)    The^odd  Integers. 

<b)    The  positive  ev6a  integers.  ^ 

(c)  The  non-negative  real  nuniers;  *  ^ 

k 

(d)  The  set  of  Qumbers.of  the  form  2  where  k  ,1$  a  natural  num- 
ber.        V  .  ^ 


ANSWER: 

(b)  and  (d>.  ((^  fails  because  the  set  has  no  least  element^  The 
set  (c)  has  a  least  element,  viz,  0,  but  the  sub^t  of  real  numbers 
ietween  0  and  t  has  no  least  element.) 


Prove  th0  folXc^ii^  ut^%mmnt       cQ^t&ct  iy  mathoKntical  i^uc** 


tlcm: 


-  o    U  dlvittihle  by  3  for  all  natural  aumbers  a. 


Lat  S  bii^  cha  liat  of  all  natural  nuabara  a  for  which  tha  atatmaat 
ia  corract*  '  , 

(a)  1    ia  in    S    bacauaa    1^  -  1    -    0    is  diwiaible  by  3, 

(b)  Aaauoia    k    1»  ia    S;  I.e.,         -  i    is  4<vi8ibla  fay  3  for  m<m» 
natural  aumbar    k.  Than 

♦  l)^  -  (k  +  1)    -    k^  ^  3k2  t  3k  ^  -  j[k  ^1) 

 -    (k^  -  k)  ^  (3k2  +  3k)  ; 

andl  this  laat  axpraaaion  i.a  divlalble  by  3  if    k^  -  k    is  divisible 
^y^.    Tharafore,    k     1    ia  in    S    If    k    is  ia  S. 

erefora    S    «    N,    by  tha  Induction  Principle.'  So  Vhe  atatwftaat  ia 
<^      corracr  for  every  natur^il  ntmbar  n. 


5.    Find  tha  l.c.o.  of  35  and  75. 


52  .  3  •  7    or  1^25 

♦ 

6.    Find  the  g.cd.  of  231  and  546. 

i 
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7/  Which  of  tb«  folloiirlng  Bubs«u  of    N    1«  (sre)  cloaed  im^^r  addl- 


tioa? 

(ft)    The  ad^  aaturjil  nuafccrs. 


• 


(fa)  T^tt^Pllktm 
(c)^  N'  1'P|W|M        form    2     idhete    k    is  a  oatural  oumWr,  ' 

•  ■  ■  ^ 

ANSWER:    '    *        ■ •  ,  .  '    -  .    ,  ' 

<b)        ^  .  .      .  *    '  •  ■  • 

♦  •■.»■■• 

*  ■  ■  •  I  ■  . 

^  ~     <~      ""'^^  .-^  ««•     «ip  Jim     mm      —  .     M>      —  . 

■     1  *  ■     «  •      •  . 

8.    Which  of  the  above  sets  |g:e  cloBed  unde^  multfttlicatloa? 


ANSWER: 


4  • 


 ,  

'         ■  »         .     '  .  - 

9.    Pfove  that  ^he  foijBula    3  +  32      3^  +  ...  4»3°    -  •=- — 2  ~ 
,     is  correct  for  all  pAtural  augers    n   by  aatheoatical  induction. 


ANSWER:  #  •  ,  ^  . 

Let    S    be  ttfe  set  of  all  natural  numbera' for  whi*ch  the  forauiaTis 
correct.  '  ^  ^  i  *  ^ 

(a)    If  ';n    -    1^  we  have   ^  ^  ^    -   | 3,  hence 

the  formula  i^  corfect  for  -n    -    1^    tod    l'  is  ln 


(b)*^  If    n        k,  *we  have  f 

•    '      ^k  ^  1 


If,  B    -    k  +  i,  *we  have                .  .  '  - 
*;'^li^^2)    3'.+  32.^^-^3V  ...  +  3*^  +  3.  ■    ^    «   ^  5  ^ 

•       3^^      V  '      •  ■  ^ 

>  & 


■erJc;  . 


W<$  v«nt  to  sho^  that  (1)  impli^ii .  (Z*) . 

•  ■ 

Ail4diog    3\         to  both  sidas  of  (1)  we  obtain 


(4) 

(5) 


» 

k  +  1        *  k  +  1 

3  -  3  +  2  •  3  • 


3  .  3^  *  ^  -  3 


2  ^ 


(6)  •   -2  ~^ 


•'Equation  (6)  is  Identical  to  equation  (2)  and  since  (I)  — ^  (6), 
,  the«    (X)  ,  — ?►     (2),    and    k.  +  1    is  in    S    if    k    is  in    S.  there- 
fore   S    ■    N,    So' the' formula  is  correct  for  every  natural  number 

a.      .  ^  ■   ■  ,        .*  ' 

«.■,■"  •   .  ■  .  .  '  ■   ■     •  ■ 

—       —      —  ~—       —      —       —      —      ^      —       —      —       —      —       —      —      —  «—  —      —  — 

10.    Show  th^t  the  set  ot  squares  of  the  natural  nirabers  is  countable; 
i.e.,  define  a  function    f    th^t  maps  the  set  of  natural  nisabem  bn- 
«to  the  set  of  squAres  of  the  oa^itral  numbers,  '  . 


ANSWER:  \* 

1  -i*  1  -  , 

2  -^  4  ; 

3  9-  '  » 


1 


or,    f    is  a  funetion  such  that  if    n  \  is  a 

*  f 

natural  number,  -then'  — ^  n^ 


n(  ii 

■A 


V. 


n  — Ti^ 


i 

1  ■ 
/  ■ 

t 


•  / 


^  .•  .  .    -.1-.  . 
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IX.  IKTEGEKS 


V     DEFINITION  OF  THE  SET'OF  ^gaERg  ^ 

As  watt  the  case  with  th^j  natural  nuabers,  in  this  unit  we  will  con- 
^id^r  tha  integare  aa  a  aubayatea  of  tHa  raal  nimbera.    We  will  de-  * 
^   valop  sc^a  of  the  propertiea'^  that^^ate  peculiar  to  the  Integers  and 
introduce  aoaie  term*  and  concepts  that  will  be  ^aeful  in  &  later"  unit 
on  pplynomiala.    We  will  daiote  the'aet  of  integ;er^  by  I. 


DEFINITION  9.1:    Tlje  set  of  integers >    I,    consists  ofAhe  set  of 
natural  numberst  the  additive  inverses  of  .the  natural  nusabers,^  and  ' 
the  number  0. 

Fr<w  thp  ahove  definition/^Def  inltion  4»1,  and  Def  inition^8,l,  it 
follows  that  the  bet    N    of  natural  numberf?  'is  the  set  of  positlye 
integers.    Also,  by  Def initiori^l.  and  Order  TheoYem  4,5,  the  set  of 
additive  inverses  of  the  \iatural  T^umbers  is  the  set  of  negative' inte- 

The  integer  .         is  neither  positive  nor  negative. 


ANSWER: 
aero 


I^ihigh  school,  algebr^  ^ny  of  tha  properties  of  integer^  are  pft^n 
tak^  for  gr^nt^.     In  f&ct  the, integers,  are,  usiiaUly  not^defined  suf- 

ficientfljc  precisely  in  most^  tr^dltioiial  :texts  to  permit  Meaningful 

> .  ■ 

»     proofs  of  tlie  properties  to  be  given.    An  example  is  tl\e  prpperty 


mt  adiiiclon  and  multiplication  of  lnti2g<?rs  are- closed  opemtions. 
We  have  at^imes  in  this  course  tacitly  asi^omed  this  and  certain 
olfh^r  properties  of  the  Integ&r^.    In  *this  unit  we  will  show  how  many 
of  these  properties  can  be  deduced  on  the^ basis  of  Definition  9.1  and 
thpe  postulatea  which  have  been  previously  assumed. 

Since  the  integers  have  b^en  defined  in  terms  of  tbe  natiiral  numbers, 
we  can  prove  cloyure^f  addition  and  multiplication  of  integers  by 
using  the  clpnure  prupertlea  of  theae  operations  in    N    (Theorfsnii  8.4 
and  8.5)v    To  prove  &loii^ure  of  addition  of  integers,  ve  .note  first 
that  if    a    is  any  integef^then    a  +  0    1%  an  integer  byVostulate 


ANSWER: 
^id* 


*  If    a,  and    b    are  non-zero  integers  then  there  are  three  cases; 
(1)    a    anJf    b    are  natural' numbers^  (2)    a    and    b    are  additlve^ln- 
verses  of  natural  numbers,  (3>    of  "a    and  '^b,  one  is  a  nktural  niun- 
ber  and  the  other  is  the  additive  inverse  of  a  natural  number. 

,  Case  ( 1) .    a  are  natural  numbers.  /  In  this'case    a  +  b  is 

a  nat\iral  number, \and  therefore  an  integer. 


ANSWER.* 


8.4, 


ase  (2),  .^ji    «    --k,  b    «    -^l^    where    k    ind  £    are  natural  nun>- ^ 

bers.  i         .  ,          ^  ^  *  ' 

Show  that  a  +  b  is  an  integer  in  this^' caAf.'^  Xpu  need  not  list;  rea- 
sons •  '  * 
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«*+  b    •    -k  +  -2    ^    -ik  +  i).  k  4-  £    Is  a  natursl.auisber;  ao   a.  4  b  * 
i«  th«  «dditlv«r  inverse  of  a  nmtutaX  Qumbttrg  aod  is  thfirefore  an  in-*  ^ 
tagirr.  ^"         *  . 


Caiic  (3).    a    is  a  natural  nusdiar  ami    b .  «>    -i    wh«re    t    ifi'a  oattih- 
ral  QUB^nr.    Frova  that    a  4  b    is  an  intagar*    Conaldar  tha  posai- 
bilittaa    a  >         a    •  a  <  £.    Reaaona  are  not  req|uirad. 


■  ^  ------  ^  I 


ANSWER?  t 
If    a  >  Jl,  th^n    a  ~  ^    ia  a  nati\|al  nuxabar;  ao    a  4*  b    «    a     £  la 
an  integisr.      ^  ^    )  \  , 


If    a    -  then    a  -  £    »    0;    ao    s»-f^  b    «  'a  -r^E    is  an  integer* 

Itt   a  <  then    a  -  a*   la  a  natural  number;    so    a  -f-  b        a  -  £  - 

r(il  -  a)  is  the  additive  inverse  of  a  i^^i^tal  niisiMr.^'tod  thua  ia.an 

Integer,  * 


Show  chat  if    a  and  13  b    are  integers  then    a  *  b    is  an  integer. 

Haasona  are  not  required.    [^Irst  show  that  if    a    or    b    la  zero, 

than    ^  •  b    is  an  integer."  Tor         ^    &    and    b  :  ^   t),  consider 

thre^  cases.}  *  '                                '                 4    '  -          *  . 


■)-- 


ANSWER:         .  •  .  , 

Fipst  note  that  if    a  ,  ia  any,  integer,     then    a  •  0    »    0.  H^nc^ 

av^»  0    is  an  iwfi^er.  \         ^  * 

^  '  '  •      .  J  '  /  ^       '  V 

-        Xhan  there  a^^e  three"  caaes.  ^     ^  .  ^       *  ^ 

1^  •  '  '  ^  .  '         *  -  .    '  " 

Caae  (1):    a'  and    b    are  natdral  mmtbers.    In  this  caae    a     b>   ia  a 
natural  number;    so,  a  *  b  /is  an  integer. 


Cttttd  (2):    a        -k»    b    •    -il,    where    k    and    ii    at^KJEmtural  nua-^ 
bera,  '  In  tJUa  case    k  •  H    i»  a  natural  numbetff   Then    a     b  ^    '  ^ 
(-k)  •  (-£)    -    k  •         ao    a  • 'b    la  a  natural  numbjsr  and  thus  iu- 

Caae  (3):    a    Is  a  natuMl  ^uaber  and    b  where    i    is  a  natu- 

ral number.     In  this  case    a  •  i    is  a  natural  number^    So    a  •  b  » 
a  •  (-i)    •    -(a  •  H)    is  the  additive  invetse  of  a  natural  number, 
and  hence  la  an  integer.  , 

Is,  iKlttractibn  of  Integers  a  closed  operation?  ,  Why  or  why  clot? 


ANSWER:  •  :  • 

Yea^    If    a    and    b    are  integers,  then    b  -  a    —  b  +  (-a) .  Since 
-a    ia  also  an  integer,  the  closure  of  addition  of  integers  tells  us 
that    b  -  ^  is  an  integer*  • 


Additlqn  and  multiplication  are  clos^  operations  in  t}ie  set    N  df 

natural -numbers* and  also  in  the  set    I    of  integers.    For  each  of**the 

f ielV^ostuiate^  listed  in  Un^  II  we  can  ask -whether  the  postulate 

is  valid  In    N    or  In    I.    If  you  look  carefully  at  the  set  of  f'ield 

postulates  you*  will  see  thtft  .  rtiey  can  be  grouped  intti  two  sub^^eta/- 

the  set    ihn  A  \  M  ,  M  ,  D}    aiM  the  set    {A,      A,   ,  m/}.     -  ' 

•      ^      <*     c  10      in      id      in  ^  . 

Tliere  is  an  important  difference  between  the  postulates  in  the  first 

8&t  and  those^  In^the  secbnd  set*    Each  of    A  ,  A  ,  M  V  m\  and  D 

*  ^       a'    c'    a'  c' 

gives  an  equation  which  must  be  satlsfd^  by  arbitrary  real  numbers. 
Because  of  the  nature  of  these  postulates  they  are  automatically  val- 
^  f or  #ny  subset  of  K  which  inclosed  under  addition  and  multipli- 
cation.   In  particulpr^they  are  valid  fo^         and    I.    Fgr  exSsple. 
\f    a,  b>  c    are  natural  numbers,  tAn    a,  b#  c    are  real  sumbefs;  ^ 
hence  ^(a  -f^b)  4-  c    -    a  +  (ix  +  c)    by .  A^    for  real  mfinbers.  * 


9  ' 


Oj^  the  other  hattd  the  pputulaUu    A^^,  A^^;  M^^,  and  «re  exiat- 
•nc*.typ«  po«tulatj?ii5            they  state  the  existeoce  of  speciai  reaj  ^ 
muib«r».    For  exaople,    A^^    uUt&s  t|je  axiBteoce  of  additive 
identity  «leag[>&  in  the  »et  of  real  ourabera.    The  existence  postu- 
'latjea  are  not  nece6»arily  valid  in  a  subset  of    R    because  the  «pe- 
ciai  real  number  which,  is  stated  to  exist,  need  not  be  in  the-aubset. 
Fojr  exanple,  we  know  that    0    la  qot  an  flmeint  of        so  the  Postu- 
late   -        iai  he 


not  v.alid  f6r  •  N. 


r  t  " 

I 


Aid. 


Of  the'postuiates    A^,  A^.  A^^,  A^^.         M^.->!^^.  M^^/ D, 

(a)  which  pre  valid,  for    N?    lUtt  them^ 

(b)  /which  are  valid  for  .1?    List  them,  • 

*  *»  ■ .  '-      •  •  . 

'ANSWER:  "  •  ' 

(a)    A^.  A^,  Mar-M^.  M^^,  D 


Ifi  ^{  a  field?" 
Is    1    a  field? 


4 


ANSWER: 


*^id*  ^in*  ^in    ^'^^  valid. 


No;    M,.      is  not  valid, 
in 


Is  subtractlon-a*'clqpe'd  operation  in    N?  ,  in  I?  \  ^ 


•  '377' 


ft 


r 


No.  •        v.  ,       '  ' 


DEFINITION  9.2:  In  each  of  .the  Ky^tems  N  und  |,.  eloients  that 
have  invsr«etii  und«t  multiplication  £n  the  iyatflvare  called  units . 

Th«  sysiCesi    N    haiis  only  one  unit;  what  la  it? 


ANSWER: 
(v  The  number  one. 


Two  elements  of    I    are  units.    Uhat  are  thay?  ^ 


^  ANSWER: 


I,  -1  ^ 


\      '  w,^ 
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If    a    and    b  ^ate  integers,    b    f    0,  then  ve  say  that    a        a  mul-  . 
tiple  of    b    and    that    b    is  a  divisor  or  factoy  of    a    if  th^re  i% 
an  integer    q    sujch  that    a    -    q  *•  b. 

If    a    and    b    are  positive  integers  and    b'   is  a  divisor  of  a, 
then    b  £  a.    To  see  this^  suppose  that    a    -    q  •  b,    where    q  is' 
.  an  integer.  ^ 

If    q    »    O^^hen    n    •    q  •  b   0,     {Insert  or  >.) 

If    q  <  0,*    the^    a    «    q  •  fa    0. 

Sinee  by  hypothesis    a   0,  we  must  have    q          0.    Then    q    1, 

which  Implies  that    q  •  b           1  •  b,    i.e.\    a  >^  b.  ^  ^ 

#  .... 


■  ■ 

ANSWER: 

q  •  b    -    Q  "  ,. 

q  •  b  <  0 

a  >  0,    q  >  0  . 

q  >  i,.  q  •  b      i  •  b        '  •  ^ 


DIVISION  WITH  REJI\IN0ER      ,        .        .    -  -'■ 

Although"  we  do  hot  alw«j4  obtain  an  integer  irhen  we  divide  ati  inte- 
ger by  a  aaa-aero  integer,  we  do  carry  out  division  with  reaaiodet 
in  I,  basted  on  the  following  theorea: 

THEOREM  9.1:    If    «    and    b    ate  in    I,    b    ,*    0.    then  thAre  aclst 
q    and    %    in    I    such  thst    «    »    bq  4-  r    and    0  <^  t  <  jbj.    (q  Is 
the  gaotlent  and    r-  Is  th«  t^alader  > )  '  . 

PROOF:  . 

If    a   Is  a  multiple  of    b,    then    a    «    bq  4-  r    where    q    is  an  ^;tn- 

tegeti  and    r    Is   .    Therefore  the  theorem  is  trtie  when    a  is 

a  multiple  of    b,  ^ 

ANSWER:, 

2^ro«  t      .  ' 


».   • 

The  proof  of  Theorem  9.1. when  a  Is  not  a  multiple  of .'b  Is  in  two 
parts:  - 

Case  1:    Assume    b  >  0;    Since^^^    is  not  a  multiple  of    b    it  will 
lie  between  tWo  consecutive  multiples  of    b,    bq  <  a  <  b(q  +  1)  '  » 
bq  -h  b.    Frc3©  the  first  inequality,    0  <  a  -  bq,    and  from  the  second 
inequality    a  -  bq  /<  b, /letting    r    •    a  -  bq,.  we  haVe    a    «  bq 
r    and-  0.<  r  <  b         |bj.    Therefore  the  theorem  is  true. 


1^ 
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Casn  2:  Assume  that  b  <  0.  Coaplete  the  pcoof  far  this  caue. 
iUintt    U8«  Ord«r  Th«or«&  4.6.) 


ANSWEK: 


Astiunti    b  <         Then    -b  >  0    by  Order  Tbeoreo  4.6.    From  the- proof 
of  Cave  1,  ve^havB    a    •    -b  •  q  +  r    •    b  •  (-q)  +  r    and    0  <  r,  <  ^ 
"if    ■    |b|;    therefore,  the  thedram  is  t.rue»    (The  integer    -q  hete 
takes  the  place  of    q    in  the.  theoreie.)  i 


Itote:  Ii^  Case  1,  a  proof  that  a  lies  between  two  consecutive  oMi" 
ttplea  of  b  can  be  given  based  on  sathesatical  induction.  .We  will 
not.  belabor  j;hia  point  ttere, 

,    Let  us  illustrate  the  theor»a  by  means  gf  an  exanple.    We  divide  1763 
by  95  and  state  the  results  in  the  form    a    ••    bq  f  r,    0  <.  r  <  |^  | . 

18  -  '  ' 


§5)1?63  -  ^ 

■  '  -51         ^  •  '  ■  '       '  '  • 

813 

760  >  ■ 

■  ■     53       ^        ,  ■  ■ 

1763    -    93{i8)  +  53    (Here,    a    -    1763,    b    -    95,    q    m  18, 
r    -    53.)  - 

Perform  the  ^followlt^g  divisions  apd  state  the  results  in  the  form 
it  -  •  ,  bq  4  r  V                    '  .  _ 

a)   Divide     547    by  (-19). 


ANSWER: 

* 

547    -  ..(-19) (-28)  +  15. 

py    Divide    -363    by  17. 

r 

•* 

* 
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.  ANSW£R: 


-363         17(-22>      li.    Remember:    r    must  be  non-o^ative. 


•    c)    D£vid6    -146    by  -13. 


*    ANSWER;  * 


-146    -    (-13) (12)  +  10. 


DECIMAL  HEPRIiSENTATlON  ASD  USE  OF  OTHER  BASES 

* 

You  may  be  acquainted  with  other  methods  of  expressing  numbers  tl^an 
the  tamiliar  decimal  syiit^^  I.e. /^  methods  that  usfe  a  ^base  different 
fro©  10 r  such  as  base  5,  base  2,  etc.    For  exampj^e,  thp  ntsaber  423  in 
base  ten  means    3  +  2      10^  -i^  4  •  10^.  'In  base  5,  423  ciearis    3  +  2  ♦ 
5^4-4*         or    113    in  base  ten. 

In  base  8»  423  means    \      or    in  base  ten. 


AI^SWEH: 

3  +  2  •  8^  +  4 

275 


It  should  be  clear  that  the  use  of  base  10,  5,  2.  etc,  is  just  ^  no- 
tational  schpcie  for  writing  number^. 

THEOREM  9.2:     If    b    is  any  integer  greater  than    1,  then  any  pfsi- 
tive  integer    d    may  be  represented  in  base    b    as  follows: 

(A),  d    -    Co  -i^  cib  +  c?b^  +  ...  ^^n'^"*    vhere    cq,  ci,-  Sq,        b  c 
are  Integers  greater  than  or  equal,  to  iero  and  less  than  b. 

We  will  agree  to  call  this  representation,  (A),  the  expanded  ntjmeral 
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risprestentation  of  thi^  Integer    d    tq  brnm^  b« 

A  rigo.rouii  proof  of  Theory  4.2  can  be  given  t)y  Imiuction  usihgHiech* 
r<«&*9.1.    InnttaU  of^givlng  thlm  proof  we  will  indicate  a  method  for 
obtaining  th«?  form  (A)  for  a  nuiftbitr,  using  Theorems  9.1. 

In  Theoran  9.2,  'from  what  set  is    n  chogen? 


ANSWER:  4 
Th43  set  of  non-negative  integers. 


Fro©  what  set  are    cq*  ci,  C2»  c  chosen? 


ANSWER:         .        .                                                       '  *^ 

The  set  of  non-negative  integers  less  jthan    b,     i.e.,  {0,  1,^2,  . 

b  -  1 } ,  /  . 

 -  -  -   1  / .  i . 

What  are  the  possible  values  fbr  the  nuabers    cq,  cj,  . ..,  in 


base  10? 


;  base  7? 


;  base  2? 


ANSWER: 

0,  1,  2,  3,  "4,  5.  6,  7,  8.  9;*, 

.  1.  2.  3,  4,  5,  6: 
0,  1. 


tfy^^mpplying  Th 


We  will  show  how  to  derive  formula  (A)  above  tfy'^tf^jp lying  Theorem  9.1 
tb  la  given  positive  Integer    d    and  base    b    as  follows: 


{ir  d 


dih  +  cq.     0  ^  c5  <  b, 


If  dj  <^  b  -  1,  we  are  finished,  taking  C|  »  dj.  If,  however, 
d^  >  b  -  1,   we  apply  the  theor^s  again^  obtaining 
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<2)    di    -    d2b  +  cj,    0  <^  cj  <  b.  ■        ^    .  ..  /  - 

Subiititu.ting  this  fexpreasion  In  (I)*  «fi^btafn  ,  .  ' 
(3)    d    -  .  (dab  +  ci>b  +  cq    -   dab^  +  cjb  +  cq.   ,  ■ 

Xisaln.  .if        <^        I,    v«  are  finished,  taking    C2  4i|^d2.    But  if 
'  b  -  1,-  ve  apply  the  theorem,  obtaining:   %  '  ^ 

ANSWESj  V 
44)    d2         djb  A.C2,    0  1  c>  <  b. 


Subs tittJt^r-^quat ion  (4)  into  equation  <3),  and  show  the  result. 


ANSWER:'  *  ^ 

*  d    -    dgb^  +  C2b2  ■+         +  CQ. 

.    t.  .....  . 


We  continue  this  jiirocess  until  a  quotient,  ^J^^  less  than  b  is  ob- 
tained;.1,6,,    rf^      -   .  *  , 

—    —   —   —    —   —    —  > 

ANSWER: 

'  d  b  ^  c^, ,    0  ^  c  ^,  <  b.  -  ' 


Since    d^b    we  may  take    d      «    c  •  ,  . 

"         *       '  ,  n  n        .        .  ,  \ 

Using  the  abdve  notation,  write  the  complete  equation  fot    d  if 


t  * 
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d  •  djb    +  Cq  •  (d7b>  C|)b  f.Cp  *  CCdjb  +  C2)b/f-.C|}b  4-  cq 

{[djji5     c^b  ycgjb  f  cV}b  +  Co 


3b  y  C2  jb  +  C|  }b  +  cj 
b^  -f        f  }b 


Caiaiars  the  «iquMtlan  in  the  answer  above  to^  the  equation 


■I    Co  +  c^b  4-  C2b*  c  b". 


the  equations  have  the  same  form? 


ANSWER;  v 
if ea    (Since        £hj"  1,    we  can  take    c^    «  di^.) 


Eicample:  Express  the  number  9>  (b^se*  ten)  in  baee  seven  —  first  aa 
an  expanded  numeral thence  a  numeral* 

Solution^    Usin^  Theorea^9 . 1  we  obtain  the  forrf"<A).as  follows: 
95    -    13  •  7  4-  4    where    d]    «    13    and    cq    •  4 
13    ^  '  i  ^  7  4-  i^where    d?-  -    i    jsnd   ,ci    •  6 


Then 


95         (1/7  4-  6)  •  7  4-  4    -    1  •  72  4  6  •  7  4-  4. 

Thei^^fore,    95    4^    4  4-  6  •  7  4-  1  *  7^    as  an  expanded  numeral ^  '^nd, 
by  talcing  the  remai^ers .  4,  6,  1,    in  rever/e  oj-der,  w^*  obtain  the, 
numeral  164  (base  seven)  for  the  luimber  95  (paBe  ten)*         ^  ' 

Find  the  expanded  numeral*  r^prpaentation  of  95  (base  ten)  in  base  2« 


^ERIC 
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Also,  represent:  95  (base  ten)  as  a  tiuineraX  In  base  two*  Show  your 
work* 


'answer;  ♦ 

"*95    -    47  ♦  2  -f  1 


47         23  •  2  +  1  ,  / 

23  -    il  •  2  +  I    ^  •         .  -  . .  < 

11  -    5  •  -2  +  1  .      »     .  . 

5  -2-2+J, 

2  -    l'-  2  +  0  _ 

1  -    0  •  2  ^+  1- 

.'.  95-  ^     1+1  .  2  +  I  •  2*2  +  1  .  2^  +  1  •  2**  4-  0  •   2^  +  1  •  2^ 


as 


an  . expanded  numeral,  and  95  (bdse  ten)    -    1011111  (base  2). 

i 


% 


ReprtfB^t   -113     (base  ten)  as  an  expanded  numeral  in  base  thr^e  and  ' 


'  as'^VSfral  *in  base  three. 


ANSWER:    -    *  • 

113  -^2  V  1  v3  +'p,  -  3^  >  1  •  3^  +  1  • 
^nd  1*13.  (base  4^n)  11012  (base  three) 


'EUCLID'S  ALGOR^ITHM'  '      '   ^         ^  *  - 

Theorem  9.1  gives  us  another  method  fo^  solving  a  problem  we  discuss- 

•  ed  in  the  section  on  natural  numbers;   i.e.,  firtding  the  greatest 

consaon  d Ivisosi  of  two- numbers.     Recall  tbe  notation  g.c,d<   (a,  b)  for 
•  '  .  % 

tfie  greatest  common  divisor  of    a    and  b. 

DEFINITION  9.3:     If    a    and    b    are  IntegOirs,  not.  both  zero,  then  the 

*  g.c*xl.  (a-  b)     is  the  greatest  poaltive  integer  that  dividers    a    and  , 


A 

Thas,  f.or  .example,  g.c.d.     tl^*,  -id),'  -|5.      •  .  ' 


Our  new  methfod  of  finding  the  g.*c.d.  ^of.  two 'numbers  is  based  ajj' the 
following  theorem,  -  '    '  * 

impREM  9,3:  If  a  -  bq  r.  b  i  0.  then  g.cd.  (a^/b)  -  g. 
c.d.     (b,  r) .         .       •         *  .  f 

In  our  prodf  of  Theory  9.3  Ve  wi^l  first  sbow  that  if  ^ti'intfeger 
divides  both    a    and    b,  .  it  also  divides    ^    and  coiyi^ersely,  -i^  an 
integer  divides  hoth    b    and    r,  then  it  also  divides    a.     It  will 
then  follow  tfiat      c.d.     (a,  b)    -    g .cSN^^Cb^  r) 


PROOF:* 

Suppose    u    divides    a    arid    b,  i*e-, 


a  tu    and    b    »    su»    Tl^en,  si^ce 

a  «    bq  +  r,    .  % 

r  *    a  -  bq  *  «  tti  -  suq,  or,  '    •  , 

r  .  u(t  ^  sq) .  '  •  % 

What  does  this^tateme^  pi^ve?* 


-ANSWER:  .    -  \ 

•  t 

That    u    divides  r. 


Therefore,  if        integer ^divides    a    and    b,  it  also  divides  and 

r.     In  a^similar  way,  show  that  if  an  integer  divides    b    and  r, 

•  *  '  ■ 

then  it  also  divides*    a    and  b. 


ANSWER:  .  f   ^  ^ 

Suppose  •  w    divides    b    and     r,  i.e., 
b    -    tw    and    r    -    sw.     Then,  since 
•a    «    bq  *f  r;,  ^       *  < 

a    ■     twq  +  sw, 
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or      •      •  <•  -l 


•  •  w    divides    a    and  we  have  prove^i  that  if  an  integer    w  divides 
b,   and    r*     ttieft  it  also  divides    a   )^tiA    b.  • 

•       We  will  illustrate  the  usefulness  of  4iis  relation  .bet^en  the'divi- 
•    .     sors  of /a  .  and    b    and  the  divisors  o^^  b    and    x    by  finding  the 

greatest- cpmmon  divisor  of  3806  and  12,3^1^,  We  divj.de  3806  fay  1211  >and 
put  the  results  in  the  form  V  *    ^  l.e;,    3806    «  (HUM^) 

•    , -I-  17-3.    Therefore  g.c.d.  <380«,  Igll)    -k^^.c.A.  (1211,  173),  ^The  ' 
/.  pyobXem  of  find^^iig  g-c.d.   (3806,  1211)         been  replaced  by.a  problem 


/^Involving  smaller  numbers.  ^  y^*. 

We 'divide  1211  by  173  and  fi£i  that    I2lip^    17^(7)  -h J).  Therefore 
,  ^.c.dy  (3806,  1211)    -    ^.c.d/  (1211^  im^^        g.d.d.  (173.  0)'  ^ 
173.    The  greatest  common  dlvipjor  of  3806Uf^d  1211  is  173^  ' 

Euclid's  Alji^orithm  is  the  r^ame' given  to  th©;  process  of  finding  the 
g.c'.d.  of  two  numbers  that  is  based  on  Theorem  ^.1/  Aj'gebraically 

we  can  describe  the  process  as  follows: 

•  ^  ^     ^  '       /  -  f  . 

• '  a     «    bq  2  4-  r  ^     ^  0  <  r  1  <      I     ^    *  . 

b    *  -    riqo      r2         '     ,  Q  <  r2  <  t\l         i  '     \  . 

Ji  r^qs  -t-  r3  '  0  <  ^3  <  r2  \  \ 

•  ji'  ■  ^  ' 

^yWhat  is  the  next  step  ia  the  sequence?    (iJse  same  notational  pat- 
tern.) *  . 


ANSWER: 


This  process  is  contl^ed  until' a  remainder  of  zero  is  obtained. 
I.e.,  .    *     '    *  • 


f 


,  '369 


n-2  n--lT)       n  0  <  r    <  r  , 

n  n-1 


n-1         '  ri'ri^l 


.  c 


Thmrg.c.d.     (a,  b)    «    g^c.d.     (r  ,  0)  *^    r  .    r      is  the  last  non- 
.  n*.  iin 

'Zero  r^ainder  ot^^aiti/ed.       '         *  * 

•      /  •  ^ 

inequalities  on  the  right  can  b^  combined  to  form  iih  statement  *ln- 

volving  positive  iutegerK: 

jbl  >  ri  ^  r;;  >  ^      -  r  />  r  ^  •  *  .  ,  " 

'    .  ny       n*fl         .  * 

What  is  an  upper  bound  4or  the  number  of  times  that  the  division  the- 

orem  could  be  applied  ^efore  a  remainder  of  zero  is  obtained?         ^  * 


ANSWER:  .  '  ' 

|bj    f There  are  ju^t     |b[    integers  from    0    to     |b|  -  1  Inclusive.) 


If  both    ^    and    b    are  ^eTO,  t^hen  every* positive  integer  is  a  coramon 

divisor  of    a    and    b,     he^ce  there  is  no  g^reatea^  common  divisor'. 
•   .  I  / 

If  seither    ^    »    0  .         b  \  ^    0,    say,  b    •    0,    what  can  be^  said 
about  the  g.c.d.     (a,"b)     if  \a  >  02     If    a  <  0? 


1 

ANSWER:  *  - 
* 

'-■        /  'v 

\ 

1,  1 

u 

t 

If  ,b  0 

and 

a  >  0  ,^  g .  c  .  d  ♦ 

(a, 

b) 

(a. 

0)  - 

a; 

•  ^  .It    h     -  '  0 

/ 

'  and 

a  <  0 ,     g .  ^c .  d  .  ^ 

b)  • 

(a. 

'o)  « 

* 

r 

Find  the  greatest  common  divisor  of  the  following  pair  of  integers  by, 
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ANS^IERJ  '         '  » 

-729    -    378v  (-2)  +  27 

378  27  •  14  +  0  •  **    .  ^ 


* 


'  •  g.c.d..  (-729,  378)  -  glc.d.  (378,  27)  -  g.c.d.  (^7,  0) 
23. 


DEFINITION  9,4:  Two  integers  that  have  no  cdfenon  divisors  other  than 
uni^ts  ace  Said  to  be  relatively  pyime. 

State  the  definitio.n  of  unit 'glv^n  earlier  in"  this  section  for  the  ' 
systems    N    and    I.  ^ 



^       ANSWER:  ' 

;  V  ■  1 

A  unit  is  ^n  elesnent  of  a  system  tfjat  has  a  aultijjlicative  in^|er8e  In 
the  system.  <  '  " 

.      .  -  .  -  -  _  _      ^_  ^  _  -  - 

Name  fhe  units  in  the  sys'tea    I.  •  ♦ 


--:------,-<  


1    and    ~1.  ^ 

 -r-i-- 

TliliOREM  9.4.%  If    d    «    g.c.d.     (a,  b).    where    a    ?t    0    and    b  f 
0,     then  there  exist  integers    k    and     £    such  that    '64  -  4ca-h.£b. 

We  restrict    a    and    b    to  be  non-zero,  since  if  either    a    or    b  is 
>    zeVo,  the^theorem  is  trivial.     For  example,  if    b    »    0,     a  >  0, 
^     then    d    »    g.c.d.  b)     «    g*c^,     (a,'0)     -    a    -    1  •  a  4-  £  • 

0,    where    k.  »    1    and    £    is  any  integer.. 


PROOFS  ^  U.t    S    be  the  set*  of  all  pcxsitlve  integers  of  the  form  kii 
£b.    We  w|8h  to  show    d    is  ivs    S«         k&ow  that'  S    has  a  lB^6t  ele- 
meftt.    Why?  _  '  *  . 


ANSWER:  *  ^ 

The  positive  intiegers  are  the  natural  numbers,  and  the  natural  num- 
ber^ ar^  well  ordered;  henc^  any  subset  of  the  positive  Int^ge^s  has 
a  least  element.  '  « 


,Let    8    be  Che -least  element  of    S,    Than  there  are  integers    ki  and 
suoh  thar   8    -  \k|«-f  i^.b.     ^    .   ^  *  ^  v 

By  Theoron  9.1,  ' 

a       .  qi8.+  rj,  '  where    Oj^ri<s.  S* 

So  -    *  '  . 

'     '  • 

Shbw#that    r,\    caq  be  written  in  ^the  fortu    ka  +  ilb,    for  some  Inte- 

t        '       ■   ■  •  ■ 

gers    k    and ,  I,  •  *  ^  . 


-  -  - 

ANSWER:  *  *  ' 

ri    -    Ira  -1^  (-qi)8    -    1  •  a      (-qi)(kia  +  £ib)     ^,    (i  -  qiK\)a  + 
(-qj£j)b,    which  la  of  the  required  ^orai  with    k.   *    1  -^jqikj  an*a* 



Looking  again  at  the  definition  of  the  set    S    and  recall^-Hg  that  s 
is  the  l^ast  elei^ent  of    S|    what  can  you  deduce  from  the  conditions; 
0  <^  r^  <  s,     and    ri     ^    ka  -f  ib    for  .integers    a    and  ,.b? 

"  ,  I  •   ■  .  .  .... 
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ANSWER: 


 ^ 


tl    •    0.     If    ti  >  0    then    r|    is  a  positive  integer  and  is  in  S. 
/But    ti    canncM:  he  in  iS    because  it 'is  less  than  the*  least  element 
of'    S.        .  .  '  ^ 


Since  .rj    «    0,    a    »    qj^.    Therefore    s    is  a  divisor  of    a,  ^ 
•  ...  .  .\ 

In  a  similar^ay  show  that    e    is  a  divisor  pf    b.  X 


ANSWEiC:'  .  ' 

By  theorem  9.1,  ^      >         •  ^ 

»    -    q2S  +  r2»    vhefe    0<r2<8.  *\ 

.   .  \   .    -  •',         '.■  . 

r2  -    1  •  fa  +  (-q2)s    ^,)^1  -  .b  +  <-q2^(kia  +  iih)  * 

(-q2kl)a  +  <1  -  q2^'i)b-  .  ^    /  '  ' 

Therefore    r^    catt  be  expressed  in  the  form    Jca  4-  Ufa,    with  integeW^ 
k    and    I.    If   ^'^^  ^    ^^J^    ^^is  a  positive  integer  aq^  is  in  'S. 
But  I  r2    cannot  be  in         bfeca^si  it  is  less  than  the  lea^t  integer 
in    S.    So    r2         0.     Therefore^  b    •    ^2^  •f    ^^d    s    is  a  divisor 

of  ■ 


Ve  bave  shown  that  s  is  a  co^pibp  dSwU^or  of  a  ^d  b.  Why  can  we 
conclude^  that    s  £  (J,    where    d    -    g.c#d..    (a,  b)?  ^ 


ANSWER: 

Because  s  is  a  common  divisor  and  d  is  tl^e  j^reatest  common  divi*- 
sor  of    a    an€  b. 


Show  that    ^  '^'is  a  dtvisof  of  *6r\  *•    kia  ^  £ib. 


^    -- 


1 


ANSWER:  .  ; 

Since  d  is  a  common  cjtvlsor  o{  \k  and  b,  we  can  write  a.  -  md, 
b.    -    nd,'   where    m    and    n    are  irj^eger^is^  TKen^  ^ 

s         k.^a  f  ii^S'  -    ki'md  4  £{nd         {k^m      &in)d.    So    d    is  a  divi- 
\   sor  oT  .  .  V 

 -^-^^  i.  ^  ^  ' 

.  r  ,  . 

•4    '    '  ^ 
Sin<?e    d    is  a  divisor  of         we  conclude  that    d  £  s.    But  ye  have 
!  *      ^*  '  '  * 

\  previously  shown  that    a  <'d.    What . can  we •conclude?  * 
ANSWER:  ,    '         -  » 

This  proves  t^at  ,  d    can  be  expressed  in  the  form    k^  4-  £b    and  com- 
1     pletea  the  proof  of  Theorem  9.4.  '  *  * 

,  ^ We  have* actual^  proved  that    d    not  only  can  ^fe  expressed  in  the 
form    ka      £b^    but  is  the  least  ^^ositive^  Integer  4ihich  can  be  ex- 
pressed in  .that  form.    An  integer        the  form  •  fea  +         is  called  a 
■    8^  of  multiples  of    a    and    b .  ^  ^ 

We  have  seen  earlier  how  to  find    d,     the  'g.c.d,  oV-integers    a  and 

b,  by  Euclid's  Algorithm.    The  process  o^n  also  be  used  to  find  in- 

^  '  .     *  •  ' 

tegers    k  .  arili    %    such  that    d    -    ka  4-  £.b  •    We  will  illustrate  with 

an  example .  ^  - 

'     Findl  d    -    g.cd^  (228,  177).  by  Euclid's  Algorithm." 


'-ANSU&&: 

228    -  177  -,1  +  51 

17,7    -  51.  -3  +  24 

,51      -  24  .  2+3 

•I         .  i 

24     -  3  •  8  +  0 

g-c.d.     (228.  177) 


(3.  Q)  3. 


We  wish  to  find  integers  k  and .  such  that  3  -  k  -^228  +  i  • 
177.    Using  the  eAufrtions  above;  >  '  • 

.     .    .    ^  9  ... 

*  3  .    -    51  -  2  •  24  .  • 

*  C    ■  ' 
24   -    177  -  3  •  51  '  ' 

•  31    -   .  .  -      ^  .  ^ 


ANSWER:  . 

51  .  -    228  -  177* 


Thuji    3  - 


51  -  2  •  24  . 
51  -  2(177  -  3  .  51)^ 
7'  •  51  -  2  .  177 
^  7(228  -  17J)  -2-177 
7  •  228  -  9  ■  177. 

and    £    -  r 


e ' 
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... .     V.     i -  ■ .  ■ 

(a) '*  Fiiyl    d    »    gic.d.     (117,  91),    and  then 

(b)  Find  integers    W   and    £ ''such  that    d    -    k,  •  117  +  £  •  91. 


ANSWER:  ..  ^ 

(a)  .-^17  -  91  »  1  +  26 

•      91,  -  2^  •  j  +  13* 

26  -  13  •  2  +  0 


g.cd.'    (117,91)    -    g.c.d.  •  (1^  0)  13. 


K   "    -3    and  ,£    -    4.  t  This  is  shown  as'^ollows: 
froo  (a)  above,  • 


13  -  91  -  3  -  26 
26    -    117  -  91 


or 


13-  -  91  3^(117  7  91)  .  ' 
13-  »    -3  -ll?  +  4  •  91 


•  '  Theorem  ^*.4  enables*  us  to  ;n:ove  the  uniqueness  part  of  the  fundamental 
theoi;«fi  of  arWhxnetic  (unlcju^  factorization)  in  a  manner'^'iijtf f^rent 
from  and  independent  of  tf^at  used  in  the  section  'on  natural  numbers. 
This  illustrates  that  there  is  often  more  than  one  way  to  prove^  a 
mathematical  theoran^    In  the  present  proof i  we  first  prove  as  a  lem-- 
ma  'the  theory  that  wa^  previously  stated  as  a  corollary  toNthe  fun- 

/     damental  theoremt of  arithmetic.  ^  ■ 

''Lensaa:     (CoroUary  1  of'  Theorea  8.8):    If  a  prime    p    is  a  factor  of 
0     ab,     then    p    must  be  a  factor  of  either    a    oi;  b. 

PROOF:    The  hypothesis /states  that    p    is  a  factor  of    ab    or    ab  « 

*^      pr.     If  'p    is  a  factor  of    a,     there  is  noticing  to  prove.    Assume  p 

« 

is  not  a  factor  of    a,     i.e.,    g.cd.  .  (a,  p)    -    1.    Then  we  must 
"  prove    p  *  is  a  factor  of  b. 

FfOiri  ,  g.cd.     (a„  p)"   »    1,    we  have 
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'  <X)    1    «    k4i^4'  Hp,    for  soae  tategers    It    and^   i.  Why? 

-  -  -  _ .  -  - .  ^  - .  _  _  

•  ANSWER:   *  .  "  '        -  * 

*    -     -  »  y 

Theorem  9^4.  -     ^  ^ 

•  *  •    •  * 

■       '   -  -•-  -  -  — 

Multiply  both  sides  of  equation  (?)  by  b,  then  ahw  that  p  is  a  ^""^ 
factor  of    b»  ,  •       if      •  . 

_•_  .  ^         . ,  _ . .  . 

-    kab  4- Jipb    and,  by  hypothesis,    ab    -    pr.-    Tlius  * 
b    -    kpr  -I-  Ipb         (krV^£b)p  *  \ 

frtHB  which  it  ip  evident  that    p    is  a  factor- of    b.  • 

 _  .  _  .  „ 

.  ■    .■        -  •'H       ..  • 

Note*  that  the  lesma  can  be  extended  by  iftduction  to  sh^w  that  if  p* 

is$  a  divisor  of  a  producjt  of  any^  number  of  factors,'  then    p    must  be 

a  divisor  of  one  of  the  factors  of  the  product.  v  [ 

f  ^  ' 

{Tcii  uniqueness  par-t  of  the  f undampntar  theoreia  of  arithmetic  (Theorem 

8 1 8)  -follows  froni  t\\\&  lema*    The  following  ptoof  woufd  involve  in- 
du'^bicn  i^  it  were  t\  be  made  completely  rigorous/ 

We  assume,  as»bef ore,  \hat  some    n    in    N    has  ''two  prime  factorizfi-^ 
tlonsy    n    "    Pi  *  P2  '*'«         "    qi  *  ^2*  •  •  •  R^r   Since  .  pj  divides 
th^  lef t  side  qf  this  equation  it  must  ^Iso  divfde  the  right.    More-  ' 
over  the  lemma  tells.  uS  that  ^t  must  divide  one  of  the  factors.      q'  , 
of  the  right.     If  •  Pi   ^divides    q^    then    pi    -    q^^.  Why? 

ANSWER:  .  ' 

PI    "  because    q^^    is  prime.  ^  '     f  ■ 


*  4 
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Th&refore  we  can  cancel  these  e^ual  factors  trqm  the  equation. 


In  like  manner «  we  can  &*hcni^  that    p.2  .  is .  a  factor  of  4scnae    cj.  snd 
therefore    p2    "    g...    We  tan  continue  this  process  with    P3,  p 
until  all  .€>f  the  p'a  are  cancelled.    What  is 'the  left  hand  side  eqt^aX 
'  td  after  th4.£i  canc^ellation?  *  fi 


AMSW£R;*    -  ^    .  ^  ' 

One,  r       •  ' 

"  -  ------  -  -  - 

•  ■ 

How  many    q*8    remaio  on  the  right^ide?  Why?- 
%    ■    •  \ 

—  --------\--->,  

ANSWER:  ^      .  •      ■  . 

None;  since    Pi,  •  ^2  "    *ll  *  ^2   •  •  •  '^Ij^  since  all  the  p's 

have  been  cancelled,  the  product  on  the  left  Is  1.    But  then  the  pro- 

.       ,  '    .   y         •       r  .     '  , 

4ucft  on  the  right  is  also  1,  and  since  no    q.    •*    1,    (i    -    1%  2, 

J       '      I  . 
'. . .  m) ,    then  all  the  q'Ss  have  been  cancelled.'  ^ 

a.  *■ 


Therefore  the  p's  and  tj^^have  beeh  paired  ipto  eq^al  couples  and  the 
tw6  decompoBitions  are  the  ^cept  for  the  order  ^  the  factors- 


  ,  / .. 

PRIME  INTEGERS  ' 

Recari  the  definit:j^n  of  a  pTlme  natural  number.  A  natural  number  p 
is  sarid  to  be  ptf ime  if  .  


ANSWER:  "  , 

•         '  •  '  .    '  f. 

p  >  1    and    p    cannot       v^ritten  as  the  prpduct  of  two  natural  num- 
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A  natural  numb^^r    c"*    is  said  to1>e  ccmiposite'if  ^  • 


c  >  1    and^  ^  c    iu  not  prime^ 


4 

^  -  -  -p  ^  ^  -  , 


DEFINiHOH  9.5^    -A  gositiye  integer  is  prime  if  and  only  i£  it-  is  a 
prime  natural  number,.  |^  negative  integer  is  prime  .if  and  o^nly  if  ita 
additive  inverse  is 'a  priaie  natBiral  timber.    The  integers- 1,  -1',  and 
0  are  neither  primes  nor  composite.    All  other  integers  (except  the 

primes  and  the  numbeE3  it  -1^  and  0)  are  cpogosite. 

*■  •  .    " ' ' 

.Which  of  the  fbllowing^  integers  are  pjrime  integers? 
97,  -67,  -ij'-n,  8§.  1?7. 


'ANSWER:      .  .  •        -  *  * 

^7,  -67,  89,   197.      '  '  *       '  .  '  - 

DEF3JNITI0N  9,6^    By  standard  factorization  of  a»  integer  we  mean  a 
factorization  containing  as  factors  only  positive  prime  integers  anc^ 
a  ufilt  (either  1  or  -1).  '  '  . 


Evi^ry  composite  ot;  prime  *  integer  has  a  ^^||u^  standard  factorization. 

The  standard  factorization  of  12  is  *1  -  2^  •  3,  The  standard  fact- 
orlz^tion  of     -7     is     (-!•)      7,  v. 


Find  the  standard  factorization  of  the  following  integers:' 


(a)     78  ' 


■  .179 


1  •  2  •  3  •  13^ 


<b)  '-258 


ANSWER: 


43 


COUNTABILITY 


Recall  the  definition  of  countaj>le>  We  say  that  a  non-eiQ|3ty  set  S 
is  countable  if  there  is  a  reversible  function    f    whose  docoain  ia 


the  ^et 


and  whos^  raoge  ia  the  set 


ANSWEIi*:    '  „ 
of  ^natural  pudbers 


h^t  f    tfe  the  function  d^f^ned  by 

f(n)  •    n/2,    for  each  ^vep  natural  number  h« 

Then    f :     2 ,  -    1  ' 

^  etc.  " 


f    is  a  function  from  the  set 


onto  the  set 


ANSWER:  ^ 

of  even  natural  numbers 
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of  natural  fTmsb^rs. 


dive  a 'rule  for  a  function    f    from  the  set  of  oci^^^tural  nuabefa 
onto  the  set  Vf  nega^tiv^  Integers  ah^  0.     [Hint:    Choose'   f  such 
;    thac^  f:    1    ^    0;     3     -    -1;.  5    >  '  -2,S  etc. 4  ^    ^  •  i 


ANSWER: 


or  each  odd 


If  we  define,    f    on\iL^        of  natural  number^s  by 


V  ■ 


f(n)    »*  n/2;    when    n    is  even 

n      X      '  ' 
f{n)    *    -( — 5 — ),    when    n    Is  odd, 

then  it  can  be  sho^^  that    f    Is  a  revers;lble  function  froa^|lje  set 
onto  the  sat    I.  .  I^his  would^  show  that  the  set    I    is  ^  . 


«ANS,WER: 
countiible. 


REVIEW  ItEMS 


.1,  -List  each  field  postulate  which  is  not  valid  for  the  system  of 
integers.  '  .        i      ^  '  ^ 


ANSWER: 
in 


■  1- 


ERIC 


3  jfj  , 
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^2.   ^(a),  Fin4  the  standard  factorisation  of  1463. 


^  J  '  ^  ^  ^  ir  s  >  ^ 

•  ■  -» 

*  ANSWER: 
/       ,  1  a  7  •  11  -19.    ^    -  • 


Cb)    Find  the  standard  /rfctorlzation  of    -1197    /  j 


ANSWER:  * 
<-l)  -3 


7  •  19 


(c)    Wt»at  is  the  ^.c.d.     (1463,  -359)? 


ANSWER:  / 
7  -19    or  133. 


—  If 


3.  Use  the  Euclidean  Algorithm  to  find  th|,g.c.d.  (119,  85).  Show 
your  ^orH* 


ANSW£R: 

119  ^  85  1  +  34 

8'5      -  34  •2  +  17 

34'    -  17  •  -2  +  0^ 

.'.  g.c.d.  (119,  85). 
g.cJd.  (17,  0)  —  17 


"    g.c.d.  (85,  34)    -   .g^.c.d.  (34,  17) 


4.  Use  tha?  equations  in  your  preceding  answer  to  find  ittteg4rs  k 
and    I    such  that^  17    -  .k  •  119  +  a  *  S5-. 
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4^0 


0 


^    %   -2    m<i,    8-   "    3-    These  are  obtained-4s  fpllqWS^  *  ' 


-  ,  8^  -  2(119  ■>  85,K        ^-  .   ■'    •  ■ 

1  ^ss  -  2  .  119        :       '  .       ^  ■■■yX 


^  -*  ^  »  _ 


5,    Which  of  thfe  following  subsets  of  afe  closed  url^t^t  pd^itio^ 

(a)  The  s€t  of  positive  integers.  \\ 

(b)  The  set  of  negative  integers,  ^  ^ 

(c)  The  od<i,  integers.  ^  i,  t 

(4)  The  s^t  of  Integers  o^  the  forra  a  •  10^,  where  a,  i^^  an  lute- 
ger  and    «  'is      nAtursi  .number. 


ANSWER:  , 
(a)  ^ 
{b> 
•  (d)  . 

•  -  f 


6.    Which  of.  the  above'  sets  are  ^plose^  under  multiplication? 


.... 

ANSWER:  .      '  ■     ^  ■ 

(c)      ,^  ^ 


7.  "  Define  a  function  to  show  that  the  set  Of  odd  integers  (positive 
and  negative)  is  countable.  "  »  , 
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n        n    if    n    is  an  odd  natural  nwber  • 


D 

•  > 


4*  1    i£    n    is  an  ev«0  natural  nuiabar« 


Or,  the  jEunid'tion  f  auch  that  n  — ^  a  "^if  n  is  an  od^  ndturaj 
number,  atKl  n 


f 


-n  -f  1    if    n    is  aa  even  natural  tttunbi^rv 


B\    Perform  %he  follc^itg  d^isions  ai^  state  the  result^  in.*  tWe  form 


a  bq^-f  r,  where  0  <,  r  <  |b|  . 
(a)    Divide    -?49    b^  19*^ 


:4 


-249    -    19  •  (-14)  +  17    (Repember,         must  be  non-negative^ J. 


(b)     Divide  -187 


-15. 


ANSWER-' 


-137.  -    (*^5)(13)  +  8 
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9.    Ex^resii  119  (base  t«i)  in  base  .'three  ks  an  expanded  iiumeral  .aAd 


mu  a  numeral. 


ANSWERS  |»  '       /  ^  ' ^  .  ^ 


,119    -    2  +  0  v.B  +  1  •  32  +  i?  •  33  +-1  •  3**  •  " 
^nd  119.(ba8e  ten)    -    Hiof  (base  three).-  \  .\' 


1  ■      ■      >    ,      -      -      .  . 

18.    Two  integers  sucK  aft  27  and  10,  which  hav^  no  coesaon  factors 
other  than  1  or  -1,  *are  said  ^^o^bfe  ^  . 


ANSWER: 

relativel^^  priise. 


■  \ 


1 


X.    RATXONAl  NUMBERS  . 


f  f 


■<  ^  ■  ■  ■  *     '  \         ■  'I 


■4 


DEFINITION  OF  "tliE  SET  " 


4 


Another  subset  of  the  set  of  re^l  nisiabers  that  deserves  special^at- 
tention  i»  the  ^y^tesa  of  rational  nusab^rs.    We  wfil  show  phmt  the  set 
of  rational  nujabers  satisfies  all  the^  postulates  *f or  a  field  and  that 
It  is  the  smalles^  subset  of    R   ?J!5*iili  contains  the  intege^ts^nd 
, which,  with  real  niaaber  addition  and  muitiplication,  fonas  a  field.  . 
We  win  also  list  sonie  prop^reies  possessed  by  the 'set  of  rational 
numbers  that  distinguii^h  that  set  from  the  ot^ier  sets  of  numbers  ^re- 
viously  discussed*       '  i  ^ 


We  will  denote  the  set  of  rational  nua^ers  by  Q 

DEFINITION  aO.l;  ^^e  s^t  of  rational  numbers,  Q,  *  is  the  set  oi  all^ 
real  numbJ^s  which  are^^otients  of  integers;  i.e.,  a  real  number  q  * 
is  rational  if  and  only  •    a^  b    -    a/b,    wherg    a^and    b  ^. 

are  integers' and    b    ^  0. 


Are  integers  rational  numbers;  i.r^^i  can  an  integer  be  eKpres/sed  as 
the  ratio  of  Xwo  integers?  Why? 


ANSWER:  ^  ^ 

Yes;  if    n    is  an  integer,   then    n    -    n  •  1    «  1^^    *  n/l* 


r- 


The  choice  of  » the  word  **rational*'  for  thi^  set  of  numbers  is  a  rea- 
sonable one,  since  a  rational  number  is  defined  in  terms  of  the  quo- 
tient^, of-  "ratid"  of  two  Integers > 


In-order'  to* determine  when  two^ fractious  represent  the  rat»nal 
miiaber,  we  iitut,  recall  that  if  ,a*,  b,  c»  d  are  real  numbers  (b,  ,d 
i  ^0),  then    a/b    -»    c/d    If  and  only        ad    -    be*     (Thfeoran  3*^5). 

tJsing  the  above  theorem »^  how^>w^Ui-you 'decide  whethisr  or  not  -7/13 
and    li9/-22l''are  equ4l?  L  ,^  .  " 

^ANSWER:  ^    ^\  *  .  V 

Bjr  comparing  the  pro<|ucts    (-7)  •  ("221^   and    <13)      (119).  Since 
both  products  equal    1547,/ -7/13    and    119/-221    are' equal. 

DEFINITION  10.^:    A  fraction    a/b,    where    a    and    b    are  integers 
Xb    i    Q) ,    is/  said  to  be  in  lovest  "terms  if    a    and    b    have  no  com-- 
mon  divisors  except    1    and    -1,  ^nd"  *  '  is  positive « 

Which  of  the  following  fractions  are  in  lowest  terms? 

(a)  42/91  .  '  . 

(b)  -2S/46        ,  •      '       .  ,        ■         •  .        •  ' 

(c)  ' 35/-51 


ANSWER:  '  ,  ' 

(b)  ,  -21/46  .  .  * 


I 


OPERATIONS  AND  WEIR  PROPERTIES 


Since  the  opferations  real  numb'er  addition  ^d  multiplication  are 
closed,  the'sum  or  product  of  any  two  real  numbers  is  a(n)   . 


ANSWER:  *  / 

'T^al  number.*       -  ' 
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Th«ir«fore,  •i^-  a/b  and  c/d  are  ao^^  ^t^^rationai  nmabefs,  Chelr  sum 
.  and  product  are  \  .  To  prove  closure  of  rational  nisaber  addition  ! 
^fid  multiplication,  we  m^t  show  that  tl^e  sum  and  product  of  anyttwb 

rational  nuiabers  pre._  •  '  ^  ^ 


ANSWER:  V 
real  numbers.- 
rational  numbers* 


^  —  ^  ^  .^  ^  : :  ^ " 

With  theQrema\3.11  and  3.13,  we  can  prpve  that  rational  number  addi- 
tion and  multiVlicat^o^i  are  closed;    Suppose    a,  b,  are  Ate-- 
gers,    b,  d    1*    0,  then 

a/b  ^  c/d    .   ^^r^      '     (bd  /  b)  ' 

'hy*l^prem  3.11.  Why  can  we\pnclud^  that  -a/b  -K  c/d  is  a  rational 
nuuilJer? 


ANSWER: 


4 


5y  the  closure  of  addition  and  multiplicatioii  of  integers,    ad  +  be 

ad      be  *_ 
and    bd    are  integers.    Hence    — —    ia  a  rational  nutaber,  T)y 

Definition  3,0.1.      -      '  .  .  .    t        '  \_ 


This  proves  that  rational  number  addition  is  closed.  _ 

i  . 

Prove  that  rational  numbeif  multiplication  is  closed. 

I,  

w  ^  f 

ANSWER:    .  "  •  ^  >  '  ' 

Suppose    a,  b,  c,  d.  are  integers^    b,  d    ^    0,    then    a/b  •  c/d  - 
ac/bd    (bd    i*    0)    by  Theorem  3. 13*    By  the  closure  of  multiplication 
of  integers,    ac    and..bd    are  integers.    Hence    ac/bd    i$  a  rational 
number,  by  Definition  10.1.  *  , 
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po  the  cooaaatative  laws  hold  for  addition  and  Ba,>ltiplication  in  Q; 
i.m.,  Ir~^»-  and    b-  are  rational  numbers,  do    a  +  A    «   b  -f  a    and  . 
a  .       -»    b  •  a    hold?  Explain. 


*i 


ANSWER>     •  *  •  •  ^    .  ■  ^ 

Yes*     a    and    b    are  real  numbers,  "and  the  ccKsautative  laws  hold  for 


real -number  addition  and  laultlplication.v 

•  ■■      T  -   '  ^  . A 

.  ^   — 

,  Do  the  «s8ociatl>^e  laws  hpld  for  the  operations  in    Q;  i%e,,  if  a,' 
b,  c    are  rational  numbers,  do.    (a  +  b)  -I-  c    -    a  -f  (b  -f^c)    and  • 
(a  •  b)  -    a  •  (b  *  c)    hold?  Explain. 

-----  ^  ^   >  _ .  _  _  ■  , 

ANSWER: 

Yes;    a,  b,  c    are  real  nul^eps  and  the  associative  laws  hold  for 
real  number  addition  and  multrDlication. 


State  the  distributive' law  for  the  operation^ in    Q.    Is  it  yalid  in  • 

ANSWER*   ^  ^      •     .  *        •    •    .  - 

If    a,  b,  c.    are  rational  numbers,  then    a(b'  +  c)    "    ab  +  ac    and  * 
(b  +  c)a    »    ba  +  ca.  Yes, 

Vhat  remaining  field  properties  must  the  systen    Q    possess  in  order 
that  it  be  a  field?  -  y 


ANSWER:  "  •    .  ■  jf  V  * 

*id' ^m'  ^id*    ^""^  ^in    P»^°Pertlee4'        ^  '  J 
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-Are    6    andf  1    in    Q?    Why?  '     ^  *  • 


« 


YeW;    0    amf    1    are  ipftegers,  and  the  s^^t         contains  all  the  In- | 




If    a    is  any  rational  numbert  does    a  -f  0    «    0  +/a    ~    a?    vfhy?  ^ 


Yes;  a  is  a  i;eal  nianber  and'*  0  i$  the  additive  identity  In  trie  set 
of  r«al  numbers,  hence    0-   is  the  additive  identity  for  Q. 


If  a  la  a  rational  number,  does  a  •  1  1  •  a  »  a  for  every 
Sa    In,  |Q?  ^y? 


ANSWER: 

''Yes;  a  is  a  real  nwber  and  I  is  the  identity  element  £5r  multi- 
plication in    R,   >ence    1    is  the  multipllcativ.e  identity  for  Q* 


L  .    ^  .  \  .   ^  f 

*  If    a    jLs  a  rational  jiumber,  does  the  additive  inverse  of    a    exist  * 

,         in    R?  .  ' 

f   ...J'  :  

.        ■        •  ■ 

'  ANSWER: 

Yes;    a    is  a.  real  number,  and  the    A       postulat^e  guarantees  the 
j    existence  of  the  additive  inverse  of    a    for  every    a    in  R, 

U  /    


4  » 
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.\   o  /    •     •     A  ^ 

^  ^  Does  this  prove  tha^Q  J(&8  the.  A^^    property?  Why? 

V  ...........   .  . 

ANSWER:  -  .  *  '  ^* 

No;  W€  oust  prove  tVat  if    a    is  a  ratrtonal  number,  the  additive  in- 
verse ofi/a    Is  a  rational  number.  c 


Let    a.  *    p/q,    where    p    and    q    are  integer?  ^  0).^Then 

-a    -    -p/q-     Is    -p/q    a  ratiqnal  nuiaber? 


ANSWER:  ,  ^ 


) 


Yes,  J  *   •     V  4 


^£  a  is  aay  nao-zerb  r^ional  number^does  thp<^\jltiplicative  in- 
verse of    a  'exist  in    R?    Why?  \  ^ 


ANSWER: 

Yes;    .a  is  a  non^zero  real  number,  an^  the    H^^    postulate  guaran- 
tees the  ex!s^nce%f  the  multiplicative  inverse , of    a    for,  every 
non--2sero  a    in|  Rl 


li^iat  must 


be  done  to  prove  that    Q    has  the    M  '  property? 

in  . 


ANSWER:  /  "  ^  * 

We  apst>rove  that  if    a    is  a  non-zero  rational  number,  the  multi- 

plicative  inverse  of  '  a    is  a  rational  number/  *  ^■ 

»   ^  ^  _ —   J 


:7- 


Let    a   «    p/^'' wliere    p    and    q    are  any  two ' non^gero  integers* 


•  Tliua    p7q    Is*  a  rational  number  by  Defi^altlon  10.1.  .The  multiplica-  -    I  • 
tivt  inverse  of  '  p/q    Is  '_  .  .  ' 


ANSVER: 


■  \ 


q/p    is  a  rational  number  since    p    and    q    are  non^iero^integeirs. 

We  have  shown  that    Q    possesses  all  the  basic  field  properties^  l^e^ 

53dogu re  under  ddflition  and  multiplication,  A^,  M^,  A^,  M^,  A^^»  ^id'^  ^ 

A    .        .  and  0.    Thus  Q,  a  subset  of  R,  is  ^  field  under  the  opera- 
in*  in'*^ 

tlotui  in  R  restricted  Vo  Q.    Therefore,  we  say Is  a  subfield  of  R. 

Q    satisfies  the  field  postulates,  subtraction  and  division 
(except  by  zero)* are  closed  operations  in    Q.  ' 

To  show  that  <>  Q    is  the  smallest  subf ield  of    R    containing  the  inte- 
gers, we  note  that  any  subf  ield.    A,    of    R    containing  the  integers 
must  also  contain  the  aultipllcative  inverse  of  each  non-aero  ihtegfr; 
and  must  be  closed  under  multiplication •    Thus  if    a    and    b    are  any 
two  integers  tn    A,    b    ^    0,    then    b  ^    must  be  In    A,    and    a  • 


must  be  in    A.    But  if    A    contains    ab  ^    for  every  pair  of 


integers  a,  -b  (b  4  0) ,  then  Q  is*  a  subset  of  A,  ^y  definition 
of  the  set  Q.  Hence'  Q  is  the  smallest  ^ubfield  of  R  containing 
the  integers..       .  ^  ^  ^* 

Actually/  U  is  not  difficult  to  see  that  every  subf  ield  of  .5  niust 
^contain  the  Integers,         hsnce  must  contain    Q.    We  ^?ill  not  irove 


this  here. 


ORDER 

Since  the  order  posti^ates  01,  02,  03,  04  as  stated  for  the  real 
nuii4>e^  do  not  require  the  existence  of  any  special  elements  la*  R, 
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■  V 

they  hold  isqually  well  for  the  set  or  rational  nitmberB  because  ra- 
tional numbers  are  rdj|l  nisabers*    That  i&p  from  01,  we  have  "if  a 
aod   b    are  any  real  Kocibers^  theq  one  and  only  one  of  the  following 
is  true,    a  <  b,    a    •    b,    a  >  b*S    Thus  if    a    and    b    are  ra(tion- 
al  numbers,  property  01  applies  since  rational  numbers  are  re^l^ num- 
bers.   Similarly,  the  properties  02,  03,         04  ho^dv  f or  Q. 

Using  Order  Theore®  4.20,  we  can  reduce  tlje  problem  of  deteijminiug 
which  of  two  rational  numbers  is  greater  to  that  of  determining  which 
of  two  integers 'is  greater.    for»ex^H^le,  suppose  we  have  to  decide 
^ which  of  two  rational^umbers,    7/22    x>r    34/111,    is  greater.  The 
answer  i%not  iimediately  apparent.    We  ^ote  that  since    7  *  111  > 
22  -  34    (or    777  >  748),     then    34/111    7/22    (insert  <  or  >). 


Thus  the  relairl^  order  of  any  two  rational  numbers  can  be  determined 
by  comparison  of  integers,  for  if    a,  b,  c,  d,    in  Order  Theorem  ^4.20 
are  •  integers-  (b  >  0,    d  >  0),  then"^  ad    and*    be  ^are  integers  and' 
a/b  >  c/d    if  and  only  tf    ad  >^bc. 

Consider  the- f oliowi^  statement: 

If    7/-li  >  -9/13,    then    7  •  13  >  (--ll)   •  («9)  •  ^ 
Is'  the  above  statement  true  or  false? 

Z  -  -    .  ^  ^  .  

ANSWER:  •  . 

False;     7/-11    is  greater  than    -9/13',    but    7-   13  /  (-11)  (-9). 

 ,  .  

Why  does  Theoraa  4.20  fail  to  apply  in  this'extople? 

.  '      '  -J 


I 


ANSWEK: 


The  dfiuxsilnatQr  of  the  ftactiori    ll^W  *  is  negative,  wh^eas  in  Thep'^ 
rem' 4*  20  the  denoii|iniitor  was  required  to  be  positive  •    Note  that  if 
the  rational  nOmber    a/fa    has    b    rtegative,  we  can  write    a/b    -  ,-a7 
-bt    where  .(-b)    is  a  pofesitive  number.   '  •  * 

-      -  -  -  -  -  -r  -  -  :  -  i'       -  ---'-7  -  ------  ^ 

What  change  in.  the  preceding  example  would  pennit  us  to  ap^x  Theorem^ 
■6.20?         .     '        J       **  V  '  *  - 


I 


ANSWER:  .  * 

«»•         ■  ■  •     .  . 

Multiply  numerator  and  denominator  of  the  fraction  7/-11  by  .-1, 
pbtaining    -7/11.  / 


-7  ^  -.--^-r  

If  _7/n  >  -9/13.  then  (-7)  Y  <13)  >  (11)  •  (-9).  Is  this  state- 
ment true  or  false?  , 

.     ■        ,     ■  • 

ANSWER:  '    .  *. 

Tfue;  (Theorem  4.20  nw  applies,  and    -91    Is  greater  than  -99.) 

Which  is  greater,    -5/17    or^   -[7/19?  Why? 


ANSWER:  '  . 

-5/17;    because    (-5)  •  (19)  >  (17)  •  (-7)    or,    ^5  >  -119; 


\  I 

PROPERTIES  OF  THE  SYSTEM  OF  RATIONAL  NUMBERS 

Vte  now  lifit  some  properties  the  of  rational  numbers  as  compar- 
ed  to  the  other  sets  of  numbers  previously  discusfeed*   *  ,  ^ 
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The  s<£t  of  raCional  nuiab&ir&  is  closed  utuier  the  operaCioofi  of  add!*-  ' 
elon,  subtraction,  &ultiplicationt  and  division  (except  by  zeto) • 

EacaXl  that  the  get. of  integet^  is  not  closed  ^udet  ^  f  and  the  set 

of  natural  niiunbers  is  not  closed  under   . 


ANSWER; 

division,  9 
aubtraction  and  division* 


1  . 

-The  set'  Q    is  countable.    That  is,  the  rational  numbers  can  be 
placed  in  one-to-one  , correspondence  with  the  natural  numbers.  This 
ia  also  a  property  of  the  set  of  integers.  . 

.  •    '    . '      •  ■    .   .    • .    /  y 

To  show  chat  the  set  of  ratio^Al. numbers  is  countable,  consider  the 
Following  infinite  array  of  rational  numbers  which  guarantees  iffmt 
every  rational  number  is  contained  somewhere  within 'the  array.  The 
top  row  contains  all  fractions  of  integers  with  denomiriatdr  1-  The 
second  row  contains  all  fractions  of  integers  with  denominator  2. 

,  4V 

The  tbird  row  contains  all  fractions  of  integers  witj|l  denominator  3, 
etc,  - 


1 


::5 
1 
t 

2 
t 

3 
t 

u  ' 

t 


it 

5 


5 


t 
6 


-1        a  3 

* 

-2    -1  ^-ITV  12  3 

5      5  \^   5      5  5 


t 
4 
5 


6 
5 


5 


■  ) : 
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By  utarting  with    0/1,    and  folipwing  a  systfeia  of  counting  as  indi- 
cated by*  the  arrows,  we  are  assured^^at  ev/ry  rational  number  will 
be  counted.    The  al?ove  illustrat'ion  shows  hpw  the  rational  niisabers 
can  be  placed  in  ohe-^to-one  corresponden^je  with  the  natural  numbers. 
Note  that  those  rational  numbers  that  are  cirtled  iii  the  array  afe 
not  put  into  this  correspondence  since  Ihey  have  previously  been 
counted.    For  example;    0/2    is  not.  put  into  t^ls  correspondence  be- 
cause   0/2         e    «    0/1,    which  has  already  Ijeen  counted.  *  .  ' 


N 

Q 

1 

-i  y 

0/1 

2 

1/1 

3 

 p 

1/2 

4 

-1/2 

5 

-1/1 

& 

-2/l' 

i 

7 

-2/3 

8 

'-1/3 

9 

1/3 

10 

2/3 

11 

2/i 

12 

— '  ^ 

3/1 

• 

A 

/ 


V 


Continuing  this  scheme,  what  rational  numbers  will  .correspond  to  the 
following  natural  numbers? 

15 

'20,   4  '  ■  ■' 

33  •  .    •  -  .  . 

46  —  '  . 
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ANSWER; 

15  — > 

IM 

20  — ♦ 

-4/1 

33  — ► 

5/2 

46  ^ 

-6/7 

The  Bist  of 

here. 


The  rational  nuabers  can  be  represented  by^decisal^.    To  every  ra-  • 
tioKial  nui&er  there  corresponds  a  detcimal  tha*-  either  tenainatea  or,, 
if  aon--tenBlnatlqg»  la  periodic' in  the  liense  that  a  cert^n  aet  of 
digits  is  repeated.    For  example^  ill  converting  the  rational  nuablr 
A-J/a    to  a  dccil&al,  we  have,  by  the  division  afgorith^j, 
(1^    43    •    8'*  5  -f'a^s  and  so  *5    is  the  integral  (whole  nuffiber) 
part^f  the  decimal  representation.  Multiplying  the  remainder  by  10, 
we  have     •     '  -  < 

(2)  30  •  8  -  3  -^.6^*  and  3  is  the  first  digit  after  the  decimal, 
point.    We  now  airltlply  the  second  remainder  by  ip  obtaining 

(3)  60^.  -  8  •  2.-^  4.  Thus  7  is  tl^e^W'ond^  digit  afteV  the  deci-^  . 
©al  point.    Multiplying  the  third  remainder  by  10  we  haVe  , 

(4)  40    m    8*5,    and^  5    Is  theref ore'the  thir^  and  final  digit  . 

after  the  decixaal  point.  .  . 

'   ^  '   \  '  . 

We  show  this  by  taki^  the  equations  above  in  reverse  order,  dividing 

by  10,  and  substituting  in  the  preceding  equation.    Hence  from  (4) 

4    -^8  •  5/10    and  from  (3),    60^-  7  +  8  ' 

7/10  -¥  8  •  5/102.  , 


5/10 


oxi   6    -  « 


Substitute  this  la^t  expression  In  equation  (2),  divide  by  10,  ^nd  *  * 
show  thff  result.   .  '  ' 


7 


•         ■     .  *  * 

-  '     ■         ■  % 

ASSWEH:  '  ,  . 

'   Fro'w  (2),    3Q    -    8  -  3  +  8      7/10  +' fi  •  5/1q2 
or      w         3    -    8  •  3/10  +  8  •  7/10^  +  8  •  5/10^ 


Substltpte  this  last  expression  .in  equatioff.  (1) ,  and  show  the  result. 


i  J' 


ANSWER:  .  t  .  • 

From  (1),    43    -    8*5  +  8- •  3/10  +  8  •  7/10^+  8  •  5 AO?  • 


Dividing  this  last  result  by  8»  we  have 

.43/8    •    3.+  3/10  +  7/102  4^^5/10^  i    5.375  *  ' 

To- convert  ^pf^  rat ipnai  numbifer  a/b  (where  ^/b  is  not  an  integer) 
Into,  a  deqlmii  we  proceed  in  the  saae  way.  Assume  a  ^iand  b  posi- 
tive/We have^>V  the  division  algorithm, 

(D^a    «    b  •  cf  ^.  rQ,    where'  0  <  Vg^  <  b»    anB    q    is  the  integral 
/phrt  of    a/b,  '  •  ' 

,  (2)    lOro    -    b      q;[  -f  ri,    whe^^    0  £       <  b.  ,  ' 

'    Show  that    q;^  ^         '  (You  need  not  list' theorems  and  postulates  as 
reasotis.    Simply  give  the  basic  steps  of  a  propf.) 


ANSWER:  ,  -       '          ,              ■  * 

Since    ro' <  b,  lOro  <  XOh .    Then    bqi^+  xi  <  10b.  f^ecause    rj  >^  0, 

bq^      bqi       T]  <  10b.     Then    qi  <  10. 

^  _'■  '  ^'  . 


q^^is-  the  first  digit  after  the.  decimal  point.  From  equation  (2).  we 
have 

tQ     -    b  •  q]/iO  +  r^/lO, 
and  frc^  (X)  we  have  i 
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n 


a  -  '^b"  •  <j  -K  b  •  qj/lO  +  n/lO. 
Then 


(3)    a/b    -   q  +  qi/10  +  ri/lOb.  .  * 


If    ri    -  0. 

If    ti*  i    Ol  we  continue,  obtaining 

As  before,  we  can  shcfv  that    qa  ^  Therefore,    q2    Is  ^fre  second 

digit  after  tW  decimal  i^&lnt.  'i^ 

Show  that  «quatioxui  (3)  and  (4)  imply 

a/b    -    q  +  qj/lO  t  q2/i0^  +  -  * 

■       ^  ■ 

 ^.  ________________ 

ANSWER;  "  .  ^ 

By  (^>.    ri/b         q2/10  +  r2/tOb.  - 

Substituting  in  (3)-,  we  get  a/b    -    q  +  qj/lO  +  qj/lO^  +  tz/AO^b. 

*  ■ 

If,  in  this  last  expression,    r^    •    0*  the  decimal  terminates  and' 
a/b    «  .q  +  q'x/10  -f  q^c/lO^    •    q«€liq2'  ^         0»  Continue  as  ^ 

before  until  some  vhich  case  the  decimal  tenfilnates, 

and 

a/b         q  +  qi/lO  ^  q2/10^  <l^/iO      *    <l*qi<l2  •** 

If  no    r      »    0,  *  then,  sitice    0  <  r.    <  b,    in  no  more  than    b  divi- 
n  ^  n 

sions  one  of  the  remainders  previoCisly  encountered  must  occur  again,  ^  ^ 

and  the  decimal  repeats.  •  ^  ^ 

*  . 

What  are  the  possible  reiaainders  when  dividing  a  by  b? 
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ANSWSR: 

0,  1,  2.  3,  .        b  -  1. 


■Y  -  -  - -  ---------- 

Thu»,  if  *r  J*  Q,  there  are  ohly  b  -  1  po^jltlv^  integers  from  . 
1  to  b  -  1,  hence  on  the  b  division,  one  of  the  previous  reiaaln*- 
(jiers  must  occur  a  second^  time..   Of  course,  a  r^aictder  may  occur  for 


the  second  time  before  the  b 


th 


divi 


urse,  a  tomb 
Bion/"--^"''^'''^ 


tet  us  illustrate  with  another  eKaaple.  We  divide  51  by  37:  i.e., 
we  t^ake    a    ^    51,    b    «    37.  '  \ 


51    -    37  •  1  +  14 
'51/37  '  -    1  +  14/37 
10  •  14    -    140  - 

Then  « 

14/37    -    3/10  +, 


<}'  -    1,  ro 


14 


37  •  3  +  29 


29 


3.    ri    -  29 


10  •  37' 


and 

51/37 
Next 


i      3/10  + 


29 


10  •  37' 


10  •  29  -  290  -  37  •  7  +  31, 
Theft 


q2  -'7, 


31 


29/37 
and 


7/10 


10  •  37' 


51/37    -    1  +  3/10  +  7/102  + 


31 


102  .  37' 


Next 
10- •  31 
Then 


310,  -    37  '  8  +  14. 


8,     rs    -  14 


31/37    -    8/10  +  -Tq- 


14 
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■       ■      .'  ^9  ' 

51/37    -    1  -I-  3/10  4^  7/10^  4'  8/iO^      1/10^  •  14/37 

Since    Tj         ro    •    14»     the  deciraal  repeat!*  as  follows: 

51/37  -»  1.378378378.  (The  bar  over  378  indicates  that  the  "se- 
quence of  digits  repeats*)  ^ 

Fin$l  the  digits    q,  qx,  q2»  remainders    rp,*  r.;,  r2, 

Up  to  the  point  Whtire  repetition  begins  when  17  is  divided  by  7* 

-e;^  


ANSWER] 


-  17 

■1 

7 

"  2 

■  q 

2, 

To 

m  3 

IP 

•  3 

7 

•  "4 

+  2 

4. 

■  2 

10 

•  2 

m 

7 

+  6 

2, 

^2 

-  ■  6 

10 

•  6 

m 

7- 

•  8 

4 

8, 

>^3 

4 

10 

•  4 

7 

•  5 

■  q»4 

5. 

10 

•5 

\' 
m 

7 

••'7 

+  1      ,  . 

m 

1^5 

-  1 

io 

•  1 

m 

7 

•  1 

+  3 

m  ' 

1, 

■^6 

3 

Hei;e  fQ    m  *3,    and  the  decimal  repeats.    Then    17/7  » 

2.428571428571 


_Noi£J     In  the  preceding  «k?e  have  assumed  that  the  division  process 
does  generate  the  decimal  expansion  of  ^e  given  rational  number. 
This  requires  proof  in  the  case  where -the  process  does  not  terminate, 
but  we  will  not  give  a  i^roof  here*.  ^ 

If  a  decimal  terminates,  it  can  be  represented  as  a  quotient, of  an 
integer  atid  some  non^-negative  power  of  .10,  hente  it  is  a  rational  * 
nianfaer.    Convert  the  terminating  decimal  1.247  to  a  quotient  of  inte-- 
gers. 


* 
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ANSUkR: 
1.247  - 


1247 
103 


1247 
1000 


>  To  illustrate  how  a  non- terminating,  repeating  decimal  r^epreaents  a 
^  rational  number,  consider  the  following  examples.    (A  rigorous  pVoof 
Involves  the  least  uppei^  bound  idea  and  is  beyond  the  scope  of  this 
course.)    ^  .         Y  ^  " 

Let    X    •    •454545    whe|:e  »45    indicates  that  the  digits    4,  5  are 
repeated  indefinitely. 


Then  lOOx 


45*454545         45  +  x  .  Note  that  this  step  is '^obtained 

by  multiplyiijg  both  sides  of  the 
ptevious  equation  by  l|u  ,  where 
n    is  the^umber  of  digits  re- 
peated in  the  decimal.     (In  this 
.  case    n    «   S.)  . 


jond 
*or 


99x  - 
X  « 


ANSWER: 
^5 

45/99 


5/ 11, 


As  an&ther  illustration,  let 
X    -    1.4306306*306  ^. 
which  can  be  written  as 


1^4-  N/10, 


where 


X  -  1  +  4/lC 

N  »  /306306306 

lOOON  -  306.306306306    -    306  4-  N 

999N  -   / 
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4.0 


AftSWER: 

306 

306 

99^  " 


34 
III 


Hfoce    X    -    1  +  4/ip      34/1110    -  794/555. 

'Convert-  the  repeating  decimal  .210&108  to  a  fraction  of  integers  in 
lowest  terras..  >.  . 


ANSWER: 
Let  X 


.2108108,    which  can  be  written  as 


X  2/10  +  N/10|    where    N    -  .108108. 

lOQON  -  108.108108    -    108  +  N 

999N  -  108 

N  -  108/999    -  >/37 

X  -  2/10  +  4/370    -    78/370    -  39/185^ 


Suppose         atid    b    ara  positive  integer^,    a  <  b,,  and  that    a  and 

fa    are  relatively  prime,  so  that  a/b    is  in  lowest  terms,    if  we  al- 

so  aaaume  that    b    is.  relatively  prime  to  10,  then  it  can  be  ahown 
that  t 


a/b    r    .aja2a3»»*.  a^a^a2a3.»,. 


a/b  is  a  repeating  decimal  and  the  repeating  8equep«;fi^of  digits  be- 
gins with  the  firat  digit  following  the  decimal  point. 

Then 

10^ 

or 

<10^  -  i)a 


a/b    -    aja2a3»»**a^  +  a/b 


a^)b. 
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This  equation  Impiietf  that    b    It^  a  factor  of    (lo^  -  l)'a.    Since  fa 
and    a    are  relatively  pricie.    b  ..is  a  factor  of    10^     1.    Thus^  li 
the  fraction    a/b^    when  converted  to  a  ^ecluial,  repeats  one  digits 
then  the  dencKalnator  of  the  fraction  mi+st  be  a  divisor  of    10^      1  « 
9;  l.e,,    .b    must  equal    3    or    9.    Siiailarly,  if  the  fraction  '  a/b  , 
repeats  two  digits  when  converted  to  a  decisai'l,  its  denominator  must 
be  a  divisor  of  i  I  '  '  ' 

I...:  

ANSWER:  •  ,  _  .         .  '      ■  ^'  >'  . 


Thus  tbe  only  fractions  whose 'decimals  repeat  two  digits  are  those 
with  denc^inators  of  ^ 

-,-  -y. .  - n-'-     -  -  -  -^r-^-  - '-  -  -  -  - -.  *• 

answer's  .  • 

11,-  33,  or  99.     (NoiE?e  that  3  and  .9  are  dWisor*^  of  99,"  but  fracticyns 
widi  3  or  9  in  the  denominator ' repeat  one  digit  when  converted  to  a 
decimal.    Of  cour^,  we  could  s^y  they  repeat  two  digits,  with  both 
^dlgj.t8  being  the  samel)  v  ^ 

_____  — .  _  _  _  _  _  _^  _  .  _  _  _ 

What  are  the  possible  dencmilnators  of  a  fraction  if  it  is  to  repeat 

three  digits  ^^hep  converted  to  a  decimal?     (As  before,  assume  that  a 

and    b    are  relatively  prime,    a'  <  b,.    and    b    and    10  are  r'elative- 
/ly  pflme.)           .            i     ,             .    '  • 


5 


ANSWER: 

27,  37,  111,  333,  999 
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eoMPLETENESS  AND  THE  RATIONAL  NUMBERS 

Stiffly  review  the  definitions  of  upper  bound  atid  least  upper  bouiiid 
and  the  Ccnnpleteness  Poatulate  given  in  Unit  VII.  . 

Considet  thtyjif    A'  «    {n  |  n  .  is  a  n^tu/al  number  atid    n  <  10}. 

(1)  Name  an  u^per  bound  for    A    in  the  set  df  natural  numbers  N.^ 

(2)  ,   Djoes    A    have  a  least  upper  bdutid  in    JI?    If  ^o,  yhat  is  it? 


ANSWER:  ,  /  "  ■ 

(1)  9  (or  ijny  natural  number  larger  than  9) 
(2i    Yes!  9. 


Let    B  -  «    {x  I  X   "-is'  an  Integer  and    x  ^  Th» 

(1)  List  three  upp^^jr  bounds  for    8    In  the  set  of  Intege 

(2)  List  -the  least  upper  bound  if  there  is  one,  ^ 


T: 


ANSWER.: 

(1)  6,  7,  8    {or  any  i^arger  Integers) 

(2)  6. 


We  vili  prove  later' that'  there  is  no  rational  number,  whose  square  is 
2;    hence  the  real  number**  /l    i^  irrational  ♦  .  ' 

Consider  the  set    S    of  all  rational  numlsers    x    such  that         <  2, 
(In  the  following,    Q    is  the  set. of  rational  numbers.)" 

(1)  S    is  a  non-onpty  set.    List  at  least  2  of  it0  meiobers. 

(2)  S    has  an "vpper  bound  in    Q,     List  one. 

(3)  S    has  a  leas  tapper  bound.    What  is  it? 

(4)  Is  the  least  up^^  bound  in  Q? 


ERLC 
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ANSWER: 

(1)  For  example ,  1, 

(2)  For.  example.  '2. 

(3)  V2  . 

(4)  No,    /l    is  irrational* 


Now.  let    S  -  be  the  s6t  of  ait  real  imniber^    x    such  that         <  2. 

(1)  LJst  2  members  of  "  S.  • 

(2)  Xt^t  an  upper  bound  of    S    in  the  set  of  real  numbers* 

(3)  What  is  the  least  upper,  bour^  of  S? 

(4)  Is  the  le^t  upper  bound  in*  the  set  of  real  numbers? 


ANSWER:  -      -  * 

CD    If    1/2    (or  any  real  numbers  less  than    /l    and  greater  than 

(2)  the  answer  majTrbe  any  real,  number    x    such  that    x  ^ V2  • 

(3)  J  - 
(A)  Yes, 


The  above  diseussion  suggests'a  basic  difference  between  the  rational 
number  system  and  the  real  number  system^ ^  The  Compl^eness  Fostu-- 
late,  valid  for  the  real,  number  syst^,  is  not  vali^for    Q  because 
tiie  j^t    S         {x/^        <r  2,    X    rational}    is  a  subset  of    Q  which 
has  an  upper  bound  in    Q    but  has  no  least  upper  bound  in  Q. 

Could  you  use  the  set    S    »    {x  |'  x^J^  4,    x    rational)  ■  as  an  ex- 
ample  to  show  that  the  set  of  rational  numbers  does  not  satisfy  the 
Completeness- Property?    Explain,  '  . 


ANSWERS 

No.    I.n  this  example  the  least  upper  bound,    2,    is  in  the  set  of 


le  set 

y 
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raCloMl  Qunbers.  Thiu  does  not  prove  ih^t  the  s^t  of  rational  ausi- 
berg  jji  not  coiBplettt. 


Coimi^^r  the  set    3    of  rational  nuabeifta    x    such  thut    s  < 
-(Note:    2ti    la'in  irrational  nuaberO  \ 

(1)  Ooea    S    have  an  upper  bound  in  the  set  of  rational  numbers f 

^  .    ,    /  '      ■  ' 

(2)  Uhat  ie  the  least  upp^r  boumi  of  S? 

■   ■  ■     -    '         .     .       '   ■  ■  -  tf 

(3)  Can  this  servfi  mT  an  exonple  to  shw  that  the  Completeneits  Ftp- 
party  da«8  not  hold  fojf  tha  systui  of  rational  raasfaers?  Explain. 


(1)    Y«8.     .    .  .'  \ 

(3>  Yea,  there  is  an  upper  bound  for  S  in  the  set  of  rational  num- 
bers»  hut  the  ilf^t  upper  bound  2tf  is  not  an  elmentv^of.  the  set  of^ 
.r^ti^nal  numbers*  '  '  * 


If  the  following  sets  of  real  nw^^rs  hav^  upper  bounds,  name  tHe*-  / 
least, upper  bound.    Decide  in  each  case  whether  the    l.u,b.    is  in 

u  numbers 
(I)  .  S    -  .  tx  I  x^  £  3} 


the  set  of  tationii  numbers. 


(2)  S    -    {x  I  0  <  X  <  9} 

(3)  s  -        0.  1)  y 

(4)  The  set  of  all  even  integ^erf. 


ANSWERS  * 
(1)    /J     (not  an  element  of  the  set  of  rational  numbers) 
<2)    9    (rational) ,  '  — '  ' 

(3)    1    (rational).'    .  ,   •  • 

This  s^t  hasno  upper  bound.  ^ 


r 


COMPARISON  OF  SYSTEMS  OF  NUMBERS  ^    •  ^ 

Ue  have,  throughout  this  course,  placed  considerable  essphasls  on  the 
field  properties  of  Che  real  nurabefs.    Cn  thii^  and  the  preceding  two 


unit B,  we  have  Considered  three  svib-systema  of  the  reals  and  have. 
i^hdwn  precisely  which  of  the- field  postulates  are  possessed  by  each 
of  the  ^ets  I,    and    Q.    As  remarked  earlier  in  the  coi^s^a,  an 

alternative ffi'^thod  for  studying  th^^eal  numbers  is  td  begin  witt/ the 
ystem  of  natt?^al  ni^bers^  and  ce^rtain  basic  ji^rop^rties  of  this^  systra 
as  axitms.    Then  one  constructs*  or  .builds,  f  rota  the  natural^iSbeTS 
the  integers »  the  rational  numbers,  and  finally  the  real  numbers. 
Kt&tot'ically ,  this  is  approximatiely  tlie  v^y  the  number  system  was 
developed,  although  the  positive  rational  numbers  were  in  use  long  . 
before  the  negative  integers.  •  -  , 

To  sumfaarize  our  development  of  the  subsystems  of  the  reals  with 
gard  to  the  field  properties »  what  fttrld  postulates  are  gained  by  ex- 
tending the  natural  numbers  to  the  integers?  '  /     .    ^  .    .  . 


ANSWEk: 

A.t,    and    A.  .      •  *  .  ^ 

id  in 

'        -  '-^ 
^  ■  ^  ^  ^  ^  ^         _  —  ^  -  ^  —  ^      —  — -  —  —  —  —  —     —  -  —  —  —  T» 

In  extending  the  integers  to  the  rational  numbers  what  fl^ld  postu- 
iaft  is  gained? f  . 



It  would  seem,  at  first  fiance,  that  the  system  of^ation4X-  numbers 
'  is  quite  sufficient  f^r  the  development  of  more  advanced  mathematics 
stn'de.the  syst^  pt?ssesses  all  the  field  properties  and  is  clgsed  un-- 
del?,  the  operations  of  addition,  multiplication, subtraction,  and 

■•  •    ■  ^  * 


......    ■-,  .  -•.  • .    -H.  . 


djvigian  (except  by  zexQ) .  Such,  however,  is  not  the  case.  There  is 
one  very  liRportanb  property  that  the  rational  numbers  lacW,  and  which 
diatinguiahea  thia  eet  froa'the  reals*    This  ia  the.property  of   • 

----- -  -  -  ^  -  -  -       -  -  -  -  -.  -  -  -  -  - .  . 

ANSWER:  "       '        '  '  ■     ^  -  . 

'  .  m 

4 

coisfvietenesa .  *  • 


Cctosider  the  following  tiet  of  equation^,  and  the  quf(stions  that  fol~ 
*  ♦ 

low,  ■ 


(a) 

7x  +,  iO*  - 

4x 

m 

3^2+2  - 

x2 

4-  6 

(c) 

5x  -  %  - 

4x 

+  4 

(d) 

21  - 

IS 

+  X 

(e) 

3 

1            .  • 

Cich  Qf  the  above  equations  have  ^solutions  in  N? 
ich  <  have' sola tiona  in 
Which  have  ttolutiona  in"  JQ?  /  \^ 


ANSWER: 

(c);/  ' 

(c)  ^nd  (d);  • 

(a)*  '(c)  i  and  (d). 
i 


P.oee  aquation  (b) ,  whjLch.  simplifies  to  x^  "  2,  have"  a  solution 
R?  .  ^ 


■f»^  ■  ■  '-  ^  


AiJSWER: 


Yes;     (A  proof        this  fact  qari.  be  given,  based  on  the  {^pleteness 


Property  of  the  real  nutaber  systsa) . 

/ 


We  will  now  provis  ehat'  the  equsitldn  «    2    has  no  solution  in  Q; 

i.e.,  there  is  no 'rational  number    a/b    such  that    (a/b)^  2, 
Firfit,  we  need  a  definition  and  a  Igeana* 

DEFINITION  10.3:    A  natural  number    n    is  a  perfect  square  if  and 
only  If  it  is  the  square  of  a  natur^i^^uabeiii  i*e»»    n    -  -p 
where    p    is  a  natural  nukber. 

•  •  •'  '  </  ■  ^ 

LEMMA  10.1:    If    o    is  a  natural  number,    n  ^    1„    then    n  is 
perf e&t%quare  if  and  only  if  each  prime  factor  in  its  stakd^fd  fac-^ 
torisation  occurs  an  even  number  of  times. 

PBOOFs     (a)    Suppose    n    is  a  perfect  square,    n    )^    !•    Show  that 
each  prime  factor  in  its  standard  factorization  occurs  an  even  number 
of  timei^. 

"  ■'"  -,- '  -  r-f  -'-  -  -  -  -  -  -  - 

ANSWER:       •  .  *  , 

Let    n    «•    P  *  Pf    where    p    is  a  natural  number.    Let    p         1  •  py 

•  p2  • • •  p.     be  the  standard  factorization  of    p.    Then   n    ^    1  •  pj 
^  Pi  *  P2  *  P2  Pj^  *  Pj^  (unique)  standard  factorisa- 
tion" of  ^  n.    Clearly  each  prime  factoi^  occurs  an  even  number  of 
times.                        *  V 


(b)    For ^ the  converse,  show  that  if  each  prime  factor  in  the  standard 
factorization  of    n    occurs  an  even  number,  of  times,  then-  n    is  a 
perfect  square.  . 


V 


ANSWER;  . 

Since  each  prime  factor  in  the  standard  f actor i-zat ion  of    n  occurs 
an  cven^rtumber  of  times,  we  may  write 

n    -     1   • '(PiPi)(P2P2)(p3P3)'^"  •  P{^P;^    ■     (P1P2P3   •  ••Pij)(PjP2P3 

"    P  *  P»    where    p    -    (P1P2P3  "^^^         is  a  perfect* 
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square  by  Dtifinition  10.3, 


THEOREM  jLO.lr  There  is  no  rational  number    a/b    such  that  (a/b)^ 
2.    We  may  aastene    a-  tfnd   iJ'    to  be  positive  integers,  for  if  -  a  ' 
were  negative,  then    -a    is  ^^^'sitive  and  we  could  consider    -a  and 
b    inateitd  of    a    and    b  ^in  the  follcK»?ing  proof  •  •  . 

PROOFS    The  proof*  will  be'  by  contradiction.    We  assume  there  are  ^ 
positive  integers    a    and    b    such^that    (a/b)^    «    2    and  show  this 
leads  to  a  contradiction,  >€Jice^^e  assumption  is  false* 
(1)    (a/b)2    •  2. 

Cjc^plete  the  proofs  using  Definitic^  10.3./ Lemssa  10. 1»  and  the  strnid- 
ajrd  factorization  theorem.    You  need  not  give  reasons  for  the  state- 
ments in  your  proof.  i*  '    ^  ^ 


ANSWER: 

a    and    b    are  positive  integers  (natural  ntimbers}  by  assumption^ 

(1)  (a/b)2    •  \^ 

(2)  a^/b^,   -  2 

(3)  a^    •  2b2 

(4)  1  •  (ai^  •  a2^  •  a]^  ...)    V   1  •  2      (b^^  •  b2^  •  h^^  .^.l 
where  each  of  the  expressions  in^aren theses  represents  the  prime  , 
factorizations  of    a^    and    b^    respectively,  and  each  q£>  the  pri&e 
factors,    a.,  b.,    occur  an  ev^n  number  of  times,  by  Definition  10.3 
and .Lemma  10.1.    Both«sides  of  equatlpn  (4)  represent  the  standard 
factorization  of  the  >ame  number.    But,  the  standard  factorization  of* 
a  number  is-  unique,  hence  equation  (4)  cannot  be  true  since  2  appears 
once,  three  times»  or  an  odd  number  of  times  as  a  factoaj;  on  the 
right,  whereas  It  appears  an  even  number  of  tlmes^  ifl  at  all,  on  the 
lef  t  side*    Thus  a  cpntradiction  has  been  "li^ached,  and  the  theorem  is 
proved.  —  #  ' 


Ypu  should  note  that  the  nboye  proof  is  valid  if  2  i«  replaced  by  any 
prioie  nitiiral  nuxober    p.    In  "fact,  with  a  flight  variatloUt  tt  could 
be  i&ade  to  apply  to  any  natural  ny^ber  that  la  not  Itseff  a  perfect 
aquare;  l.e#,  la  not  the  aquare  of  a  .natural  number* 


Ri^VIEW  ITEMS 


1.  .  RiKiuce  each  of  the  following  fractions  of  integers  to  lowest 
tenas,  if  it  1^  not  already  in  Imir.est  tenn$.  ( 


(a>  52/91 
(b)  -77/39 
<c)  33/-95 


/ 


'answer:*^ 


(a) 


-  V7; 


52/91 
V    •  ■  ■  ' 
(b)    is  in  lowest > tenas i 

<c)  33/-'95 


-33/95 


(To  be  &xt  lowest  terms,  the  denominator  Of  a 
fraoition  aust  be  positive.) 


\ 


2,  In  which  of  the  following  subsets  of    Q    is  addition  closed? 

(a)  Fractions  of  integers  with* denominator  2* 

(b)  Fractions  of  integers  ^ith  nimerator  3. 

(q)    Fractions  of  integers  with  denominator  2,  3,  or  6.' 


ANSWER:  > 
(a)  and  (c)'. 


3.     In  which  of  the  sets  in  Itesi  2  above  is  sfiultlpjlcation  closed? 
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ANSWER:.  ^  f 
None. 


I 


4.  Recall  the  definition  of  a  groOp  in  Unit, II  (definition  2^3),  and 
consider  the  set  A  of  all^ rational  numbers  of  the  fona  where 
a    Is  an  integer* 

(a)    Does  the  set    A    fona  a  group  under  the  operation  of  addition? 
rf  not,  what  group  postulates  fail  ^o  ho^d7 


ANSWER:  •  ^ 

Yes,    A    forms  a. group  under  addition. 


(U)  Does  the  set  A  form  a  group.  und,er  the  operation multipli^ 
tion?    If  not,  what  group  postulates  fall  to  hold? 


A 


ANSWER: 

No;    Closure  and    M.   .  •      '  / 

in       ^      »  •  "  ^ 

_•-   ^  -  - 1   _ 

5.-  Which  of  the  following  two'  rational  numbers  is  greater: 
-l'3/27    or    24/-47  ? 


ANSWER: 
-13/27 


6.  What  Is  true  about  the  decimal  representation  of  a  rationai  nt 
bar?  ^  , 


ANSWER: 

The  decitaal'  esithar  tensinatW  xir  repeats  a  finite  set  of  digi 

7«  Convert  th«  repeating  deeimal  .3.2630630  to  a  fraction  o£«lnt|i^ 
gers  in  lowest  terms.  "1 


i- 


ANSWER: 


18X1  '  * 

-j^.    This  answer  can  be  obtained jas  follows: 

Let    X    -    3.2630630"  ^ 
X    -    3j  4-  .0630630   •  *  . 

Let    y    -    .0630630  ' 

lOy    -  .630630 

lOOOOy    -    630.630    -    630  +  lOy  ' 

9990y    -  6^0 

630  7 
5^    "    9990"  '    111  "  ■ 

-J  O.  o/ifi  ^    ?  3622  1811 

.  .         -    3  +  2/10  +  3^    -    —    -  — 


8.    Show  that  Che  set  of  rational  numbers  between  £ero  and  one  with 
'numerator  1,  i.e.,  the  set    il/2,  1/3, -1/4,  1/5,  ...},    is  countable 
by  defining  a  function,  that  maps  the  natural  nimibers  onto  this  set. 


7  ANSWER: 


1  1/2 

2  —  '  1/3 

3  — ►  1/4 


0- 
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/ 


l/Cn  +  X) 


Or,  £  i«  a  function.  suq{?' that  if  n  is  «  natural  number 
l/(n  +1).  ^  X  , 


L 


Which  of  the  postulateti  for  the  real  numbers  I9  not  valid  for  the 
iiya  tern  of  rational  nutiberr?  *    .  ' 


ANSWER: 

The  CompleteneaB  Postulate* 


/ 


\  ■ 


v. 
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KX.    COMPLEX  NUMBEBS 


COMPLEX  NUMBERS 

DEFINITION  ATiD  BA3IC  OPERATIONS 

Many  htgh  fichool  t«xt  ^ooks  introduce  complex  nun&ers  by  pointing  out 
the  lack  of  a  solution,  wil^in  the-  systan  of  real  aiaabars,  of  equa- 
tions such  aa  A    -    0.    In  ord^  to  rmedy  ^his  situation  a  new 
symbol    i^    is  introduced,  which,  fay  .definition,  is  to  have  fche  ^ro-- 
perty  that    i^    «    -i,-  the  expression    a  +  bi,.   where    a-   and  ' 
b    are  real  numbers,  is  called  a  complex  number,    a    being  the  "real 
part"  and    b    the  "imaginary  part".    When  this  is  done  the  complex 
number    a  +  bi    is  completely  detenained  by  the  ordered  pair  (a,  b) 
of  >real  numbers    a    and^   b.    Instead  of  following  tlie  above  procedure 
we  will  define  a  complex  number  to  be  an  ordered  pair  of  real  num- 
bers.   The  definition  of  the  symbol    1    is  then  very "natural,  whereas 
It^.tht  above  described  procedure  it  s^s  to  be  "pulled  out  of  the 
•  air".  "... 

PEFINITION  11, 1;    A  cexnplex  number  is  defined  to  be  ati  ordered  pair 
(x,  y)    of  real  numbers,    x    is^  called  the  real  part  and    y    is  call- 
®^         ig^ginarv  part  of  the  c<^plex  ninnber    (x,  y). 

We  will  show  that  the  set    C    of  complex  numbers,  together  with  the 
operations  of  addition  and  multiplication  which  will  presently  be  de- 
fined, is  a  ffeid.    We  will  also  show  that    C    contains  a  subsystem 
Isomorphic  to  the  real  number  afield. 

The  cOTplex  numbers    (x,  y)    and    (2,  w)    are  equal  if  and  only  if 
X    *    2    and    y    •    w . 


/ 


ERIC 


(1)    (^»h)^    (^1  0)    if  aad  only  if    x    p    and  y 


(2)    If  ^  is  th^  re#l  part  of  a  oimplex  number  sad  5  is  the  imaginary 

part«  then  thin  c^wpiex  mjosb&r  is  written   in  the  ordered  pair 

notation,       •  ^ 

 A...... 

ANSUBR: 

(1)  a;  0. 

(2)  (2/5) 


If  ^  (k;  y)  is^a  complex  number  then  x  is  a  real  number.  I«  '  y  a 
real  musbv?     '  .  .  ' 


ANSWERS 

Yaa*  Even  though  y  iu  called  the  itqaginary  part  of  the  ccunplex 
number    (x,*y)    it  ig  a  real  number.  V  . 


DEF|piTIOS  11.2:  The  sum  pf»  the'cc^plex  numbers  (x.  y)  and  (2,  w) 
1^  the  ordered  pair  2,  y  +  w). 

Thia  ia  ;.^itten    (x,  y)  +  <2»  w)    «    (x  4-  2,  y  +  w) . 

Doest  the  definition  for  addition  guarantee  that  X    is  closed  under 
the  operation -of  addition?    Explain.  *    >  / 


ANSWER;  ' 

Yea.    Since    x^  y,  z    and    w.   are  real  nfimbers  the  sums    x  +  2  and 
y  +  w    are  real  numbers.    Therefore    (x  +  2,  y     w)  >*8  a  complex 
nu^ar  for  any  choice  of    x,  yt^z^    and  w. 


Al> 


SlBca  the  4ftf  inltloQ  of  the  dpiratiQn  of  Addltiotuof  complex  mi»b^r« 
wslgns  thit  pair  of  cooplex  &ul^^r8    Uxg  y}^  (2,  v^l    to  a' unique 
cocaplex  Quab»  wtt  aay  use  function  wtatlon  to  exhibit  tt^ia  aa  fol-*' 


t(x,  y).  (z,  w)l  C_,   ). 


ANSWER: 

<x  4-  a,  y  -f  w). 


State  the  coMutative  property  of  addition  of  complex  smtobers. 
ANSVER:  . 

If    (X(  y)    and    (z,  v)    are  camplex  numbers,  then 
y)  +^(z.  w)   -   (s. -»)  +  (>s,  y)  . 

Prove  that  the  operation  of  addltioti  of  complex  nussbers  has  the  com- 
mutative property. 


ANSWER:       ^  -  . 

To  show  that  the  operation  is  comutdtive  we  tmist  show  that 

{X,  y)      (2,  w)    -    (z,  w)  +  (x,  y). 


PROOF:  " 

1.  (x,  y)  +  (z,  w)    >-  (x  +  z,  y  +  w)  by  Definition  11,.2 

2.  (z,  w)  +  (x,  y)    -  (z  +  X,  w  +  y)  by  Definition  11.2 

,  ^       '  »  (x  +  z,  y  +  w)  for  R 


3.     •  •  (x,-  y)  +  (2,  w)    «    (z,  w)  +  (x,  y) 
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TSimxt  we  look  for  a  complex  muaber  which  ia  the  ideatity  el^eiit  for  * 
midltion  in  C, 

(1)  Coffiplate  the  following: 

Cx»  y)  ♦  (  -  t   )    ^    (x,  y),    for  every  complex ^ntuaber y)  . 

(2)  Carry  out  the  addition  steps  to  show  that  you  have  selected  the 
^rorrect.  c<»aplex  Duiaber*  •      ^  . 

, . . . ,    -  ■  . . .      -■-*.  t . 

ANSWER: 
(!)■  (0,  0> 

i>    (x,  y)  +  CO,  0)    -    (x  +  P,  y  +  0)    -    (x,  y). 


Al«b    (0,  0)  +  (x,  y)          (x,  y).    Therefore  (0,  0)    is  the  identity 

slwieat  for  addition  in    C.  f  ' 

ts  there  an  additive  Inverse  for  an  el&aent  (x,  y)  of  C?  If  there 
ia»  write* the  equation  which  defines  it. 


ANSWER: 


Yes;     (X,  y)  +  (-x,  -yj    -    <a,  0)    -    (-x,  -y)  +  {x,  yj .  % 

It  can  be  c^pvn  (the  proof  is  loi^,  but  not  difficult)  that  the  asso- 
ciative property  for  addition  of  cc^plex  nuoibers  holds.    State  this 
proper  ty.^C 

l(x,  y)  +  (a,  b)]  4-  (c,  d)    -    (X,  y)  +  [(a,  b^-h  (c,  d)]    for  all 
(x,  y),  (a,  b) ,  (c,  d)    In  C. 
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( 


Recall  the  defis^tion  o£  subtraction  of  real  numbers:    If    a    and  b 
are  real  nuafiers,  then  the  dlff^ence^    b  -  a»    is  the  unique  real 
DUQiber    d    such  that  _*  .  . 


ANSWER: 

a  -i*  d    •  b. 


In' the  same  manner,  we  define  subtraction  of  complex  numbers:  If 
(x,  y)    and'    (2,  w>    are  ccwaplex  nxuabers,  then  the.  difference    (z,  w) 
-  (fx,  y>    is  the- unique  cos^plex  numlSer    (r,  s)    such  that   


(x,  y)  +  (r,  s)    »    (z,  jrf). 


The  difference  (2,  w)  -  <k,  y)    is  given  by    (z,  w)  -  (x,  y)  « 
(S2  -       w  the  value  of    (r,  s)    if    (3,  i)    -    (r,  s)  + 

ANSWER: 

(-2,  2)  *     •  " 


DEFINITION, 11.3:    The  product  of  the' complex  numbers    {x,  y)  and 
(z,  w)     is  the  copiplex  number    (xz  -  yw,  xw  +  yz);     this  is  written 
(x,  y)   •  (x,  w)    «     (xz      yw,  xw  +  yz).  '  .1 

This  definition  guarantees  closui;^,  commu Nativity  and  associativil 
f6r  the  operation  pf  multiplication/    (You  should  be  able  to  proVel 
that  these  properties  hold,  using  proofs  sijnilar  to  those  for  addi^ 
tion.) 


ERLC 
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Apply  l;h«  definlti^fiof  multiplication  of  complex  nuoi^kc^  to  flod  th% 
product*  (i,  y)  •  (1,  0),  ' 


r 


AtiSUER:  .   ,  ^  *  ^ 

(x,  y).    Solution    (x,  y)  •.(!,  0)         (x  •  i  -  y  •  0,    k  •  0  +  y  • 

1)  -  fx,  y),  : ;  * 

«  ^  ^  * 

The  aniiver  to  the  previous  problisi  suggests  a  special  name  for  the 
Vooplex  nunber    (1»  0).    What  is  it?  {fct. 


State  Cln  full)  the  property  for  complex  numbers  associated  vitn  this 
elaszent*  ^ 


:h  this 


1^ 


Identfty  el^^ent^for  multiplication* 


m 


The  complex  munber    Ui  0)    1^  the  identity^  el^ent  for  mulj^ipJUca- 
t ion.  of  ciompifiix  numbers;  i,e,,     (x,  y)^(lp  0)    »    (1,  0)  •   (x,  y) 
/(Xt  y)    for  all  elements    (x»  y)    of  C. 

_  -  _  —  ^ _    _  .  _  — 

#ilKj  the  prdd^t    <x,.  y>      C^;  ^    ;  »  v&"I  Assume    (x,  y)  f_ 

(6.  0).        .  '  .  . 


•  ANSWER:. 


t  2 

(1.  0),     Solution:     (x,  y)  •  {  b  i      f\    h)    -    (  y' 

x*^  +  y^  •   x^  +  +  y*^ 

X2  i  y2  -     x2  x2  VyP     -  .         .  .  ' 


X  ""V       *  * 

C'  f*""?""  TV  '  "*I  r~  t)  is  called  the     •    -  of    {x,  y) 

X*  +  x^  +  y^  -  —   ^ 

■  -  .  •  •  ■    *  • 
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.ANSKEK:  • 

Bultiplicst.ive  inverse 


t  ■  '  ■ 

*   Sl^ow  that    (4/25,  -3/25)    is  the  multiplicative  inverse  of    (4,  3)\ 


ASSWEKs  .      ■     .  . 

*^  ■.        '  .  ■  -   J    ■        ■  r 

Two  solutions  ar«  ahown  b%low.  ' 

■'1. 

Solution  (I)J    (4,  3)  .  C4/25  ■  -3/25>    -    (^^25~^  *  -  ' 

,Soiutiott  ,(2):    If    (x.  jr)  .,«    (4,  3)    then    (^2  ^  y7  \    ^ajj^  y2)  - 
^TS^-  •    Td3>    "    <^''25,  -3/25)  . 

^    -         ,^  ■  ^  ^  '  ^l^-   <^  .  -  - 

■        '.^      .  *  . 

Diviaidn  for  real'Qusa>crfi  has  been  defined  In  t«rm^  of  mQltlplica- 
tlon-    By  analogy,  for  complex  nusibers^  if    (c,  d)    ^  ^(0,  Tl),  then 
(a,  b)  i  (c,  «$)    •    («.  y)    if  and  only  if    (c,  d)  •  ix,  y)    -  (a, 
h).    The  probiea  thanks  to  find  values  for    x    and    y    which  satis- 
fy the  equation    (c,  d)  •  (x»  y)    «    (a,      .  > 

Fits F -find  the  product    (c^  d)  •  (ic,  V) .  .       ^  * 


ASSVER: 
(cx  -  dy,  cy  dx) 


Now,  by  the  definition  of  equality  of  ,ccsaplex  numbers  we  -know  that 
(t:x  -  dy,  'cy      dx)  '  •    (a,  b}    If  and  only' if   lex  -  dy    -    r  . 

•  '  *         cy  4-  dx    ■    ^  ■-    ■  . 
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AMSUER;  « 
b. 


Solve  the  systca  of  squstioss  bele»<  for  x  and  y. 
cat  -  dy    -  a 

...  >>k 

cy  +  dx»b 


ANSWER;  V 
^c-  ■¥  bA 


fee  -  a<J 


Not6  that  this  system  of  equations  ha^  a  solution  provided  4- 
0.    List  sll  values  for        and    d*  such  thak  d^    *  0. 


ANSWER: 

^2  +  d^    -    0    it  and  only  if    c    »    0    and    d    «   b.  - 
♦ 

Rahca,  il^w0  fliiake  this  refttrictfejn' thar    <c,  d)    #    C0»  0),^  then  ^<x', 

y)    exists  and  division  of  complrex  numbers  is  <&finad* 

V     i_v  f   /  ^ ac '    bd       be     ads  i 

im,  h)  £    (c.  d)    -    (^2  ^^2  .    c2  +  d?^  ' 

U)    Find  the  quotient    (3,  4)  f  {2,  1) . 

(2)  Check  your  work  by  multiplication.  I.e.,  if  (3,  4)  *  (2,  1)  - 
(X,  y)     then    (2,  1)   •  "(x.  y)    -    (3.  4). 


ANSWER: 

(1)  -  <2.  1). 

^(2)     (2,  1)  •  (2,  1)    -    (4  -  1,  2  +  2)    -    {3.  4). 


> 
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.\.     :  ^Piy  th«  dafinltitfn  ol  division  to  find  the  sultipiicativ«  lttv«r^a 
of  th«  cbsplei  number    (2,  -5).  i.e.,  l£    (2,         •        y)    -  (1, 

iSWER: 

fl^y)    -    (I.  0)'f  (2,  -5)    -    (2/29,  5/29).  ' 


Find  by  the  methc|j|l  suggested  above  the  aultiplicatlA^  Inverse  of  the 
cowplex  ■nujAer    (a,  b)    where    (a,  h)         (0,  0) .   ^  . 


r '  7  ~ ..  • 


,  -ANSWER:  ..  '  ^ 

,  (a.  b)(x.  y)    -    (1.  0)  '  ( 

;1  '  a     0  »  b       0*a  -  1  •  b 


(     a  ~b   ■  >  ,  '  '      '  . 


Note  that  this  answer  agrees  with  that  found  previously.  ' 

'  ^  '         ■  .  ... 

^  .  ■  .      .  s  f  ■ 

*  ^    Write  a  compley  proof  to  show  that  in  the  system    C    the  distribu- 
tive property  fiolds,  i.e^  if    (a,  h),  Jc^  d),  j:©,  f)    arp^any  com- 
plex nuaber»/then    (a,  ^)  •  [(c,  d)      (e,  f)]    •    (a,  b)(c,  d) 
(a,  b)(e,  t)  .    (You  heed  not  list  all  field  properties  of  the  real 
numbers  that  are  us^d»    Hoyever,  point  out  where  Prop^ty    D  for 
real  -numbers  is  used.) 


ANSWER:  ^"  '  <  ' 

Step  (1)     Le^  member: 


V 


{a,  b)  •  [(c.  d)  +  (e.  f ) ]    -    (a,  b)  "  [(c  +  e,  d  +  f ) ] 

.  -    Ia(c  +  e)  -.  b<d  +  f), 

a{d  +  f)  +  b(c  +  e)] 

\j      '■         ■      •  ' 
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[ac  +  ae  -  bd     bf,  ad^+  af  f  be  he] 
{  Property  D 

Step  (2)  ^^Right  TO^ber?  "  V 

(a»  fa)  '  (e.  d)  4  (a,  B)  ^  (e,  f).   -    (ac  -  bd,  be  +  ad)  -f-  ^ 
'  (ae  -  bf,  bu  f  af)     .  - 

-  [  (ac  -  bd)  +  (ae  -  bf), 

(be  4-  ad)  ^  (be  4-  af)] 

-  [ac  4-  ae     bd  -  bf , 

.  •       ad  4-  af  -I-  be  +  be]^ 

Step  (3)    Hence:-  -  - 

b)  •  l(c.  d)  4  (e,  f)I*;-    (a,  b)  •  (c.  d)  +  (a,  b)  •  (e.  f ) . 

'  --------------   -    ~.  -   -   _   _   .    -   ^  _  - 

Let  ufi  review  the  properties  the  ayse&a    C    has  shown  to  poe- 

There  is  a  set    C    of  eiements  (called  c<^plek  nwabers). 
Ttiere  dre  two  closed  operations  called  "addition"  and  "miltiplica- 
tlon"  which  are  defined  on    C    so  that  the  following  properties  holdJ 
(i;^    C«»nu'tatlve  properties  for  addition  and  multiplication. 
(2).    Asaoclative  properties  for  addition  andmultiplicatlon. 
<  (3)    Diatributive  property  for  multiplication  over  addition. 

(4)    There  is  an  element   ^   )    such  that    (x,  y)  +  I  , 

 C       »   )  t         y)    ■  y)    f^i:*  every  elemeat    (x,  y)  . 


of    p.     (The  identity  eltjment  for  addition.) 


(5)    There  is  an  element    (_  ,   )    such  that    (x,  y)  •  (^ 


J    r  -J  )  •  (x,  y)    •    (x,  y)    for  every  ei^ient    (x,  y) 


of    C.     (The  identity  element  for  multiplication.) 

(6)  '  For  each  (x,  y)  of  C  there  exists  an  inverse  element/ ( 
*     )  *     for  addition  such  that     (x,  y)  4-  (   )    »    (  ^ 

.  ).  :  .  .  •  •  ' 

(7)  For  each     (x,  y)    of    C,     (x,  y)     ,*    (0,  0),     the  re  exists  an 

inverse  element,  (  ,   )  is4oT  jBultipllcation  such- that    (x,  y) 

(__^.  .  .)    -    (  ,   ).  . 


(8)    Sittcs    C    hM  the  above  properties,^  it  is  a 


<4)    (0,  0)       .    <x,  y)  >  (0,  0)    -  *(0.  05  +  (i,  y)    -    (x,  y) 

(5)  (1.  0)     "       <x,  y)  •  (I.  0)    -   (1,  0>  •  (x.y)    -    (x.  y) 

(6)  (-X,  -y)     (x.'y>  +  C-x.  -y)        (0;  0)  'ff 

-V'"  ■•  •^ 

We  .h«ve  ihown  tltat  the  eyet^  of  cc^pl^x  ni^Users  i#  a  field.  There- 
fore all  the  properties  which  were  "developed  in  Unit  IX  on  the  baals 
of  the  field  poetulatee  are  propertiee  of  the  systaa  of  complex  nxxsh  . 
fcere  as  well  aa  the  system  of  real  number^. 

* . 

ISOMORPHISM      A  SUBSYSTEM  OF^C  WITH  THE  SYSTEM  OF  REAL  WMBERS^ 

Our  pext  aiiii  la  to.  f  ind^^  subayatwi  .  C    of    C   whi&h  i^iacs&orphic 
to'y  R    (tha  syat&a  o?  reaj.  QumbN$ra5^/ ;  An  iamorphiam  frosi  a  ^ubayatem 

^  onto    R    la  a  one-to-one  corj^a^pondence  (or  reveralble  function} 
frcjoi    C*.  onto    S-  which ^pteierves  the  operationa  of  adjiltion  and 
oJUlt4.plicatidn.  '  '  '  ' 

The  addit:lve  Identity  for  tha* complex- nuabera  is    (6,  0)^    Thia  aug- 
geata  that, in  the  desired  iaomorghism  the  ca&plek  number    (0,*  0)^ 
should  correspond"  to  the  I'eal  nimiber   |  because   


ANSWER:  .  ^ 

Ot'^^S^cause    0^    is  the  add£ti,ve  identity  for  R« 
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Thm  miltiplicatlva  idf^tity  tot  the  cc^plex  mtsberfi  is  ■ ,  ,  -  . .  ^Is 
suggest  that  the  cc^plex  nui&ber  should  correspond  to  the  tesl 


ANSWER; 

a.  6).        >  .    .  .  .  .  -  /  . 

(I,  0);    1.  • 

We  can  continue  the  correspondence  of  el^eats  suggested  by  the  pre7 
vious  ;itea  aii^^di^pl^  4t       #  function   0   v^ich  assigns  each  cra- 
plex  number  of  the  fona    (a*  0)    m  tife  udique  real  ntoiber    a»  as 
shown  belc»^.  /%/  ,  ^ 

(0^  0)  0 

(1.  0}     '-^  1  ^ 

0)  ^ 

(.3^  0)  _  ^ 

<-^,  0)    X  _  '  — 

(7/9.  0)  _  ^ 


(K,  0) 


I  « 


ANSWER: 

-3 

7/9 


-1 


(1)    Uhat  is  the  dcnaain  of  0? 
(29    What  is  the  range  of    0?  ' 

^  .  .... 

ANSWERS      .    ;■     '  r  .    ,  '     •      '  ■ 

(1)  The  set  of  all  ccHsplex  numbers  of  the  form    (a,  0). 

(2)  The  set  of  all  re%l  numbers.  -  . 

-  .^^  "  ^^-^^w  

To  show  that    0    iifa  ravers  i  b  le  function  we  must  show  that  each  Qle--  . 
©ent  of  the  range  of    0    is  paired  wit^h  .  '      *  ; 

-  

ANSWER:  '         '         \  .    .  >■ 

exactly  one  element  of  the  domain  of'  0. 

— ---)-'- --'--->-:;- 

Prove  that    0    is  a  reversible  functio'n,  .  - 

^  1  .  -  ^  _  .  .  \  ...  .  ......  


*  ^      a  '    ^  g 

a     and     ^v.  0^  -^U 


ANSWER: 

PROOF:    Suppose    (a^,  0)  a    and    (y,  0)  a,    we  must  show 

chat   X   «   y  • 

*  s  * 

By  definition  of    0,     (x,  0)  -a    implies    x    -  ^ 

^    (y^  0)  a    Implies    y    «  a 

•   •  X  -  *  y 

Thu^  we  have  shown  that    0    is  a  r^erslble  function  from    C*  ont 
R    (there  is  a  one-to-one  correspondence  between  the -elements  of  6' 
and'  R,) 
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> 


^^ha«r  chat  eh«  correspondencg  pr6serv6a  au&s? 
<«,  0)  +  (fa,  0)  >  . 


•■1    .  ■  Ii  1 


ANSWER:  . 

If  we  «ad,  (a,  0)  -I-  (b»  0)    -    (a  +  b,  0),    we  gevfi  result  which 

'  eorresponds  to  thtf  real  niwber    a  +  b.    This  la  the  raault  we  get 

when  we  add  the  real  Qtuabera    a    m,&  b. 


(a,  0)  +  (b,  0) 

1    .  J. 


(a  +  b.  0) 


b 


IShiiw  that  the  corrrespondenca  preserves  products. 


I 


When  w*  multiply,    (a,  0)  •   (b,/o)    *    (ab  -  0,  0  •  b  +  a  •  0)  - 
(ab,  0).    The  coaplex  nuober   /<«b,'  0)    cprreaponda  to  the  real  ntaaber 
ab    which  ts  the  product  of  tja^  real  nusibers  which  correspond  to 


•(a,  ©)    and    (b.  0).^' 


/ 


(a.  0) 

1 


1        ■    '  lb 


The  work  of,  the  preceding  Iteas  shows  that  we  can  establish  a  corre- 
apondeace  batween  the  elements  of  the  subset    C*    of  the  co^ple^c  nuff- 
bera  and  the  set  of  all  real  numbers  vhich  Is  "one-to-one**  and  **on- 
to"*    This  cdrrfspondence  preserves  sums  and  ptoducts.    Tliua  we  kn^ 

  to  the  sy8temsx<JT  all  real 


that  the  subs^stgjL  .C*    of    C  is 
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iiiocK>rphic  ^ 


.1  • 


1 


Strictly  iip««king«  th#  »mt  of  cotsplw  numbers  as  urn  hav«  deflntd  it 

.'.  '4.". 

doeg  not  cootain  the  rmat  aus^ers*    However,  we  have  ehm^n  that  the 
eystem  of  ccK&pI^x  others,  has  a  subayst^  which  is  igo^aorphic  to  the 
aystett  of  real  outers  under  th^  eorrt^pondence    (a,  0)  — ^  9^  ^ot 
•each  real  nufflher    a*  ^  . 


It  is  cii«tc^M||y  to  identify  th^rdored  pair    <a,  0)    with  the  real 
nu)aber    a,    imd^t  is  in  tbie^enei  that  the  reida  are  contaloei!  in 
the  set  of  complex  nus^ers.    You  are  familiar  witli  thlA  idea  of  iden- 
tification in  analytic  gemetry*    In  graphitig  on  a  coordinate  plane 
each  point  in  the  plane  ia  aaaociated  with  an  ordered  pa4r  of  real 
numh^its  (which  give  the  coordinates  of  the  point)  .    Ubwever«  it  is 
ccwsBon  to  designate  points  pn  the  hor^^ntal  axis  by  real  nu)ibera  in- 
atead  of  ordeted  pairs.    When  we  do  thie  we  are  identifying  the  or- 
dered pliir    (a»  6)    ^^h  the  real  number  .  a.    this  convention  of 
graphing  oiakel  It  very  natural  to  associate  coisplex  numbers  with 
poi^t^  in  thU  plane;  and  ln"t:hls  asiioriatipn  real  ntmbara  correspond 
to  points  on  the  abscissa  (horiaontal  axis). 

Let  w  be  the  coi^plex  number  (Og  1).  Show  that  {0,  1)  isNa  sol- 
ution ta^he  equation  w^  0>.  (Here,  w  deno|es  e  ccmpleK 
number,  *i,e.,  an  otdered  pair  of  real  numbers^] 


ANSWEH:  \  v 

(0,  D*    «    (0,  1)  •  <0,  1)    -    (0  -  1,  Q  +  0)    •    {-1,  0).  \ 


,  1  ■ 
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■J 


tarn  therW  aoy  otb«r  «olution«  to  the  equatloo   «^    ■    (-J*  P)  •.  in  the 
"s«t  of  coBipliat'iuBBbeEii?    (Recall  that  In  the  raal  Camber  ayatea  the 
equation         »'  1    has  two'solutiona,    w   -    1    «ttd   w    -  -I.) 


r 


ANSWERS  ^  ^  ;  - 

Yea,    (0,  -1)    i«  •  a'oiutlon,  since    (0,  -1)^    -    (0,  -1)(0^  -l) 

-    (Q  -  1.  0  +  0)    -  0>. 


 ■  


In  the  laat  two  iteaa  we  have  shovna  that"  iti  the  cc«plex  nuober  syetem 

if    w    -    wt    -    <0»  ^)         v«    -    «2    -    (0»  ^heq  -  (-1 

0).  . 

Here   w*^    correaponda  to  the  real  nuabe'r   

♦ 

Doe«    wi    or    W2    correspond  to  any  real  lAaher? 

w2  corteaponda  to  -1  but  there  is  no  real  nuaber  correapondii^  to  ^ 
either    wi    or    W2 •  .  ' 

.  .  _  i  -  •  ■  ^  .-  ,  -  - 

Wt  are  ready  now  to  jrela^e  ihe  (a,.b)  notation  to  the  apre  fwaiXlar 
«  +  bi    notation  for  complex  nuB&ers.,  Fifat^you  should  dbsarve  that 


0>  4  (0,  b)    -    ,  ,,  • 

{b«  0)  •  (0,  1)    -   .  •  « 


ANSWER:  .  ^ 

(a.  b>    .  .         .  . 

*{0.  b) 


4  i  /5 
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In  th«  notation  'a  +  bi,    a    iin4    b    are  regl  numbers  and    i  the 
^    c^eiex  DufflbBr    (0..  I).    Rewrite   a  +  bi.    replacing    a.  b.    apdL  1 
each  by  order^jd  pairs.    (Refer  to  tlw  isoutorphieo  which  h«s.bepn!e«- 
tabliaiwid  between    R    and    C'  .^^  Simplify  the  result  using  the' pro- 
perties of  cooplex^umbers,  . 


«  +  bi  - 


ANSWER;  x  » 


a  +  bi    -    (a,  Qy+  (b,  0)(0^  1> 

-    (a.  0)  +  (0,  b)  V  . 

"    (a,  b)  ,    '  '  •■ 

■_  ^_  _  _  _    *  ..  :  . 

Write    (a  +  c,  b  +  d)    in  ^  +  bi    notation.  , 

 -r^^  .  ■     j'  * 

ANSWER: 

(a  +  c)  +  (b  +  d)l 


—  ,  ■  ■  f 

We  wish  tg  eophasiiee  that  the  notatioc.  .a  +.  bi    for  the  complex  nya- 

ber     (a,  b)     Is  a  shorthand  way  of  writing 
0)  +  (b.  0)   .  (0,  1).  \ 

♦ 

The  complex  numbers    (a,  0)    and    (b.  0)    are  replaced  by  the  corre- 
sponding real  number^j    a    and   ^and  '  (0.  1)    Is  replaced  by  the 
letter  i. 

- 

Sioplify    (2.  0)  +  (3.  Q)  .  (0-,  1)     to  a  single  ordered  pair  using 
the  definition  of  addition  and  oultiplic«44pn  in    C.    Show  each  step. 


I  .   ANSWER!  .  ■  ■ 

(2,  0)  +  (3.  0)  .  (0,  m  -     (2.  0)  +  (3  .  0  -  0  .  1..  3  •  1  +  0  •  Q)  , 


J- 
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-  (2,  0)  +  (0.  3) 
m    (2  +  0,  0.+  3) 

-  (2,  3)  • 


So  wi?  h«v«  / 

2  +  31  V  ^(2,  0)  4^  (3,  0)  •  (0,  1)    «    (2,  3). 

Wrlta    c/4*-2i    in  ordfsred  pair  notatitin. 

ANSWER: 

t 

<c,  2).    Be  careful. to  avoid  writing  21). 

Write    (6,  r2)    In    a  -I-  hi  notation. 

• 

ANSWER:   ^      *  ' 

> 

6  ^  (*-2)i    ox;.   6  -  2i    .  • 

If    i    *    (0.  1)    then    1^  \s/^0.  1)^    «    { ^  . 

Rewrite  your  answ^ir  in  the.  a     bi  ndtation. 

ANSWER: 

(-1,  0)                       '          '  / 

-1     Oi    or    -1  ' 

Add It ion  in  the  a  hi  notation^ agrees  with  addition  in  the  (a,  b) 
no tat ion ♦  »  » 

In    (a,  b)    notation    (a,  b)      (c,  d)    «    (a  +  c,  b  d)* 


Iti  «  t  bl  aotiition  (a  4-  bl)  -f  (c  +  di) 
U'  +  c)  +\(b  d)i 


Find  th«  alsBi; 

(1)  (4  +  31)  4"  (2  +  Si)" 

(2)  (4.^^+  (2,  8)    -  ^ 

(3)  (3  +  2i);+  (-3  -  21) 

(4)  \<3.  2)  4-  (-3.  -2)  - 


ANSWER: 


+  Xli' 
(6,  li)     (Again  we 

(3)  p  t  01    -  0 

(4)  (0,  6)  ■ 


aphaslze,  do  not  write   ^6.  ^.11).)^ 


Wultipll&atloa  in  the  a  +  hi  notation  agrees  with  mult iplic^fciop  in 
the    (a»  b)  notadpn. 


In  ordered  pair  no^tion.  <a,  b)  •  (c,  d)  m 
tn    a  -t-  bi    notation    (m  -f  bi)  •  (c  -I-  di)  » 


'    (ac  r-  bd,  ,bc  +  ad) 
(ac  -  b'STT'     (be  +  ad)i 


,      F^nd  the  product  of    (a  +  bl)  •  (c  :f  di)    by  applying  the  asaocia- 
tive,  coamutative,  and  distributive  lawa  and  replacing    i^    by  -1. 
(Kaaaonk  #Qr  steps  are  not  required.)    This  answer  should  agree  with 
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i\m  definition  iitiown  above  for  tht^  ii«ae  product,  j 

f  :'                                       '  ' 
.^^^^-^^  f""". 

(a^  bi)(c  4^  di>    -    <a  +  bi)c >  Ca  +  bl)di- 

-  ac  +  bcl      adi  ^  bdl^ 

.        -        '     •     .   -    4c  +  (be      ad)l  +  :bd(-l> 

-  (a^-  bd)  +  '(be  +  ad)i 


Flad  thMi  products: 
(1)     a  +-4)  *  <1  -  i) 


.      ,  X2)     <5  ^  U)  '  (5/34  -  3/3^  i)    -   •  ' 

^*       -  .  . 

(I)     2  +  01    •    2  »  ■ 

■  S 

•      '        '  '  ' 

.     %   ^     ^    ^    ^    .    V  -    ^   '  a'   

-  ^  ^  ^  ^       ^       ^  ^  ^  -  ^  .  -       -  ^  ^  .r^v. 

ot  the  tenainolugy  u»«d  with  complex  luuabers  Is  rathar  unfor- 
^      tuftate*    In  tha  co«ipiijK  number  *^    •    a  ^  bi^    the  real  ou^er    a  is 
/c3W«d  the  real  part,  of    C,    and  the  real  riuHbar    b,  .  Is  cailfed  the  , 
imagAnary  pa?t  of    C.    Ther^  la  a  historical  rawon  behii»4  this  * 
'    /  choi«;e  of  words  thAt  ^^es  back^to  tha  days  when  cc^lex  nuabera  ware 
'con«idarcd  in  sc®*?  sense  not  ai?  "real ^  ^^s^  numbers.    It  would  " 
p|j!rhapa  be  better  to  identify  these  nluabers  as  the  first  and  aeco'nd 
-       ciMiponenta  r^^apectlvely,  ^or  perety  as  the  "non  i"  part  and  the  "i" 
part)  of  th^^  complex  number*  but  the  other  terminology  still  contin- 
ues to  be  moat  frequently  Aised, 
e  . 

H-^  a    -    0    and    b  ^    0^  then  the  complex  number    a  +  bi    is  writ- 
^  .ten  K^^l^  «    H  called  a  pure  imaKinary  number,     \i    b  ^ 

'      Q    thd^fhe  complex  number    a, -•^  bi    i^writtan  simply  as    a    and  is 
a  real  mmiber.*  ,  ' 


I" 

I 


CONJlfdATE- OP  A  CQKPLEX  NUMBER  ' 

.|J|pNmOS  11.4;     U    c    -    «  +  bl    ia  a  ccmpW  njLi«b^,  then  the 

«;oa|ugate  ot    c    im  the  cc»plex  nuaber    c    -    a  +  C-b)l    -|l  a  -  bi. 

■■'      ^     £  ■..  .       *•     •  . 

We  iihall  uae  the  notation    c    •    a  +  bi    •    «.  -  bi . 

■■  '  ■■       .      ^  ' 

According  to  this  dsfinltign  write  Wh  of  Ihe  folloving: 


c    -    i  +  41 


c    -    2  -  bi  .  - 

4 

.c-   -    i    -  - 


ANSWEH: 
3  -  41 

'1' 
2 


Sevural  tapurtaut  propertitts  relating  a  c^plex  number  to  Its  ionju- 

gate  are  j^ivnn  In  tlve  folldting  theorefl^e  •  ), 

raEOREH  XI, li     If  c    is  a  complex  number,  then    c  *<    is  «  real 

number.     If    c  0  •  then    c  •  c  >  0/ 

THEpHEM/ii,2:     If         is  a  complex  ntimber  then    c".        c,*   (The  Con- 
jugate C^fthe  conjugate  of    c    is    c.)  " 

THEOREM  11.3;     If  c    and    d    are  complex  numbars,  then    7  +  d  - 
c  +  d,  '  ^ 

THE08EM  11.4:     If  c    and    d are^omplex  numbers,  t^^^.jj^^^^^ ' 


d  ' 

~    ^^^-^-^^F)"    -    c^  for 


'■THEPKEM  U,5:  If  c  is  a  cpmpl|K 
each*  na tu ra  1  ni^ber  .  n ,  ^  ^^j, 


Tli«  proajts  for  .the*  ab0V(d  thebruBw  deptsnd  on  defiuitioiui  and  preceding  ^ 
th«Dx«stt-    For  »3;aspl45|  to  prove. 'Theorem  41 .4",  let    c    •  bl  and/ 

d    "    K  4  yi,    tiM^n  apply  the  definition  of  conjugate  of  a  complex 
nujQber  and ^Xhe -definition  of  fsultlplicatipn*    Write  the  proof  (aupply 
reasons  for 'the  Hteps  wtelch  depend  on- def  initiona  err  thoOrt^ss  on  coti- 
plak.  numbers) .  ^ 


ANSWEHi 
PROOF: 
\.     If  c 
then  c 


i.    c  '  d 


r  ^  a  -f  bi    and    d         x  yi 

-  a  -  bi    afiid    ci    •»    x  -  yi 
(a  -  bi)(sV  yi) 

(a^c  -  by)  -  (bx  +  ay)l 

-  (a  ^  bi)(xJKjfi)^ 

•    (ax  -  by)  f^bx  +  ay)i 


4/.  c  •  d  •  (ax  -  by)  -  (bx  ^  ay^i 
5.     -*-c*d-    c»d'  ^ 


Definition  of  conjugate 


Definition"  of  siultiplica- 
tion  ^ 


Def ini 
tion 


tion  of  pQult 


iplica- 


Definition  of  conjugate 


GRAPH INC;  AND  ABSOLUTE  VALUE  ,  *  ^ 

In  earlier  units  you  have  studied  the  geometrical  rept^entation  of 
.  Teal  nui&berB  as  joints  on  a  line*    Sdn£e  a  cimpleK  numl^r  is'  defined 

as  an  order edy pair  of  reairnumbers,  and  since  we  are  faiaiWar  with 

»       '  .if 

^   rtie  association  o&  pair*  of  real  numbersiwith  points  in  a  plane,  it 
its  natural'  td  t^^present  complex  .^umbers  a^'  [tbiht^  in  a  plane*  We 
therefore  aesoclate  with  eagih  coiapiex  number    c    •    a  +  fci    *  (a, 
b),  .where    a    and    b  are^  real  numbers,  the  point     (a,  b)     In  a  co- 
ordinate plane,     (See  sketch  on  nei^t  page.)  ^ 
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Oo  %hm  «aisui  coardiiuit*  plane  rQc«t0  wd  labftl  eH'e  poiat*  eorrt«pond^ 
log  tQ  thm  c(M^l^%  numburn'  2  4  i  '-3  *f  21* 

c        +  bi  *  ea,  b!) 


■3    -2    -1  0 


!    I    I  I 


3  4:/ 


:-3,  -2)  .  ^ 

.1    1    1    1  • 

1  "w 

(2.  i) 

1  •  u 

-4    -3  .  '-*2  -i 

,      i  2 

.,1  ;x 

■  * 

\ 


Wh«re  are  the  points  whtch  cortespond  to  cwapleic  nuabers  of  the' 
»  +  ■    \  of         f-om    0  <f  bi? 


form 
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ANSWER: 

on  thm    y  /axi^. 


II  w«  l^it    r    dfinote  the  ditftade^  fro®  th^  origin  to  the  poi^t  (a, 
b),    r«pr6ii«intiny  th«  complex  number    c    •    a  -I-  bi,    then  / 

•  '  •  y  ...  ...  " 

M  • 

W«  iipi^ak  of  chitt  distance  -r    as  the  absolute  valuig  of    c;    henca  ve 
have  the  follc^ing  di^finitlon  for  the  absqlute  valuu  of  a  complex 
numb«y\r .  ,  ^ 


^     lb-.  ■ 


DEFINtTION  11,5:     if    c    ia  the  complex  number       +  4>i    then     |c|  - 


Thm  if  c  -  3.  t  4i  then  jcj 
negativK  real  number. 


.    Note  that .    c     is  a  non- 


/9  +  16         /2?    -  5 


Uliiir«  in  thii  coord iniita  flmm  are  the  poiota  vhlch  correspond  to  the 
coffiplex  nuadierti  which  have,  nbsolute  value,  1? 


On  the  circle  with  center  dt  <0»  0)  and  radius  1  (the  unit  cir 
cle). 


If  the^  abeolute  value  of  a  coiapleii  nt^er    c    la  greater  than  1, 
i.e..,     |c{  -*  1,    wiiat  la  the  location  on  the  coordinate  plane  of  the 
point    c?  , 


AKSUEEs 

c    Ilea  outalde  the  unit  circle* 


THEOREM  11,6s    c  •  Cv  ■»    |c|^,    for  each  c;omplex  nusiher  c. 

,Wri^e  a  proof  giving  reaaona  for  ati^ps  which  depend  on^d^f initiona  &r 
theoreda  relating  tp  ccnsplex  numbers. 


ANSWER:  '  ,  ^^^^ 

1^    La,t    c    •    a*"^  hi,    then    c    •    a  -  bi 

2.  c  •  c    «    (a  4"  J>i)(a  -  bi)  4*  h^*  +  Oi  - 

3.  Since    a'  4  b^    -    (/a^  +  b^*)^  ] 
then    c  \c    -    {/a^  +  b^)^  .  •    \c\^         .  " 

1.  Definition  of  conjugate       ^  *  '  ^ 

2.  Definition  of  multiplication 

3.  DeflnitiQn  of  absolute  value 
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Tli«  result  of  the  preceding  IteiB  Is  iweful  in  dosaputiag  the  multipli- 
cative invertt^  of  a  ctHsplex  number  and  in  cc^puting  quotients  of  com- 
pleic  nuisbiers. 

(1)  Recall  that  in  ordered  pair  notation  the  multiplicative  invera«a 
of    (a.'fa)  is 


(2)  In  a  ^  bi  notation  the  multiplicative  inverse  of  the  cc^plex 
number    a  +  fat  is 


ANSWER: 


Let  c  "I  a  +  bl.  Show  that  -.—j  •  c  is  the  multiplicative  in- 
vet^g  of    c.    AsiiusQe    c    ^    0.     (Reasons  way  be  cxaitted.) 


ANSSfERj  *- 


c 


I     (e)    -    /       t       \  ^(a  -  bi) 


^T-Tb^  (a  -  bl) 


^  g  .  'b  , 

+  b^  +  b^  ^ 


1 


V^"  ----------- 


Apply  the  preceding  formula  to  find  thg  multiplicative  inverse  of 
2  +  3i.  '  • 


■  I 


ANSWER;-  ■ 


"M'"  *       "      (vpr^^  •  ^2  -  3i)    -    1/13(2--  31) 


13  13 


Jheorwm  11.6    Ls  •ppli^tf       foIlcMii  to  find  the  quotient,  c/d. 

"   _'       ■         -  ^-  ■ 

c/d    -    c/d  •  d/d    -  cd/jd|<^ 

■  ■    '  .  1  -t  i 

Find  the  quotient    J"!"^,-    Wtlt«  the  answer  li)  the  fona    x  +  yl". 


ANSWER: 

1  ■»  i  1  i  .  2-^1  (1  -i-  iM2  ^-  i)  1  -f  31  1  +  li 
2-1    '    2  -  1  '  2      i    '    (2  -  i)(2  +  1)    *       5         '    5  3 


A  proof  of  the- follcwing  theorem  can  be  made  without  chan||.ing  the 

complex  nu«ber»  to  the    a  -f  bi    fofia.    Write  your  proof  supplying 

re«soDs  which  srsr  based  on  theor«aas  or  definitions  fof^  coiaplex  nua- 
bers.  _  ^ 

THgORfiM  11.7:  If  c  and ' .d  are  ctWpieK' nuaber*,  d  !^  0,  then 
(c/d)  >  c/d,  [Hint:  ^  Show  tjiat  l/d^  ■  ljid«  and  apply  Itleor*^ 
11.4.  )      •  ..  * 


If -you  f»i2i  that,  you  have  given  a  complete  proof  of  Theorem  11  #7^  go 
to  the  it f  Ion  page  44'J  ,  '  If  not,  go  to  the  next  itesa,  below.  ^. 


1/d    -   'l/|di^  •  d 


-  i/[dt-'   •  d  Theorem  U.4 

-  l/|d|''  •  d  Theorem  11.2 


I 
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4u0 


3.   .1*: 


Why  do«i^,  l/|dh'    •  l/jdP? 


l/\d\^    lis  a  t^ml  fit^ber. 


> 


Go  bMQk  tQ  your  proof  of  Tiieorm  Make  add! tiops  or  currec'' 

tloRS,     If  you  hav0  not  already  done  no/  tthov       above  that  l/d 


d/ f d  1  ^  ,     thi^u  cdisplct^ 

th^  proof 

■  ^ 

[TTf 'a  M  c  u  tj  # 
L'  _j     2>w  &i\  i 

• 

PROOF: 

l/d    -    i/d  •  d/d 

^               ■  ■  0/  j  U  ) 

.  ',,d  •  d  'i^ 

l/d    •     1/  Id  i  ^  •  d  # 

-      l/idh'    •  d 

Theorem  11.2 

-  d/jdf-' 
•< 

Therefore 

i 
1 

iTd          l/d  . 

c/d          c   •  i/d 
• 

j 

^    c  •  L/d 

biedreffi  11.4 

f 

• 

✓ 

ERIC 
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Show  ttwit  jc  •  Uh*  «  {cp  •  jcl|*.  You  taay  <^it  reasohs,  but  re- 
f«$r  to  yuur  Hut  ui  theor^mi  bb  bft^n  as  neces^ry  for  tsuggestiontt* 


ANSWER: 

jcdj"    »    cd  •  cd  f    cd  •  c  •  d    «    c  •  7  •  d  •  (5    •     |cP  •  [d|^. 

 -------^  _.;>._.__. 

Fro®  the  equation    |c  •  dj^    »  <  | c  | ^  *   |d|^»^  we  obtain  easily  the 

following  theuremt  •  ' 

THEOREM  il,8:     If    c    and    d    are  cc^plex  nuaOjers*  then         •  d|  - 
[c|   »  jd{.    A  theorem  related  to  Tlieortsn  11,8  is  the  follo«ring: 

THtORl^M  11 .9:     If    c    ami    d    ar«  coaplex  ouoiMers,  .  <j    #  .0,  then 

ic/di  -■  icj/fdi.  .,  . 

To  p^ove  Theorem  11, 9,  it  |a  sufficient  to  show  that     [c/dp  - 
ict'/ld}*  .    Prove  that  .thiis  Ih  true.    List  as  reasons  any  tl^eoteiss 
fro©  this  un^t  which  are  u$e^.     ^  / 


ANSWER: 

|c/dh  *    c/d  •  c/d  Theorem. 11, 6 


-    c/d  •  c/d  Theorem  11.7 


V    . .  1^ 


^  •  9 
d  •  d 


|cl-'/|d|'  Theoresa  11.6 
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|c}/td| 


In  UnltJf^T  theorem  6.4,  we  showed  that  if  c  and  d  are  real  nu®- 
faerir^en  |c  ^  d[  |c!  ^  |d|,  the  so-called  "triangle  Inequality" • 
Thi«  inequality  iu  al6u  valid  if    c    and    d  ^are  cwplex  numbers. 

-   THEUHEM  11,10.:     U    c    and    d    are  coop  lex  nuoii>erti,  then    |c  4-  d  j  <^ 

will  not  give  a  proof  of  this  theorem  here. 

'  If    c    and    d    Hre  eomplex  nusabers  and  if    0^        and    d    do'^ot  all 
lie  >on  a  line  1^  the  plane»  then  addition  of    c    tod    d    ean  bi^Uc- 

'  coi5|>iished  by  the  so-called  "parallelogram  rule",'  ^he  points    o\ d 
and    c  4^  d    are  vertices  of  a  pirallelogrra.    This  is  illustrated)  in 
the  accoiapany in^  graphs 


1      '    ■  ■ 

c   +  d 

The  length  of  the  segmenx^  fro«  0  to  c 

The  length  of  the  Begment  fro©  0  tc^  (c  -f  4^  is 

Hie  length  of  the  segiaent  frc®  c  to-(c  +  d)  is 


\ 


ANSWER:' 
i  c       d  i 
Idl. 


ERIC 
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Stfitii  a  g«OBistrlc  property  of  triangles  which  tells  urn  t^t    fc  4*  dj 


ANSWER: 

The  r«agth  of  one  aide  of  «  triiingle  itt  lens  than  tj^  ttus  of  the 
lengthH  of  the  other  two  sides. 


The  restaindsr  of  this  unit  consists  of  algebraic  aqj^  ]|;e(»Betric  sppli- 
catiions  relating  to  c^plex  ni^bers. 


y  « 


i  Mi  ! 


•  z  -  a  +  bl 


Mill 


be  the  point  tndicatejl  on  the  graph* 


L«t    z    •    a  ^ 

(1)  ,   Locate  J^tU^po in t    2,     the  point  and  the  poiTit" 

(2)  Note  that    2     ifi^  the  reflection  of    z    across  the  ^txiSt 

that  is  the  reflection       -2    across  the   (jf^cis^  that    -2  i§ 

the  reflection  of    2,   ,  ^ 


ANSWER: 

(1)  See  graph  on  next  page. 

(2)  X    (or  real) 

y    (or  Imaginary) 

ti^ough  (across)  the  origin 


446  COMPLEx\uKB£KS 


 / 


-2  •  -(a.-f  hi)  £  «  a  -  bi 


%1 


Show  graphically  thm  net  of  conpiex  nioabeFS  z  which  satisfy  th» 
equation    z    ■    1/z.  * 


trrrr 


«    !»  0 
z    -  1/z 


1     4-^  z 

Z 


2  _ 


1-0 

l)(z  +  1)     -  "0 


+i   or  2 


-1 


The  solution  set  is     {1,  -IK. 


erIg 
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Show  graphically  the  s«i|t  oi  ca&plex  mmhi^pa  f  i  which  satisfy  the* 
«quacidn    z    -    I/2.  ""V 


AKSWER5  •' 

i£  '  ^    0  , 

■£     ■      1/z  2*2     -  1 

If    2    -  a     fl  ^  then  |se|^ 


1, 


Hfc-nce    z    may  be  any  poin^  on  the  unit  circled 


COHPLEX  NUHBEKS 


-    s  ■ 


I 


l5»t- ■  J  "  W    ,j  1.  -    a'-  bi  f  ••' 


3/? 


•9 


ERIC? 


I 


'  1 


,-n 


Let    ci  .-.xi  +  yjl    an4    C2    -         +  y2i;    find     |c2  -  cj 


, ANSWER: 


-  X,)  *  {y^.  -  yj)l 

V(x^  -TT)^  +  (y2  -  yi)'-' 


I  To  give  «  geometric  interpretation  to  the  pVeVioti^  problem  ve  recall 
th«t    if(xj  -  xi +  (y;  -  y  j '  jeijresents  th«  distance  between  tJie 
two  points    (xiS  y I )    and  on  a  «0i6r<JinXte  plane,  henoe 

|c/  -  cj  i  Tepn^wentM   ,  .  i 


thu  distance  be^een  the  pointp    C;     and    C2  •      .  ' 


V 


Let    c  i    *•    -3  +  4i    anfl    c;  ^  -    -5  -  41 . 
(I)    Locate  the.  points  corresponding  to_  the^e  nuraberp^ 
plana:  ,  •      .         .  • 


on  a  coord  ijiate 


(2)    Hnd  |c. 
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TTTTT 


ANSWER: 

(1)  See  the  graph. 

(2)  -  cii    ^  /(-5  ■♦■  3)^  +         -  4)2 

-    /68    or    2^7r-  ' 


\cj  -  cj)     represent^  the  distance  fruia  Che  coinplex  nua^er    C2    to  » 
\ji^c«apiex  niimber*  Ifx  the  Jl'etance  from  a  complex  number    z  to 

^the  oomplcx  \ii^^r  2  is  3.  then    «    is  6  poinf'oR*  the  ci-fcie  tfith 


center  «t 


ami  radius  ^ 


ANSWER:  , 
<2.  0)  ^ 
I. 


TiuiB  ttie  coioptex  nuaberv  x  Hatisfying  the  equation  |S  -  2)  ■ 
itrtt  thdwtt  on  th«  clrcli;  wi^h  ci>nter    (2,-0)    and  radiufi  '  i. 

Find  this  i«i?t  of  co^pl&K  nussb^rs    z    which  ^n^iiffy  the  candliion 


Till*  tti*t  of  cpsiplisx  nu^bifrs  ^)»terlpr  tu  the  circle  with  ceilter  (-2, 
0)    m\d  radius  '  ' 

Natfs:  '  |z      2{    «     |z  -  (-•2)1.    Ttii^  diiitance  fr<]®    s    to  -2  is  great*- 


t'lnd  the         of  complex  numbers*  z 

which  aat^isfy 

the  condition      "  • 

\t  -  H\      4.-  ^  , 

t       '                                    ,  * 

f 

ANSWER:                    \  .  ~  ' 

The  Het^of .  cbmpieK  \nuin|»er»  interior 

to  the  circie" 

"xith  center  at  (0» 

1)    and  radius  4,     \^      ^  ^ 

1 .  _  — ^          r-, . ,  : 

•  • 

,  /Vind  tfie  set  of  compif^ex  numbers  'z  which  satisfy  the  condition 
if       IJfi  -  zq  I  ^  ri  •  r  /  On  where  *2(3     is  a  complex  nuiBber . 


M 


ANSWER: 


.The  s^  t  oi  cc^plcx  niuabei^  interior  to  or  om  the  ^circle  wit^  center 


at  and  radius  r* 


-i^lV4s  a  g^metrlc  Intii^prt^tat ion  of  the  inequality    l^it  {s^^ 


ANSWER:'  -  ' 

Th«  diiitiince  iraa  to  ihv  urigtn  is  less  thah  tUe  distance  from 

ta  the  urigin.  *  I  t 


To  nulv^  the  inequality 


1 


I         utart  with  th^  ^gtatesient 


1  z    ^    -1    and     |z  -  Ij  ^  l| 

i\  ^^-l  MTid    \z  -  ll  "<  U  -  (-1)1 

the^  location  of 


What;  infunsatiun  does  this  s 

2?  .  \  ;  - 


.4iuu     I*"   i|    •  fie-' 
tate^^nO  givii  abou^t 


ANSWER: 


z\  la  near^*fthe  point  1  ,than  the  point  -tl; 


or  £'i^  In  th«  riglrt  hallt  plaoe  (to  ^hB^ight  of  t|ie*y-axi9)|^ 
or  the  reai'flart  of    as     i&  positive,* 

'  "  ^  '  U  -  i! 

Note:    The  aolutioii-  to      ^  *   I    can  be  displayed  '  aa  . follows: 

i^l'.  1  z    4    -island    |2  -  1|  <  |2 

2    is  nearer  the  point.  Ithaa  the  point  -1 
z  'ii»  in  the  right  iialf  plane  «  '  . 

<i">     Real  part  of    2  >  Oi 


^    If  a  function  *  f     is  defined  by  ffz) 
♦  -  «  *  „ 


1  . 


2  4  1* 


z    5^    -1    the^  thf 


-following  ubaervarSiona  can  he  made:  ^  ^     ,  « 

(W  ,  If    3c  -  ia  a  ccnoplex  f?ismbfer  i;epreBenti|^  a  point  in  the.^right  ^ 
half  plane,*^  f  (E)     is  a -point  interior  to  the  unit  ci^^e,  i.e^,  f. 
sapa  the  right  half  plane^  to  the  interior  of  the  unit  circleir    '  ^ 


''ERIC 


) 


J 


A53 


il)     If    £    Iki  m  complex  number  re{)r^»enting  a  peine  ^tiHiie  left  ll!a5k| 

plan^  CeMCept  the  pdl^t    -1>,  th«n.  f(z>    iu  a  pointy  .f'*«*t  f 

Mpii  the  let t  half  p^ane   .       '  -'^ 

(3)  If  £  is  m  comp^K  numbed  representing  a  ppint  on  the  imaginary 
iMil»,.  then  .,f{3B)     la  a  >otn|   _,i.e.,     f    maps  the  imaginary  axia 


ASSWEK:     <  •       •  % 

(2)  exterior  to  the* unit  circle;' 

'  ^  to  ?he  exteripr  Of  ^the  unit  circle*. 

(3)  ^^n  the  unit  circle; 


to  the  unit^  circle^ 


Not^  that    S(z)    «    1    holds  for  no  complex  number 


Soive  the  in«quBlity 


I. 


answer/ 


<  1   •  <r¥     2    # ,  rl  "and     [a  -  i|  <  -jz  +  l|       ,  • 
4-*     «    ^   -i  "  and     [se  -  l|  < 
2    is  peaVer    1    than  -1 

^  z    Is  in  the  upj>er  half  plant  (above  the  x-axisj 

■  ■  ^  ■ 

loa^inary  part  of    z  '  0. 


Analyse  the  function    f    defined  by  f 
vSi>he  ^revioua  e^taajplt.  ^ 


-  7t 


as  vai  done  for 


AUSWEH:  .     ^    '     -       '  .  •  ^ 

f    i&apa  the  upper /^alf  plana  to  the,  interior  of  the  unit  'circle,  . 

£    mapa  the  loiter  half  place  (except  thfe  point  -i)  to  ttheT  ^teriot  of 
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•  '  ■  -  ' 

thm  unit  circle.  "  , 

f    mnip*  the  real  axi^  to  the  unit  clrul«.  .        ,  >. 

Noti^    f<ii)    -    1    huldB  f^r  no  coaplex  nuaber-    ss^  ^  •       ,  . 

■■■| ---------  ^ 

Let  :  t    b<a  th«  timcU^n  ^ief  ined  by    i{z)    ^   IfZt    for  each  oc^la-i^era 
cmpJLttx  number    as.  * 


If    Zj  im  m  point  within  the  unit  circle  (^^cept  Q)  ^^Mt^  is  f(x)? 


f(ifi)    in  m  paint  otittflde  th^  unit  circle.  ' 

 ^  ^  •  .  ' 

In  t£rai$  of  mapping*    f    xampu  thi^  interior  of  th«  unit  circle^  (except 
0)  to  the  exterior  of  the  unit  circle. 

Make  m  vimilar  asalyeiit  fpr  points  on  the  unit  circle, 

•  ■  '  ■  ■  » 

~  ^        —        «  ^ 

ANSWER!  "  , 

If  j£  itt  a  point  on  the  unlWcircle  ,^^"4*^  Is  «^int  on  the  unit  ^ 
circle,  (or    f    nape  the  unit  circle  to  ihe  unit  circle),  ^  '  . 

■  "  '   ■  '\  \ 

^  «■'*,'.  . , 

 r  __  _  .  . 

Make  a  similar  analysia  for  p6int9  outside  the  unit  circle. 

'      w  ^  _  -  J  i 

•ANSWER:  ■        '  ^ 

•         .        .    '  .  •  / 

If    2^   is  a  point  outside  the  unit  circle,-   f(i)    4:8  h  point  inside  f' 

the  unit  circle;  or    f    saps  the  ejcteri^tr  of  the  unit  circle  to  the 

interior  bf  the  ufilt  circle. 

-.'-.--^--.^  -'^^^.^  ^   «^  

It  should  be  pointed^out  that  oh^  it^portant  property  pi  Jibe  fieI4  of 


\real  number^i  does  .not.  carry  ovir  to  the  field  of  complex  numbers. 
-    I        •  f.  • 
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'^^is  fiia^d  at'  cuQipiipi  auabers  is  not  an  ordered  I'leld.    We  can  shcJw 
thin  , by  oiaki^  th«^  loliowing  observatlonn: 

\lf    C    M«r«  urdijrcfd',  Ch^n  by  Order  Tltteurra  4,lj  tht*  square  uf  every. 

nun^i£i?ru  eiiH&tiiffiC  yould   ;  In  particular    i*^         -1    would  be 

But  by  Urdisr  Tht!orea^4 •  I i,     I    iij  ^        and  by  Urdi?r  Theor«S8 

5,.    -1     i»   •  .  Thik  cifntradiatdun  8lK>wii  i:hat    C    la  not  order- 

ed* '/  -^V^ 


poiiiti^vil  (greati^r  thaa  zero); 
pDBttiv^  (greater  than  zera).' 
ptosiltlve  (greater  than  ^eru) 
negative  (leiis  than  s^^ro) , 


REVIEW  ITEMS  * 

Iteaiiiji  1  -  4  ret'tiT' to  the  following- compleji  miaberi^. 


(«)    l/U    (t>}    2.     fc>     l\  (d) 


2  +  3i 


1  -f  4i' 

I.  Write  each  ccudplex  number  a»  aft- ordered  pair*  of*  real  ntuabet-s  and 
tn  th^  form    a  +.bi    with  ^real  numbers    a   -and  b. 


ANSWER: 

(a)  ,  1^  -     (0,-1)     -    0  +  <-Ui 
(c)  .«    (o;  -1)*..  «   0  +  •(-1)1 


1  +  4i 


(14/17,.  T  5/17) 


14/17  +  (- 


2.    Witat  are  the  real  part  aiw  the  4£8uiginary  part  of ||^ch^mBplex 
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AiSSWBh:  •    ■  '  . 

U)    He«l  fwft  of  1/i    i    u-  '     Ittag|n4iry  pait  ot^l/i    -  -1 

(b>    Real  part  of  >    -    2  lomgi nary  part  of    2    -  0 

(o>    Real  part  of  i ^    •    o  lamginary  part  of  -    -I.  ^ 

(4)  •  R*;al  part  of  f-f|j    "  1?  .     l»aginary  ,p«rt  of  J— f    -  -  ^ 

3.    What  is  th*}  absoiuts  value  of  each  complex  number? 


ANSWER :  ■ 

(a)     ll/l,     -  1 

(bj'    \2\     -     2     '  ■ 

<-c>  -  .  1       ^  . 


4.    m^t  is  th«  conjugate  of  each,  romp  lex  nusfier? 

ANSWER:      '  ■ 

(a)  l/l    -  t 

(b)  I  -   J  ^ 

-(c)    11   -    I  > 


1  +  41'  17  '  17"^ 


!».     Wirit*?  tht?. product     (2  +  ih  the  fonu    a  •+  bi,  with 

rear  nustberu  *  a      and  b. 


ERIC 


-  ^  , 

*  •  '>  457 


.i2A  ♦  31)    -    -I  ^  7i 

ft.  Uh^rM  iir«£  the  poiQts  In  the  ^Un^  which  correspond  to  co»ptlex 
fiuab#tii  wltt^  abfioljut IS  value  S? 


On  ths  c 


il^cie  with  ^^n^^er  ft 'th^  otlgiR  an4  radium  5. 


f  > 


7,  Vllittr«f  ar^^  the  points  In  the  plmte  which  correspond  to  cooplfck 
numbun^    «    liuch  that  ^j^-fSj^js-Sj? 


ANSWER: 

In  tU«  l«£t  tmli  plan«*.  ^  ^  . 

2    is  cloiier  to  ^3  than  t^  5 
Real  part  of    z    is  less  than  0. 


^ 

8,    Show  that  if    £    is  a  ccmpiex  nimb^r  then  — 2 —     ^®  the  real 


part  of 


ANSWER; 

Let      2         a  *  bi,    where    a    and    b    are  real. 

TK*n    2         a  -  bl . 

'  z  ^  z  »    a  +  bi     a  ^  bl    -  2a 


2  ^  5r  .  -» 
i  -^--^ —    •*    a    *    real  part  of 
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Ml.  OF  BfcAt  FUNq  IONS 


AUJEBRA  OF  REAL  FUKCTIONS 

In  thl»  unit  mtulthe  one  foUowIuij,       will  mmkm  a^airXy  ttysceffiatic 
study       polynowLlii  and  polynooiial  functioms.    Many  hi^h  school 
t€fxt»  u8^  th€?  t«r«  palvRoeilal  in  a  different  ^en««  frea  that  used  by 
practiciily  all  mathtso^ticisinr  today,         tli€  word  polynGslal,  the 
-pr«tijt  poly-  iiati  thk'  connotation  of  many  and  the  atra  -oqwtal  r«pre- 
1«IS-    Pfthaps  for  this  r^iisoii^  the  word  polynosiia:^  ia  coMonly 
used  in  higti  school  tifxts  to  denote  an  algebraic  axpression  with  two 
or  more  terms.    Howi^ver,  for  practically  all  matheaatlcians  today  thfe 
word  has  a  precise  technical  »eanin«  which  is  relate  to  th«  abpve 
but  different  in  certain  important  reapiscts.    For  ex^pla,  the  alge- 
braic expressions    2x,  5,  -ix\  0    are  not  usually  called  polynoffllals 
in  high  scHooL  algikibra  texts  but  ar^  polynp^lails  according*  to  the  de- 
finition which  we  will  adopt  here.    On  the  other  hand  such  expres- 
sions as    /7k  -J-  2    and  -  5    are  often  called  polynowialf 
by  high  school  algebra  texts  but  are  not  polyncjeiials  according  to  our 
definition.    We  will  give  prt^cise  definitions  of  the  feeras,  polynanlal 
and  polynomial  function  later,  but  first  we  wish  to  stuUy  sooewhat 
Bore  general  classes  of  functions?  and  algebraic  systeias  which  are 
formed  by  these  functlMns.    Many  of  the  ideas  introduced  in  the  s|udy 
of  these  systems  will  be  used 
tions^ 


lon&  and  algebraic  systeias  which  are 
iny  of  the  ideas  introduced  in  the  slud 
later  in  the  study  of  polyncsoial  fuiA- 


L«t  us'f«caU  fryffl  Linlt  1  saaa  things  about  functions.  Let  «  be 
the  function  defined  fay    f(s)    -  for  each  real  niaaber  x, 


JC 
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TUB  damskin  ot    t     is  the  »mt  of 


W«  ««y  thdt    t:     is  a  function    the  set  of  rjL»al  niimbery        ■  the 

set  of  real  numbersi  •  41 


At^SWEK: 
fms;  to. 


What  is  the  ran^ge  of  the  function    f[  deticribad  above? 


ANSWER: 

The  set  of  non-negative  real  numbers. 


ERIC 


In  general,  when  we  say  that    Jf     is  a  function  frosi  the  set  of  real 

nuBsbeirs^        the  set  of  real  numbers  we  mean  that  the    of    f  is 

the  set  of  real  numbers  and  the  range  of    f     is   . 


ANSWER: 

dlxaain;  a  subt^et  of  the  set  of  real  numbers 


the  begi^ing  we  make  no  spt?criai  an-^ 


tet    X    be  a  non-^mpty  set 

^umptionB  about'  X.  Later  we  wall  look  at  special  casea  , where  X  is 
'"chosen  to  be  a  particalaf  set*  e.g.,  the  sef  of  real  6umber^»  a  ti- 
nite,  set,  '«^tc,  tet  F  d^not^  the  &et  of  all  fuhetions  from  X  to 
the  real  numbers^    If    f    is  a  function  in    F,    theti  the  domaip  of  f. 


■I 
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And  the  range  nt    f  Is 


AN.SWUt: 

kubiiet  ot  the  set  of  real  muaberti. 


■It    x    is*  in    X    and    f    is  ln|   F    th«n    lt{x)  .  • 


a  r«al  number 


'""'V 

If    k  ir 


lr\d    g    are  functions  in  the  set    f,     then    f    «    g    if  and 
pnly  if    fix)    -    g(x)    forSev*fry  elment    x   In  X. 

'     -We  Bhould  esphasiie  th^t  tWset    F    is  jj,  siJt  of  functions  «ncl-hot  a 
'  Mtit  of  real  nuabers.  .''     '  .  ■  •  '  ' 

U  is  poasibltt  to      t  ine  In  a  natural  way  tvj«  bimiiry  operattoSfe  on 
.    F.    which,  we  cal^/ addition  and  aultiplicatiob.    W«  wiii  use  the  usual 
sjytBfaolM    *V    and  for  these  opcrationB.  ■ 

DEFISmoK  12.n    If    f    and    g    ape  ftinctions ' in    F.r  tiuin    f  +  g 
is  def io«d  to' be  the  function    h    such  that 

..     ■  ^      .  ■>  ... 

fcl(x)    -    f(x)  +  g(x^.    for  each    x    in  X, 

and    f  •  g    is  defined  to  be  the  function    k    such  that   '  ^ 
^  .■     ■  •.      ■  •  > 

k(ic)    -    f(x)  '^g^x),    for  each    x    in    X.  '  .  ^ 

In  Definition  12.^,  the  elments    f<x5  +  g(H)    and    f{x>  ♦  g(*J  be- 
long to  whdt  set?  ^  •  '  ■ 


-  ^  « 


ANSWEK: 

The  set  of  real  nuaberii 

•  ■ .  V  - 


erJc 


i  is 


■ 


AKSUEK: 


Tlitr'ttlorif  'f'  ^  &    #nd    f  •  g    are  ^las^n^f^  of  thi?  set 


Vou  tthould  be  c^iretul  to  nates  here  tliat  th*?  symboi^^   '**t(K)**^  ^'gCx)*** 
i?tc  ,»  da  nut  rijinr^fciiiMMtuijj^        but  ri^prt^nt;)^  r^g^l  ni^biarfc^  *whtcb  are* 
paired  with  the  4flement    %  \y  th«5  fuuctlons        g»    tftc.   J'or  evtfry 
eiment    k    in    X    there       in  ordered  pair    (k,  tXx))'  in    f    ind  an 
ordered  pair    U,  iUj)  ^In    g-r  If    h        f  >  g    and    k    *    f  •.  g 
then  ih  th^  tunct^on    h    wiWe VUl  be  ti^e  otd«rred  pair    Qc,  UCk))  • 


aHd:  tn  the  function    k    there  wJU  A>e  th<?  ordered  pair 


0 


4 


li  th^  order £Ld  pAlr  U#  5)  is  in  *f  aud^te  ^ordered]  p^ir  .^  (x,  72) 
Ml  J n  g  then  t^ie  ordered  pair  *  {x#   )  -  in  i  ^  K  ^nd  the  or- 
dered pair    (K^   >  ^  1^  ^n    f  •  "g.  .  ^  " 


.4 


-  •     N  y 


4*^ 


ANSWER: 
3r  -10 


^  F^r  ah  example,  lat^  X    «    (a,  b,  c}.    The  elements  of    X    are  the. 
letters    a,  Let    f    and    g    be  the  functions  fro®    X    to  R 

(th«  set  of  real  numbers)  whose'^ordered  pairs  *are  listed  as  follows: 

•  if       '  ' 

(a.  n,        (^;,  3)  ■        '   f^- 

(b,  -372)        ^b,  0)  ^ 

(c.  /5)  (c.  -15)    

i 

'  Fill  in  the  blanks  with  the  ordered  pairs  in    f  •♦^  g    and    f  •  §• 

\       k  '  .      '  ■ 


ANSWER: 

% 

f  +  8 

(a.  5)  ' 

(a,  6) 

if 

.  (b,  0) 

-15) 

(c.  -15/5) 

*          •  < 

iet        consider  the  abov^  with  an  altersate  notation. 

•f:    a  -^>2     •   ,                g:  a  3  *^ 

b  .,t»  _3/2  b  0  "  >  . 

c         '/5  c  -15 

f  +  g:     a  -^iS^  5                f  •  gi  a  '^'^  >  6 

b  -^i^*  -3/2        ,'  b  0 

'       .   ^  --^.7-5  -  15    .  c,^^  -15/5 

^        Usin^  this  notation  $iesoi;ibe*  f  +  g    and    f  •  g  where 


c 


9 


.     .  A 


.  f :  a 


-/J 


b  n* 


<:  — »■  32 


g:    aW-V  V3  f 


ANSWER: 

* 

V 

0 

+  13 

f  a 

-3 

13s  . 

f  4  g  ^   a  - 
b  - 

( 

/ 

32- 

^    A-  • 

0. 

c  - 

c 

* 

•If    X    is  in    X    then    x  -^'f<x),    x-^^g(x),  x- 


and 


/ 


ANSWER: 


f{x)  4  g(x);    ^(x)  •  g()cO 


Ft>r  another  example,  let  X  be  the  set  of-^  cotgple'k  numbers.  Let 
tand    g    be  functions  from    X  .  to    S    defined  by 


for  ^ach  complex  nui&ber  x. 


'  g(x)     "    the  real  pg'rt  of    x,  '  for  eacfr  coteplesg  number  x. 


Fill- in  th^  following  blanks 

2  +  i   

2  +  1  "Sh.      '  • 


2  +  i  ^is- 

2  +  1  111- 


-3i 


■^31  — * 


•3i 
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J 


ANSWER:  • 

2  +,  i  2 

2  +  1  ^^/S  +  2 

2+1  ^^/S  •  2 


.31^  3 

-31  ^i^3  +.-0  - 
-31  ^-^3  •  0  - 


.  3 
0 


It  Is  almost  obvious  fraa  the  definitions  thaj  addition  and  multipli- 
cation in*^  F    have  many^dfc' the  proper tlyfes  of  addition  an^  multiplica-- 

tion  of  raal  numbers  (as»4}ciative  proper ties,.^on|autative  prdpertiestf  ^ 

»     ■     .  •  ■    •  ♦ 

etc.).    HoM^ver^  we  will  go  through  th#  proofs,  o^  some  mf  these. 

Property  A    for.   F    would  atater^^  if    f,  g,  and    h    are  functions,  in 
the  set    F,    then,  (£ 



ANSWER: 

'f  +  («  +,h).  ' 


h  - 


■>  .r' 


If    ft  gt  h  .  are  functions  in  jf<,  thejn 


[<fsi.g)  +  hl{x) 
[f'4(g  +  h)](x) 


(f  -^'g)(x)      h(3^)    -    [f(x)  +  g(x)3  +  h(x) 


AN^ER: 

f  ^    (g{x)  h(x)) 


Uet    f ,  I,  and    h    be  functions  in    F.    To  slic|w  that    (f  +  g)  +  h%  - 
f  4-  {g  4*  h),    we  have  to  show  that^ot  aach  element    x    in    X,   *  the 
real  jCHHub^  paii^  with    k    by  the  function         +'g)  +  h    is  thii 
same  as  the  red!  .number  paired  witii    x    by  the  if  unction    f  ^  (g  +  h) , 


^1. 
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This  c^n  be  atate^\^  ^  «  - 

.[<*f  +  g) •+ h](x)  -  ff  +  (g  +  h)](x).  ;  -* 

However,  this  notation  is  a  little  unwieldy.'  •  * 

Z'  '  .    ■  ■       '  *   •■  '  ■ 

By  fieflnition  of  addition  in  • 

.  ^  *•  ■ 

»     '  .  c  < 

"  ^      ■  •      ■  \  "  .  • 

ANSWER:       '  ^  "         '  *  " 

f{x)      g(x).,  J  •  ,         •  ^  - 



Therefore      *  . 

 .  > 

ANSWER: .  ^  -  . 

(Hx)  +  g(x)j  t  h<x).     *  .         ,  '  ■ 

.       ^  ^  -  r  -  ^  -  - 

'  Thus,  ifwelfet'  kr    -     (f  +gi'4-h,     then    k(x)  '  ' 

<^  —  -  -X         V  .  .  i-  _ .  _  _  :  _  _ 

'  ANSWElf:  /  *         I A     '  ^ 

•[f(x)  -+  g(x)]  +-h4x)     ,  '     '     .     .  ^ 

'  '  .  *  *  •  V  ■  -  -   ^   -    _  ^ 

Similarly;  JH|  ' 
.  f  +  (g  +  h)^P^. 

> 

ANSWER:  //^   '  * 

f(x)  +'  [g(x)  fU{x>]  ^ 
^  7  .-  -  -  - 
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\  rf(x)  +  g(x)}  +.h(x)    -    f^x)  4-  [g(x)  +  h(x)]    because  of  Property 
  of  the  real  numbers.  '  \  --^ 


ANSWER: 


/ 


This  proves  that    (f  +  g)  m  (^4.  h) , 

In  the  equatioh  '  , 

"  N  ' 

[(f  +  g)  +  h](x)     -     Iffic)  -h  g(5^]  +  h(x)/    .  ^ 
C^)     f  +  g    and     (f  4-  g)  +  h    are  clients  of  the  set 


(b)     f(K)  +  g(x)     and    [f<x)  ^  g(x)]  +  h<x)     are  el^ients  of  the  set 


(c)    K         an  el€3nent  of  the  set 


VnSWER:  ^  »        ^  . 

(a)     F,     j(b)     of  real  nupibers,     (c)  X. 


State  the  Property  A      for    F.     %  '  * 


f  0 


ANSWER:         *^  V  ^  '  .  w 

If     f     and^    are  ^nct  ions  in,  the  set     F    then    f  +  g    -    g  +  f . 


Criticize  the  answer,  "f(x)^+  g(x)  *  g-Cx)  4^f(x)'*  for  the  pre- 
ceding item,  *  ^       '   *  . 

^  _  I  _  _  _  _  _  _  _  

ANSWER:  ^.  ♦  '  ' 

f(x)     and    g(x)     are  real  nuiEb«J^s  and  not  elements  of' the  set  F. 

However,  the  statement    **f(x)  +  g(x)/  -    g(x)  -f  f(x)"    is  true  for 


«ach'elment    x    ia    X,    because  Property  A    is  true  for^th©  system 

"  "  *  -        *  ^  *        '  / 

of  ^eai  nujafaers*  ^  "        ,  •  •  . 

•        .     ,  *  ■  *     ..-^  • 

-  -   -  -  -  -  r  - 

>rqve  that  Prbperty  A    feiolda  for    F.    Give  a  reason  for  each  step  in 


r  •  ^  » 


ANSWER:     -     ,    .  -  '  ' 


If    f    and    g    are ;  funis t ions  in    F    and\x    is  in    X,     then  ) 


by;^def^nittQn  of  addi^on,in 


I 


(f.  t  gx(x). 'fr(x)  +  g(x)' 

and  r  , 

(gt  +  .f)(x)    -    8(x)  +  f(x)J 

+  gCx)        g(x3  +  f(x)  by  Property  A    for  the  yeal  number's. 

Since    (f  +  g)(x)  (g  +  f)Cx)    for  each    x  'in    X,  '  f  .-f  g  ,  -    g  +; 

f,    because'  of  *€he  way  equality  Of  functions  is  defined.] 

f>g:    X         f(x)  >  g(x)\  .       ^-^^^    ^  V 

by  defl^tiJjJ  of  Edition   ^     ^  s 
g  -h  f:    X  — >  g(x)  +  f(x)J  7^   .  f         •  I 

'rty'A 


f<x)  +  g(K)  »  g(x)  +  f(x)  <ty^  Property 'a^  for  the** real  numbers. 

Therefc^r.e    f  +  g    anS    g  '4-  f    pair  up  the  s^e  real  ^umber  vith  *x, 
fpr  each    x  /  in    X.    Then    f  +  g         g  +  f .      *      \.  i 

i 

 J  

Is  the  number  zero  an  ad^ftive  identity  for  *  F?  .Explain. 


V 


ANSWER: , 

No.     The  number  zerjL-ie^  not  in  the  set    F;    An  additive  identity  for 

F  must  be  an  element  of  F;  i.e.,  a  function  f^vom  X  to  the  set  of* 
real' numbers .  - 
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What  is  the  additive  Identity  for  F? 


answer:        \     .  . 

The  functioft    f    defined  by    f(x)        'O,    for  each    x    in    X;     or  the 

f^inctlon    f  >  defined  by    f:    x         0,    foe  e^ch    x    in    X.    If  you 

sStd  '"fCx)         0"    ypu  should  co^unt  your  answer  incorrect  sin^e  you 

'I  ■      ■  « 

have  no^^o®plet€ly  defined  the  function  f.. 


We  call  this  function  the  zero  fun<;tlon.  Property  A"  holds  in  F. 
What  is  the  additive  inverse  of  a  functloti    f  ^  in  F? 


ANSWER: 

The  function    g  njeflhed  by    g(x)    •    ^f(x),    for  each    x'  in    X,  If 
you  said    -f(x)    you  $hoMld  cotjnt  jrour  angrwei?  as  incorrect^ 
is.  a  real  number.    The  additive  inverse,  of    f    wst  be  ^  el©aent  of 
V  F;'    i*e,^  a'  func^:ion  f^oia   ^  t&  the  set  of  t'eaif  rubers-.    Also  if 
you  said    **g^)  .   -    -f  (x)'^.  you  sh(faild  ^.ount  your  answer  as  incorrect 
since  you  h^ve  not  completely  defined  the  function  g. 
•  ■  ■  • 

  r  ■  ^  '  

^    *  We  \f ill  , denote  this  function    g/ by    -fl    Thus    -f    is  an  element  of 
.  '  the  set    with  the  proper t?y  tllatS^f  +  €    *    f  +  <-f )    *   . 



J 

ANSWER:  '  .  •  , 

...  ^ 

'  F;     the  zero  fun^ttlun  in    F.     (not  the  number  «ero) 

\) 

y   ^  y 


-ff    X    U  in    X,     tKeft    <-f)(x)    -    -f(K)    and  *-f^x)^  is  in  the  set 


ANSWER:  •  *  . 

of  real  thuabers.  , 


.  We  see  ttwit  Property  A^^  holds  %n  ^  F.  ,  Is    F    closed  under  subtrac- 
tion? ;  \    *  .  ' 

4 

- ,^p^  -      -  -  \-  - .      -  -  -      "  7 ' 

'ANSWER:  ,  *  ** 

Yes.    '  *  '  *  .    <  »  "  . 


r 

rty  M    for    ¥.  ^  \  * 


State  Property       for  F. 


.ANSWER:  , 


If  -  f,  ^,  and    h^.-are  fui/ictioks  in    F>     t^hen    (f g)   •  h    »    f .  •  ?g 

h).     ^  '  • 


Prove  that:  Property       holds  in.   F,    pive  a  reason  for  each  step  in 
your  proof,     [Hint:     Use  as  J  gLide  the  proof  that  Property       hoysj  | 


ANSWER:         -  .  ■ 

If    f,  ^,  and^h^are  in    F,    and^if    x   .la,  iT:i  then   *['(f  •  g)  • 

h](x)     -     (f  •  g)(H)  -'hCx)     »     [f(x)   •  g(x)]   •  h(x),/ by- definition 

and                          -  .  "t**  ^ 

[f  •  (g    •  i^Sju)     -  f(x)   •  (g  •  h)(x1    -    fU)       [g(x)      h(x)],  by' 

"definition:  ,  f  ' 

If  (x)      g(x>]  •  n(x)  «    fCx)  •  [g(x)  •  h(x)],  by  property  M  f6r' 

thti  real  number sv  '              *  * 

■  •  - 
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^  ■  < 


.  I3jeTeforp    [(f  •  g)   •  h}<x)    -  V[f  •  (g*-  l^)](x)    for  eacl^    x    in  X, 

*  whlt;^  Beans  that    (f  •  g)  •  h    4    f  •  (g  •  h) ,  "  because  .of  tlffe^ay  > 
equality  of  functions  is  defined.  . 

also  holds  in    F.    What  i3  the  multiplicaUvL  identity  in  ,F?  \^ 

•  -  ^  ^  ^  -^-.^^  - .  - » -.T- .  - .  ^  

.ANSWER:  '  '  - 

The  function         defio&d  by:-    f  (x)    •  .  1,    for  each    x    in    X.  If 
you  said  "the  number  1^'  your  answer  is  incorrect.    The  number  X  is  > 
not  ah  element  of    F,    ']^e  multiplicative  identify  for    F    mu$t  be'^ 
element  of    Fj     i.e.,  a  function  from    X    to  the  set  of  rea>  riumberg^ 
Also,  the* answer.  *'f  (x)    -    1"    is  not  complete. 

J.  ^ :  ± . .        . .  ^  ^  -  .  - 1 .  - .  L  . . : . . . 

Therefore  Property  M^^-  holds  in  F.  If  f ^  is  a  function  in  F, 
and  if    f    Kas  a  multiplicative  inverse  then  *  •  * 

g(xX   for  each    x    in^  X*  0. 


'  ANSWER:  ^  -  .  ^  ' 


l/f(x),  'or    f{x)^^  »  '    ^  .  y\ 

For  anfexample,  let    X    be  the  set  of  real  numbers  and  let  if    be  de--^ 


fined  by : 

f(x)  A  •  ®^ch  real  number 


What  is  wrong  with  the^f ol lowing Le't    §    be  the' function  defined 
by: 

g{x)     *     l/jx|   ,     for  each  real  number  x, 

...  . 


each  real  number    x,  J 


■1   "  •'    ,'.  ~) 


f 


l1 


ANSWfeR:  r7  •      "  ^ 


.  l/{x|  no  taeantug^  wheif  A  ^  is  the  real  number  •O 

*     4  .  ■ 


Does  the  function  ^  f  defined  in  the^^ample.  abdVe  have  a  multipllca-  * 
tlH#|  inv42ri2e  in    F?     '  x 


4.  - 

ANSWER! 


,  ^   ..^-J  .    -    w    »    _^  ^  ^ 

V/e-^see  that  a  function  f  fh  F  has  a  multipiicstive  Inverse  if  and 
J  \jniy  if^  La^o^  each    x    in    X,  •  _ 

 .........   .  ^ 


f(x)  i 

*  -     .  *  {   ^  ^ 


0 


» 


If    X  ^coatains  :more  than  one  el&ient  we  can  find  a  function    f  « 

in    F    a^(^  that    f(x)    -    0    for  som^  x    in .  X    and    f(K)    ^  0 


•  for  s«ne  other  element    x    in    X.    Such  a  functidn  iS^ould  not  be  the 

zero  furjfctlon*    Would  it  have*a  multiplicative  Inverse? 

y   --- 


•ANSWER:  .       •  , 

f  • 

Nd>  since    f(x)^      .  0    for  some    x    in  (We  emphasize  that    f  is- 

in  ^¥    but    f    has  no  multip-licative  inverse  in  F.) 


r  -     -4    -     -  , 


Supp4*8e  the  set    X    has  just  one  element,  say    X    »    {a}.    A  function 

f  -  in         is  nqn-zero  ocly  if    f(a)   .  ' 
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erIc     ■         •     .      ^  '0 


•     •  ^  /  • 

ANSWER:^  / 


If^fja)    ^    0,  'thea    f    has  a  multipiicfative  inverse  in    F,  the 


funcjLion         defined  by  g(a) 


ANSWER: 

l/f(a).    or  fCarl 


,      [      ir  ^    -    {a}    hag  only  one  el^ent  then  if    f    is  in    F    and    f  (a) 


^    0,    f    is  the  2ero^ft  Ktion,  ' 


We  nee  that  Property  M^^  holds  in?    F  '  if  and  only  if 


AN5WER: 

K     ^  •  • 

-X    contains  only  one"^  element.     (Remembef  that  Property  M     does  not 
require  that  the  zerol  function  (the^  additive  identity)  have  an  in^ 
\rerse\.  .  / 


^  ^  general,   F    possesses  all  the  defining  properties  (postulates)  of  * 
'a  field  excerpt  for  Property  Since    F    does  not  have.  Property 


we  cannot  always  perform  the  division  operation  ±h  T. 


Xonsider  the  example  >?here  X  is  the  set  of  real  numbers.  Let  f 
and    g    be  defin^  by 

f(x)     -     2x^,     for*  each  -real  number  •  \ 


1  -  x^,  for  each  repl  number' 
lat/i 


-  *       -  '  /        f (x) 

For  whatjreal  numbers    x  .•does      )- 1-    have  meaninfc? 

g(x)      ^  ^ 


J' 
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ANSWER:  '  •  ^  ,  ■ 

Air  real  numbers  except  1  and.-l, 

■'----^  


e  Tunctlc 


Let    h    be  the  function  defined  by^  .  . 

h(x)    -   ^      for  eacl 

What  is  the  dc^aain  df  hi 


h{x)    -   J-  *  for  each  real  niibber    x    such  that    I  -  x^    ^  0. 

1  -  x"^ 


m  t 


:  ANSWER:, 

'   The  set  of  reai  numbers    x    fo»  which    1  -         ^    0;  i*e.,  the  set 
,of  real  numbers  different  fromt*l  and  -1,  * 

^JWhat  is  the  dotiaain  of  each  f-unctlon  in  F? 

 _ /_  _ 

ANSWER:  /         '  '  -  i 

^  ^ ;  i  •        ^  , 

X    (Ln  this  exampie,^  X    is  the  set  of  reai  numbers.)    •  ^ 


„     _      »     -y    -     -      »     «      -     -     ^     -     ^     -  _ 

^     Ih  the  function         in  F? 

 ;  -  -  -4^-^ 


ANSWER:  ^  '  ^ 

Nov  ,  '  ' 

 ___.„__'k^„  

■      ■        ■      t  -  .  . 

yT!n  general,  we^an  d^eiiire  an  operation  in    F    which  is  somewhat  like 

•  division.     Thus  i^f  ,f  *  and    g    are  in    F  *and    g    is  not  the  zero 

"  '  f(x) 

function,  then  there  is  "a  function    h    defined  by    h(x)     «        -(  , 

■  \       '       '  g<5c) 

foe  each    x    in    X    such  that    g{x)  0. 

is    h    aecessarl^  in    F?    Why?  . 


474    ALGEBRA.  OF  REAL  FUNCTIONS     '  '  '  ^ 


ANSWER:  .  ^       *  '  V 

HoW  the  dQnuiin  of  h  tmay  ndt  be  all  of  •X,^  sitter  the  4<3^^n  of  h 
cannot Ic&ii^din  any  vpal  mimber    x    for  which    g(sc)  •  ■*  0. 


la'  this  operation  of  division  closed  in  'F?, 


No. 


The  operatLions  of  ac^ition.  and  multiplication  of  functions  Which  ve 
have  defined  in  this  unit  should  not  be  confused  with  the  operation 
of  composition  of  functions  which  we.  def'ined  in  Unit  I.    Let  us  con^^ 
sider  each  of  these  three  operlitipns  on^the  set  of  all  functions  from 

the  real  numbeics  to  the  real  ntimbers.  »  ^   *  . 

■  ,:      '  *  ^        •  ■  ^ 

Let    f(x)^       2x  4"  I,    for  each  real  number 


and  g(x) 
then 

(S)    f  +  g 

(b)  f  •  g 

(c)  fog 
id)    g   o  f 


,    i  . 

X 
X 


X 


for  each  real  number  x, 


• 'ISqy' eatih  real  number,  x, 

^,     for  each  real  numljer  x, 

for  each  real  number  x, 

,     for  each"' real  number  x. 


ANSWER: 

(a')    x'^  +  2x4-  1.     (b)     2x3  ^  ^2^     (^)     2x2  ^      .  (2x  +  l)^. 


There  may  be  some  confusion  concerning  the  three  functions  which 
serve  as  identity^^lements  for  these  three  operatlon^i.    These  are  the 
functions    f/  g,*^  and    h    defined  a^g  foll|)«£: 
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<4)  '  addi.tlt>n:.       .  f(x) 

(b)  multl^plicatloM  g(x) 

(c)  coopq^ftion:  h(x) 


for>ach  real  niamber 
for  each  real  i;(iaiber 
»    for  each  real  nV»aber 


•  (a)  0^ 

•  (b)  1,* 


When  we  apeak  of  ^the^ identity  function  ok  the  set  of  real  numbers  we 
usually  mean  the  function' which  is  the  identity  element^  for  cc^nposi- 
tlon  of  ?M|tctlons;  i.e.,  the  func^on    h    defined  by;    h(x)    -  x» 
for  eac^h  real  nuxsber  x. 

Also'rejcall  that  the  symbol  f"^  is  used  to  denote  the  inverse  of  a 
function    f    with  respect  to  ^he  oj^erat ion  ___^of  functions. 


composition , 


The  inverse  of    f    with  respect  to  addition  is  denoted  by    -f.  In 
general*'   f    does  not  have  an  inverse  with  i^spe^ct  tp^  multiplication* 
When    f    does  have  an  inverse  with  respect  to  multiplication  it  is 
sometimes  denoted  by  ^  1/f 

.Let  us  recall *the  definition,  ot  isomorphism  given  in  Unit  III.  If 
G]     is  a  group  ^under  an  operation  *****  and    G2    is  a  group  utyier  an. 
operatj.on  "o"  then  is  iscHsorphic  to  .G2    If  there  is  a  function 

p    with  the  following  thtee^ properties: 
(a>    #*    is  a  function  from    Gj  '  • 

(b)  i    is  a(n) '  function,  and 

(c)  ^   ^    (a  *  b)  - 


for  all  elements    a,  b    in    G^ . 
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ANSWER:  _  , 
(a)  •''onto;  / 
(by  reversible^ 


.4 


call  the  function    ^    an  isc^orphi^ia  f rc«a  onto# 


Suppose    Ki    and    K2    are  fields,     (We  denote  tlie-  two  o 

^  -     '■    ■  ' 

Kt    and  in   Ko  by 
K2    is  a  reversible 
^  -lor  all  el^ 

for  all  ei^ents  a 


and  ffii^to.^ 
function    ^    iro».         onto   IC2  su 


sucsr  €Mt 


a,  vb*   in    Kj,  and 


i;  h   ^in  . 

----A 


^(9  •  b)    -  *  rfOb). 


Kow,  let    X    be  the  set    CO,  i)    and  let    F    be  the  set  of  all  func- 
tlpns  frosa    X    to  the  set  of -real' numbers .    Let  -  (5    be  ^he  function 
defined  by  ^ 

*         if  *  " 

^/f)    -    f(l),    fot  each  element,   f    in    F.  '  ^ 

What  is  the  doaaln  of    i1  -  .'  . 


0 


ANSWER: 
F. 


^    Is  a  function  froiB    F  "to 


■4 


'3 
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ANSWER: 

^he.sef  of  real  riipb4rs.; 


Let  f  be  the^-unc tiopt/ln  ,,F«  daflned  by: 
,    What,  is    ^f)?  .  / 


buppoa^^    k    Is  a  real  number.     Find  a  function    f    in    F  .  such  thaC 


k. 


I 


ANSWER 


,  f 


.  Any  function    f  such  that    f  (1)  .  •    k;  l.d 

HIT           -  *  ^ 

numbe^  and  f{l)  *  ^  k.  If  you  said  ooly  ' 
is '  not  conspiete. 


»  fid)  tan 'be  any  real 
f  ^X)    ^    k'S  ^your  answer 


What  is  the  range  of  the.  fMnction  ^? 


*  ANSWER: 

The  set^of  all  re^X  numl^ers 


^If    f    and    g  ^  are  functions  in  what  15    ^(f  +  g)? 


A78    ALGEBRA  OF  tlEAL  FUNCTIONS 


ERIC 


4  JU  0 


) 


ANSWER: 


'<f     g)<l)>    or    f(l)  4  g(l)V  ' 


What  is    Mi)  +  0(g!? 


y  ■ 


ANSWER:            .           •     .  • 

■  ■   ,                          ■  ■  • 

! 

id)  4  g(l). 

_  J 

r  "         •      ■  '  » 

Doe's    (6(f  +  g)    -    ^tf )  + 

for  all  elements 

f    and    g    in  F? 

ANSWER:  '  // 

Yes.          y    I  ' 

We  hav€  shown  thpt  is 

a  function  fro©    F  onto 

the  set  of  real  * 

numbers  such  that 

^(f  +  g)         <i{f)>  ^Kg). 

for  ^11  elments    f,  g 

in  F. 
✓  • 

Siffiiiarly,  we- can  show  that     '        *    '  - 

for  alt  elfemeats    f ,  g 

ijn  F. 

What  else  woulcj^e  need  to  show  about    ^    to  be  able  to  conclude  that 
is  an  isomorphism  from  '  F    onto    ^1       '  ^  -  M 


ANSWER:  "* 

That    6    is  reversible. 


Consider  the  functions    f    and-^  g    In    F    def Irted.'by :    f(0)    -  1, 


f(l)    -    3;    g(0)    -    3.    g(l)  .  -  5. 

■  .    ■  ■■  ^ 


o 
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What  ace  '  #i£)    ^od  f(,g)7 


ANSWER: 

*(f)    -  '5,    >(g)    -    5.  . 


I9    ^    a  reversible  function?  /        *  •  \ 


 .^-jr---  

ANSWER: 

No-,    f    ^    g    but    <5(f)    -  ,4(g),    where    f    and    g    iate  the  func^ 

.  .  '  ■    ■       ^  «»    *  ■  . 

tlons  defined  In  the' pr€ic4Bdlng*  i tern.  .  ♦ 

^^^^  .  •'^  ^     ^  ^  ^     "  ^ 

A  function  from  one  algefari^icf  8]|8tatt  to  another  which  p^serves  the 
operations  but  which  may  ^Dt  be  reversible  is  oft&n  called  a  homo-  . 
aqrphism.    The  function^^l    above  is,  li  homooorphlsis  £rc^    F  onto 

Return  now  to^our  or^ftal  asyimpiion  that    X    Is  a  s^t  and    f    is  , 
thi^  algebraic^  systemro^  all  functions  from    X    to  the  set  of  real 
niuabers.    h^t         Jbe  ^  element  of  Let    #    be  the  function  lie- 

fined  by 

f(^o)^  fot^feach  element    f    in  F. 


that  is  the  dpmain 


ANSWER: 
F. 


a  f  unc  tion  ff  ro®    F  to 
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4  '8 


ANSWER:  -  t  «  ^       /  I  , 

the- jm*1of  msmbera*      ^  *  ^ 


J   la  therange  of    4    the  set  of  all  real  numbers^  #  ' 

...  ,J ...     ...  -  - . .  -  - . .  - .   .   . . 

^  YeB*    If    k  ^  Is  a  re^l  number,  tfi^re  is  a  functlcht    f  *  In^  F  such 

•  /  that  .  f  (xq)    «  .  k;.;then    ^(fi^    » '  k.  ,         /  / 

I  ;  •  •  •  ; ;  ■ ...  •  ■ 

,        If  .  f  '  .\abd    g    are  elements  of    F,    what,  is    ^.(f  +  g)?  ^ 


ANSWER:  ,  • 

^<f  +  g)  •  (f  +  g)(xo)  -  fC»Q>  +  gC'io) 
Mi)  +  i(g)    -   f(xo>  +  gCxo). 


Does  <i(f  +  g)  «  ^(f )  +  j6(g)  for  all  elements  f  and  g  in  F? 
 ^.^  . 


I 


ANSWER: 
Yes. 


Similarly,  ^(f  *  g)  <5(f)  • '^(g)  for  all  eleaents  f  and  g  in 
F. 

Thiis    i    is  a(n)   from    F    onto    R*     •  | 


■J- 
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t 


i.^-      •    '   ANSWER:/  ^  "     *  ^      -      ^  , 

'  '         Is  there '«*  coitdlfrt  on 'ion    X  which  will  en8<ire  that         is  reversible?  \ 

*  What  is  it?    *  ►  .  *  '  •  .  V  . 

_  _         _  _       _  1  


Yes..  't£    X  *con tains' only*  one  jel^ent. 


DEFINITION  12.2:  •  A  fiTnction    f    in    F    is  cabled  a  congftant  function 


if  its  ran&aJcon^istB^^f.  a  single  element,    .  -       }  ^ 

If'N^^is  a  constant  •funcliion  wifrb  range  '{a}  ,  and    g  /  is  a  constant  ^/ 
fiinctipR  wit;h  irange  ^  { b }    what  is  the' range  of  ''f      g',^  of    f  -  ^\    -    ♦  ^ 


ANSWER:  ^   ^    .        .  '  ^ 


Ib  the  K    of  all  constant  fj^ctions  closed  under  addition,  sub- 

-  tractiorff  arid  multiplication?^ 


tunctj 


Yes...       .  '      .  . 

\    .    .  .  . 


saw  that  property  M^^  does  not  hold  in    F,     in  g^r^ral,  jlf    f    As  * 
■  ^  a  non-^eno  constant  function  in    F    does    f    have  a  siultlp3|icative . 
J^ii^ersi&  in    F?  }w  ^  i  '  ^  •  '  \  . 

V  3  ,  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  _  J  _  ^ 

■  .    ■       '       .  .   .    .  ^' 
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>  ■ 

ANSWER* 

<     Yen,  ■  .        '  . 

 \        1  ^  ^  ^  ^  ^    ..     .    ^.  - 

If*  f    is  ^  non-Eero  cgpt^gtrr-f unct^n  in    F    withirang^    i^i3  then 
•  a         0    and  thd  i^ulti^slicatfve  iiyerse,   g    of    f    is  defined  by: 

\   ANSWER: ■         .  '  '   \  '    ''\    .     -  " 

'     gC^)    ■  for  each    x    in    X.  '  .  '   -  . 


The  set, of  non-2ero  constant  functions  in    F    is  closed  under  divi- 
sion,  '  XQ    be  an  eliiaent  of    X,    Let      \  be  the  function  defined 

by  4  ^  •  ^ 

i{i(f)    -    fUof,.    for  each    f    in  K. 

The  dpiaain  ot  ^    is     •  '  ' 


ANSWER t 


[Note  that  the  function    4^    is  defined  just  as  we  dpfinad  the  func-- 
'  t>^onY  0    previously  except' -that  the^dpmain  of    <^   ijas    F  ^  and  the  dd-- 
main  of    '^J'.    is    K.]  j 


ft 


What  is  the  range  of  ,  '  / 


t  -ANSWERt 

The  set  of  all. real  numbers, 


1 
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Does  ^  s)    -    4?(f)  4*  \|/(g)  ,for  allj^elments    f.  an4   g    in  K? 


w  m  , 

-V  -  -'^ 


S        .'■  •  ^  -  ^ 

 A.  .   -  -  -  ^  -  _  .  -  - 

4  .  .  .  '  ,  • 

Also,  g)  .  ■    ^(I)  V^Cg)   jfor  all  elqaents'  f    atxd    g    in  * 

Suppose    f    and    g    are  functiona  in    H^  s^  f(xo)  »    $(3^0)*  ^ 

X    is  any  eleioent  of  then    £(x)       -  f  .(xq)  g(x}    *  gCxo). 

Why?  ^      •  .  . 

ANSWEIl:  .         ;  ' 

f    and«  g    are  constant  fuact^otis,.  . 


/a    HO    -    4'(8).    does    f    -  g? 


ANStfEK;  ^ 


We  conclude  that*^  if .  is  a<n)  '          function  fr<^    K    onto    R.  which  ^ 

preserves  the  operations^    ThereforfSi^       i^  s(^)  .         froif    K  onto 


ANSWER; 

reversible;  isomorphism* 


A  speclal^  ca$e  in  our  discussion  whict;  is  of  particular  interest  is 
^  that  in  which    X    •         (the  set  of  real  nussbers)  •    In  this  case  a 
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^  fusictloci  iQ    F   has  dcsemin    X   *  .         and  raoge  •  ^ 


ANSWER: 

R;  ,  a  fcubaet  of  •  ^    \       i  \^ 

L 


Let    £    and  ^      be  functions  defined  by 


%  


f(x)    •^^Sx^p    for  each  real  n^bet  x, 
g(x)  +  1,    lor 'each  real  ngmbex\  x. 

Then,  for  each  real  nuaber    x,  ' 

 ^  1  ■  

ANSWERS 

If /x  -i*  2x      1    and    x        ^*^<t*.l»    fcrr  each  real  number  then 


ANSWER:  a  •  ^ 

t\     50;     -5.  ' 

________    _•_  ^    ^  -    _  _ 

POLYNOMIAL  FUNCTIONS  ^ 

A  real  polynomial  function  is  a  special  kind  of  function  from  the 
r«al  numbers  ta  the  real  numbers.;    the  simplest  polynqsaial  functions 
are  the  constant  functions.    Every  constant  function  from  the  set  of 
real  numbers  to  the  set  of  real  n\jmb'ers  is  a  polynom^l  functi-on. 
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Let,    f         the  function  defin^Ki  by    f (x)    *    5,    for  €a«:h  real  s 
x;    f  ^ 'ib-  a  constant  poiynoaiai'^f unction.  > 

What  Is  the  dcnaain  of*   f?       ^  ^    \r    ,      '  ' 

tr  -  -        ^  —  -  <-     -  V-  -  -  -  -  -  -  -J  - 

SWER:  •  ■  •     ■  "  ,     •  '    ^    .     T  . 


The  sfet  of  real  nwabers, 


What  is  the  range  of    f?  /  •  ' 

I 

t.  _________ 

ANSWER: 


The  set    {S}.  ^  v 


How  many  elements  can  the  range  of  ^,<:onstant^  poIyncMnial  function 
contain?         ^  ]  ^  • 


ANSWER: 
OnJ.y  one. 


The  identity  function  on    R    is  a  polynomial  functidn.    The  range  of 
identi  ty  polynomial  f un'gtlon  is   . 

 ...   — — ....... 

-        .  it 

ANSWER:      '  •  .  -  ,  .  . 


th«  set  of  "Jeai  numbers. 


-   ■     .   -   ,    Y.  ■ 

We  have  seen  that  the  set  F  consisting  of  all  functlsDns  f  such 
that  the  domain  of  5  is  the  set of  real  numbers  srui  the  range  of 
f     is  a  subset  of  the  set  of  real  numbers  is  citsed  under  addition. 
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stibtraction,  and  multiplication,  but  not  under  divlLsioisC  Are  the  >w> 
constant  '^lynomial  functions  and  the  identity  po'lycooial  funrtion^ 
'  m    F?  "  *  -  '  . 

.   -   -     *  -•  . 

•    ANSWfiR:  *•  .  •  '  I        '  ' 

Vea.  •  .  . 

E\;ery  real^  polynoaiidpFCR^rtion  can  he  obtained  from  the*ldentity 
function  and  the  ^cpilstant  functions  by  a  finite  number  of  additions 
and  multiplicatlonsj?    Consider. the  fimction    f    d^fiaed  by    f(x)    «  . 
-5x^,     for  each  real  numfier    x.    f    is  a  i^XyncKBial  function.    It  can  .  ' 
.  be  obtained  by  multiplying  the  square  of  the    '     function  and  the 
constant  function         defined  by   . 

AliSWERt  * 

identity;    g(x)    »    -5,    for  each  real  number    x.   \  .  • 

Note:    Did  you  forget  to  include  the  phTase  Vfof  each  real  nuaiber 
x"?    Remember  that  to  define  the  function    g    by  the  rule    "g(x)    -  ' 
-5**    we  must  al^o  specify  the  dranain  of  the  function  —  in  this  case 
the  set  of  ^real  numbers.  .  * 

^  ^     r  "  "  X"  " '  " " "  ■  t  r  5^ - - 

DEFINITI0irT2.3:     If    a    is  a  real  nuabeir  and    n    Is  a'^non-negative 
integer,  and  if    f(x)-    -    ax^,    for  eacl]  real  numbar    x,    then    f  is 
catled  a  monomial  function, 


Every  xaopomial  funetlon  is  a  pplynotata?  function. 

The  function    g*,  /defined  by    g<x)    -    2x3      3x^  -  5x  for' each 

/  '   *  *r 

real  numbgr    x, yean  be  t)btained  by    four  monomial  functions. 


.  ( 


ERIC  .     -  ^'A^ 
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\ 


■  '       ^     ■  * 


ANSWER:        '  ^   -  ■ 

adding.  .  .  -       A  ,     .  , 


Ev^ry  pol)rfioml«l  functioa  i^'^,el|har  a  moni^la^  function  or  tij^suia  of 
a  'finite  number  of  i4^amlal  functions.  We  now  give  a  pi'ecisie  defiiai/- 
tion'of  polync^rLar  function/  <  ti 


Diys^KITION  12.4:    A  tmal  polyndaial  function  is tf  fun^^^^  whose 

do|siaitrJj8     ^     gng  for  which  there  is  a  non-negative  integer  n  and"* 

m  Beqiience    (ant  'ai,  a^,  ...»  a  )  ot          such  that  ^f{x)    «•  a  -f 

•»        •                        n.                                      ^  n 

ft_  « •  •  4-  aix  4*  an,    for  each  re^  ntimber  x. 


ANSWER!      ^    ^       ^     u  ^ 

the  set* of  real  numbers;    real  numbers. 


The  rule    f(s)    1^:2x^2  +  3x  W  5    is  not  of  the  given. In  De-  " 

*  .         ■  •  *  ' 

finition^2.4  because  -2  arid  -1.  are  not         ♦  '*  '  J 

 _ ._  _     _  -  -  _ ,  _  —  _  -  . 

ANSWERf  \  '  ' 

non-negative  integers.  ,  ,; 

...  -  -  ^  _  ^  .  .  .   

Similarly,  sircti  rules  as    f(x)    ■    /jT  -         are  excluded.  ,  ''^ 

Is  the  set  of  polynomial  funct;^ons  closed  under  addition?   ,  sub- 

tr^tion^  _^^multiplicatton?   ,  division?  _ 


ANSWER:'  * 


yes;    yes;    yes;    no.       "  #  * 
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The  polyncJDftial  functions  "from  a  subsystem  of  the  system    F    of  all 

functionii  fto®    R    to    R.^  , 

'       ■  \, .   . .  '   .     •    •  * 

In  this  unit' we  have  4>een  concerned  almost  exclusively  with  functions 
from  a  set    K    to  the  set  of  real  numbers.   .The  algebra  of  such  fut>c- 
tlons  has  been,  built  up  on  the  basis  of  the  field  properties  of  the 
real  numbers.    We  could  gd  back  and  obtain  p  parallel  develpfStnent  by  ^ 
replacing  the  systea  of  real  numbers  with  an  arbitrary  field;  e.g,, 
the  field  of  rational  numbers,  the  field  of  complex  numbers,  the 
field  '1/3/    the  field.   1/5,    etc.    Thus  if    K-  is^ny  field  we  could 
concern  ourselves  with  functiogis  from  a  set    X    to    K.    We  will  not 
repeat  the  details  of  such  a  development  here  but  we  will  use  later 
some  of  the  ideas  presented  here  for  '/lelds  other  than  the  real  num- 
ber  system.  * 


REVIEW  ITEMS 

1.    Let    F    'be  the.  set  of  all  functions  from  a  set    X    to  the  real 
numbers.    If    h    -    f  +  g,     then    h(x)    -    f(x)  +  g(x)T    for  each 
element  ;  x    in  X,* 

(a)  £  +  g^l^  an  eletayent  of  what  set?. 

(b)  f(x)  -f-%g(x)  .'is  an  el^ent  of  irhat  s€«t? 

(c)  X    is. an  element  of* what  set?  * 

(d)  h(x)     is  an  element  of.whatvset? 


ANSWER: 

(a)  F. 

(b)  Set  of  real  numbers.  ^, 

(c)  X-. 

id)     Set  of  real  numbers. 


(  > 


4 


2.    Let    f    and    g    be  funcitioaa,  defined  by      '  ^ 

■-^       •     '  ■     #  . 

fi%)    •  ,2x2  +        for  each  real  aimBer  x» 

g(x)    -    Vx^"TT,    for  each  real  niaaber    x,  %  •  V 

(a)  f  }  gi        _.  .     .       •  ^  • 

(b)  f  •  g!    2' — ^  .  : 

(c)  f  -  g:    2  ►  .  .  ,  _  ' 

(d)  fog:     2  —  (f  o  3  la  the  cOnsposite  of    f    with  g.) 

...  .  i    /  ' 

AfiSWER:  •  .  ^  . 

(a)  11  j  /%.     ■   '  '        '  '  , 

(b)  11  A.  .  V  '  '7 

(C)       11   -  /S, 

(d).    13.                                        •  ,'./'' 
*-  -  „  \  ^  ^  "■• 

I  ■     :  ■       ,.  •    .  '  f  " 

5,    LetJ^  F    be  the  set  of  all  functions  frotn  the  set  of  complex  nyan- 

bers  to  the  set  of  teal  hio^bejrs.    Let    f    be  defined  by  / 
f(x)    "    |x{,    for^ach^real  number  x. 
Doee    f    have  a  myltiplicative  Inverse  in    F?  fesplaii 


F?\xplaiii.  / 


No,  if    g    is  a  multiplicative  inverse  f  ot  -  f,    then  g(x) 

for  each  ccxnplex  number    x.    This  is  impossible  because    l/)x|  haa 

.  •  •  ,  '  f 

no  meaning  when    x    »    0  •  « 


^  4,     Prove  that*  property       is  valid  in  the  system    F    of  a^l  func- 
tions ^rom  a  set    X    to  the  real  numbers.    Give  a  reason  for  each 
step  in  your  proof,  j 
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We  must  provir  that  if    £    and    g    are  fanGtioua  In    F,    then    f  '  \$ 

■       g     -  f. 

(1)  f  •  g:    X  — *  f(x)  •  g(x),  for  each  real  number  * '  * 

(2)  g  •  f:    X  — g(x)  •  f(x),  fW  each  real  number  x. 

(3)  f(x)  •  g(x)    -    gtx)  •  f(x),  for  each  real  number  x;. 

(4)  Therefore    f  *  g    ^  g  •  f.  ^ 

(1)  By  daflniti(#n  of  multiplication  in    F,-  ^ 

(2)  By  definition  of  jnuitiplication  in    F.  ^ 

(3)  By -property  M    for  real  numbers.  ^  ^ 


5-     l^t    F.  be  th^  set  of  all  functions  f^j^p^he  set  of  positive -in- 
tegers to  the  set  of  real  numbers,  *  Let    ^    be  the  function  from  JF 
to  the  real  number^  define^ by         -  5^ 

f  — ^  f(2),    for  each  element    f    in    F*  /  <  ^ 

(a)    Wtiat  is  the  domain  of  0? 

'I  ■ 
Cb)    Wliat  is  the  range  of  0? 

(c)     Let    f    be  defined  by 
ffx)    «   ,x^,  .  for  each  positive  integer  x. 
What  is    ^(f)    in  this 'case? 


(d)  If  f  and  g.  are  elements  of  F,  what  is  ^(f  +  g)?., 
<e)     Is    ^(f  +  g)     the  same  as    ^'(f)  + 

*    -      I         _      -  _  _     '_  _ 

ANSWER: 

(a)  F.  •  . 

(b)  The  set  of  real  nunbers.  ^ 

(c)  ^(f)    -    f(2)     -    22    -    4.  ■. 

(d)  *  ti(f  +  g)     -     (f  +  g)'(2)  f(2)+  g(2). 
<e)     Yes:    f5(f)  +  ,«J{g)     -  ^  f  (j2)  +*8(2)  . 
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6,  a«£er  to  th«* preceding  item.  Give  different  function^*  f  and  g 
•uchthat    ^(f)    -    ^(g>.  . 

f .  ■  ■ 


ANWS5R:  *  * 

There  are  many  possible  correct  answers.    Foi'k Sample: 

f:  X  — *■  x^,  for  each  positive  integer  ,  x. 
g:    X  — ►  2x,    f5r  each  positive  integer  x. 


In  this  case,  -  ^  f  (2)    -    2^    -    4,    |i(g)    -    g(2)    -  -2  •  2 


-  4. 


7.  VHiat  must  be  true  about  a  sat  X  if  every  function  from  jX  'to 
the  set  of  reaL  numbergL  is  a  constant  function? 

'  • " "  ---f^----       -  /-,-  ---------- 

ANSWER:  •  .  **  »  ' 

X    Has  only  one  elraent.      .  • 

-  -  -      -  --  --      -  -  ^  _  _  _  _  _  ^  -      _  -  - 

8.  The  detain  of  a  real  polynjasial  function  is  »  and  the  range 

is  . ' ' 


The  set  of.  real  numbers:    a  subset  of  the  Set  of  real  nissbers* 

 9 

Note:  To  be  correct,  your  second  answer  must  contain  tl^  phrase  "a 
subset  of^'. 

« 

^■^  l^^i'  

^  ■  '\  ^  C  •  ' 

■  .   •    '  .  i 
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POLYNOMIALS  f  .  . 

In  the  defi&itioo  of 'real  polynomial  > f^ng411oa  given  in  the  precediitg 
unit  we  have  requited  that  the  domain  of  such'  a  ^unctioa  be  the  set 
*of  real  nurabers.    i;here|ore  a  teal  polynomi^  functiop    f    defined  by 

f(5c)         a       +  a    ,x^"".  >  i..  4^  aix  +  ao,    for  eachJteal  number 
n  n^.i  • 

*l8  COTpletely  . determined  by  .the  "algfebraic ^expres^ipn" 

a'x^  +  a  ^-x^"    4-  ...  -J-aix-i^ao,    in  the  variable  ^ 
n         n-^i  A  . 

DEFINITION  13.1  r    A  real  oolvnotalal  is  an  algebraic  expression  of  the 

form    s  x"  +  a    /x^^^  4*  aix  +  aq,    where    x  *  is  a  variable,  n 

n  n^l  *  * 

is*  a  noh-negativ^^  integer,  and    (ao,  a^,  a  )    is  a  sequence  of 

r«tal  nua^ers.  *  ^ 

-  •  ■    •      ■      •  ^ 

Mbre  generally,  we  cpuld  define  a  "polynotaial  ov<&r.    W    for  any  field  . 
K    by  requiring  that    ao»  aj,-...,  a^   be  elements  of    K.    In  the  be- 
ginning we,  will  state  all  our  results  for  real  polynomials,    ton  may 
observe  however  that^  these  results  are  dependent  upon  the  flgld  pro-* 
perties  and  can  be  resVated  for  an  arbitrary  field    K.    tater  in  ChV 
iunlt  we  will  be  concer^d  with  poiynosaials  over  fields  different  from 
the  field  of  real  numbers*  ' 

The  expressions  which  we  i^ll  polynomii^  are  often  called  polynomi-- 
als  in  on^  var liable"  to  distinguish  them  from  similar  expressions 
which  involve  ^wp  or, 'mote  vAriables  (e.g.,    x^  +  2xy  -t-  3xy.2  ^4 
would  be  called  «a  "polyncxnial  In  the  two  yaflables    x    and    y*') .  ^ 
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/      ■   ^  .    ■-  .     ,.  -  •  ■ 

.  Wtt  wlU  be  coacerned,  in  this  unit only,  with  polynomials  in  one  var- 
•     ,  ■  iable.  . 

.  Vfhich  of  the  following  expressions  are  polynomials? 
(a)    2x  +  3 

/  •    (b)         -  3x2  +  2x  -  I  •  ' 

(d)     1/x  •  ■  ■ 

<e)         +  1/x  . 
(0  0% 


ANSWER: 

U),  (b).  (c),  (f) 

N6te  that         real»number  may  be  expressed  in  the  form  given  irf  Defin- 
ition 13.1 therefore- a  polynomial.     Such  a  polynomial  is  call- 
ed a  constants  polynomial. 

Let  us  examine  some  definitions  which  are  commonly  given  for  the  word 
polynomial.  "  ^)  '  ' 

Example  1:     One  well-known  Jiigh  school  text  (the  "Modern  Mathematics 
Edition")  defines  polynomial  in  the  following  way:  ''Expressions 
which  have  one  term  are  called  monomials.    Expressions  whidh  have  two 
or  more  terms  are  called  polynomials."    ThJfe  definition  depends  upon 
the  meaning  of  the  word  term  which  is  defined  as  follows:    ^^Aii  expres- 
sion^ which  either  is  a  number  or  results  in  a  number  when  the,  vari- 
able or  variables  in  the  expression  are  replaced  by  numbers  Is  called 
a  tenp.     9or  example,    5ax    is  an  expression  having  one  term  while 
iOa      4    is  an  expression  having  tiio  terms:     10a    and.  4." 

Consider  the  following  questions  that  might  be  asked:  ^ 

1.     '*10a  +         is  an  expression  which  "results'*  in  a  number  when  the 

variable    a    is  replaced  by  a  nunOjer.     Is  it  a  term  according  to  the 

^  ■  .  > 

fa 
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■*         •      *  •  \ 

above  definition?    Do  you  think  th<3  authpra  intended  that    lOa  ^  4 

<i       ■     ,  ■'         .  " 

ali^uld  ba  called  a^  term?  *  « 

2,    In  the  exprisaaion    10a  +         10    la  a  nusiber*    la  it  altera  ac~ 
cord^ing  to  the  given  definition?  "       *  V 

3*    In  the  definitipn  of  polynomial  what  is  the  o^^ning  o^the  word 
"hav%"?    According  to  the  definition  of  tenp^    5,  a,    and    x  ar:,e 
each  terna*    Does  the  expression    5^x    "have"  the  term    5,    or  a, 
or  'x?  ,  •  , 

4.    14'^^^^    a  t^rm-  according  to  the  definition?    If  we  assume  that  ^ 
thfe  word  **nuii4>er"  in  the  definitions  refers  to  *Veai  number" »  note 
•  that    /%  \doed  not  seem  to  fit*  the  definition  of  term  since  it  does 
not  "reautt"  in  a  number  when    x    is  replaced  by    -I,  for  example.  * 
On  the  other  i^d.     ^    does  seeis  to  fit  the  definition. 

We  will  make  no  atteojpt  to  answer  the  atiove  questions* 

Example  2:    ^e  BaU  State  Curriculum  materials  define  polynomial 
,  function  in  much  the,  same  way  that  we  have  in  Unit  XII  •    Then  the 
term  polynomia'l  is  used  to  mean  polynomial;  function.    Of  particular 
importance '  in  the  dev^ilopment  given  in  these  materials  is  the  follow- 

ing  theorem,  which  is  statred  but  not  proved: 

•  .  ^  ■  i> 

"TheoiJ«im  7.1    (The  'Uniqueness  of  Representation'  Thep^ra  for  Polyno- 
mials).   Two  polynomial  functions  are  identical  if  and  only  if  their, 
coef  f  iciept .  sets  are  identical,  that  is^  if  and  only  if  the  f  irst  ^co-- 
efficient  of  pne  is  equal  6d  the  first  coefficient  of  the  other, 
etc  "1      *  •  ^  . 

The  statemfenj:' is  made  that  this  theorem  *'is  obvious,  but  very  diffi- 
cult  to  prove"V    One  mfght  t^Ke  exception       the  statement  that  the 
theorem  is  '*obvious**-     The  th«<^em  Is  true  for  polynomials  bver  a' 
field  wi^  an  infinite  number  vt  elements  (any  one  of  the  number 


Bruipfiei;' Eicholz/and  Shanks.  Algebra  II.  Addis^Wesley  Publish- 
.  ing  Co. ,  Inc. ,  Reading^  Massachusetts^  1962,  p.  209. 


fi^lda,  for  example)  and  a  proof  is  given  later  in  thisi  unit.'  How-- 
ever,  the  theorem  is  not  true  for  polynomials  over  a  field  with  only 
a  finite  nuujber  of  eleiaentii  (^the  fields  1/2,  1/3,  1/5,  for  example), 
9f  courae,  in  the  Ball  s/ate  ^jaterlals  only  pplynoicials  over  the  num- 
ber fields?  are  ^considered. 

Example  3:    The  S.M.S.d.  texy de'flpes  polynomialiras  follows:    "By  a 

polynoroial  in  x  we  utean  an  expression         which  is  a  sufii  of  terms  of 

•  (-^-^ 

the  forra  .  ; 

•  •         -  -       ■     ,  '  .  '    "    *;  •  ' 

a,  bx,  cx^,  dx^.  ...  "A  Y 

a,  b,  c,  d^  ...  being  numbers,"?  ^ 

This  is  eas6ntialiy  ithe  definition  that  we  have  given. 

In  the  definition  of  polynomial  we  have  given  no  atten^jt  is  made  ^ 
define  the  word  "vHriable"  or, the  phtase  "algebraic  expression". 
Near  the  en^  of  this  unit  we  wl,ll  Restate  the  definltioh  xjf  polynoml- 
al  8o  that  th^se  terms  do  not  appear.    For  the  present  It  is  suf fi-  ' 
cient  to  think  of    x    as  simply  a  symbo?L^  upon  which  we  can  perform 
car (aifn  elementary  algebraic  operations.    We  do  emphasize  that  a  vari- 
able is  not  a  real  number,  not  even  an  "unknown"  one.    Most  of  thV 
properties  of  a  variafale/^which  we  need  are  <^nt*ained  in  definitions  * 
which  we  will  state  presently.    In  fconneocion  with  the- foregoing  re-  * 
marks  the  student  is  urged  to  read  Chapter  2  of  A  Concrete  Approach 
to  Abstract  Algebra  by  W.  W.  Sawyer. ^  - 


Whatever  meaning  is  attached  to  the  word  "variable"  it  Is  essentia 
fot  pur  purposes  that  a  polynomial  be  completely  determined  by  its 
coefficients,^   More  precisely  we  will  assume  as  part  of  our  defini- 
tion of  ""polynomial : 


^  School  Mathematics  Study  Group,  Irltermedlate  Mathematics.  Yale*. 
UnjCrersity  Press,  1961^  pp.  86--87, 

^  Sawyer,  W.  y.    A  CQncrete  Approach  to  Abstract  Algebra.    San  Fr'an- 
cisco:     Freeman,  'IQSg. 
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DEFINITION  13.2:    The  polynomial  ''^^  +  %-l^^  ^      '  *  '  t  ^ 
with    a     4    0,    is  the.  same  aii  the  polynoBdali> 

^  n  -  ,  ^  -        .  ' 

b  X®  ^  b    ^x"^^  +  ...  4-  bi«  +  bo.    with    b    '4    e,    if  and  only  if  • 
n    •    m    and    ao    -    bp,    ai    *"  a     *•  b^* 

DEFiSmON  13.3:  In  the  polynomial  a^x"  +  a^_j«  +  •■•  3,1*  ^0' 
the  real  nuniers    ao.  «l»  •••»  called  coefficients  of  the 

polynoBial.    If  0.  then  is  called  the  leadiaR  coeffici- 

ent, and  the, polynomial  ia  said  to  be  of  degree    n. ■ 

■  •  •■      ■  ^ 

The  polynomial  Jx^^-  2x  +1    has  leading  coefficient  .         and  degree 


ANSWER: 
3;  2. 


i 


The  polynomial  5  has  leading  coefficient      ,    ,<and  degree 


ANSWER:   .  ,    "      •  .  ^-^ ' 

5;  0. 

The  degree  of  a  non-zero  polyncpia^is  an  eleraeht  df  the  set  o 


ANSWER:^         '  '  ■   '  *    .    ^  , 

non-negative  integers.  ^ 

The  number,  zero  is  called  the'  k^ero  polynomials    It  is  a  constant  poly- 
nomial.   We'do  not  assign  any  degree  to  the  zero  polynomial.    Be  care- 
ful to  note  that  this  does  not' mean  that  the  zero  polynomial  has  de- 
gree  zero.    It  ha3 'no  degree  at  all*.    ,  • 
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^  What  Is  the  degree  of  each  of  the  following  poiynoalals? 


> 


^SWERr 
>    (b)  0. 

Cd)    has  no  degree 


L  t 


ERIC 


What 'is.  the^  degre^e  of  .a  non-zero  constant 'polynomial? 


ANSWERS 
zero 


...  ,  ■•  r, 

,  ^      DEFINITION  13-4V    The  expre^lons    a^x^  ,  a^^^x^^^  aix,  ao,  in 

j  V,  polynomial    a^x^  ^  Vl^"^^^  +  . . .  +  a^-x      ao    are  monomiala  and 

jAre  called  tenaa  of  the  polynomial., 

Pojyfoiuials  are  equal  if^  they  have  the  saxm  non-zero  tenas  (terms 
with  non-zero  coefficients).  In  writing  a  non-zero  polynomial  we 
often  oMt  the  zero  terms.  «  "         *  . 

Consider  the  polynomial    x^      3x^  -  x^  4-  2. 

(i)  What  is^  the  degree  of  the  polynomial? 

(ii)  What  is  th^  leading  coefficient? 

^       (iii)     Is    2    a  coefficient?  .  i 

(iv)      U    3k^    a  cc^fficient?  '"'^ 
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(v>     -jc^  ;  Is  m  j_  of  the  ^olyaoodal. 


ANSWER:  ; 
<1)      '5  * 
(li)   -1  . 
(ill)  yes 
(ly)  no 
(v)  term* 


III 


ALGEBRA  OP  POLYNOMIAI^      '         /  v 

Addltl^  and  aultipltcation  of  polynoiaials  are  defin«id  just  as  if 
'  the  v«riibXe    x   were,  a  real^  nuB*er,  ualn§  «ha  properties  of  addi- 
tlon  *ad  Multiplication  of  real  nuiid>ers«    To  make  this  clearer,  let 
u«  s\ippo«e  for  the^iaent  that    x    is  a  real  niapber  (not  a  variable) 
and  consider  the  sum  '  . 

(2x2  +  5x  +  5)  +  (4x2  +  X      2) .  )  *  >^ 

What  p?%pertiea  of  the  re«*I  nuober  system  tell  us  that 

(2x2  +  3x  ^  5)  +  (4x2  +  X  +  2)    -    (2x2  +  4x2^  +  (3x  +  x)  +  (5  +  2)? 

ANSWER:^  '  " 

■  ■     -  .  f  -        '  ■ 

and    A^,    or  associative  and  comsautative  properties  for  addition. 


e 


Using  the    property  for  real  nuniers  we  have    (2*2  +  4x2)  + 

(3x  +  x)  +  (5  +  2)    -    (2  +  4)x2  +  (3  +  l)x  +5  +  2    «    6x2  +4^  +  7, 

-------  -  ^  ^  _  _  , 

ANSWER;  ., 

d^tributive    (property    K^^    is  also  used  to       lace  x    by    1  •  x,). 
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Now  consider  the  product 

(2x2  +  3x  +  5)  •  (4x2  +  jt  +  2). 


By  the  _^  ^  property  for  real^nu^^era  we  have    (2x^      3x  +  5)  •  (^^^ 

t  X  +  2)'    -..  (2x>2*+  3x  +  5)  •  4x2  4  (2x2  +^33j  +  5)  .  ^      <2y2  +  3x  + 
5)  •  2.  ^  '  '      »  • 

ANSWilR:  •  . 

distributive    (Property  is  also  implicitly  used.K  '  ^ 

Again  using  the  distributive  p|roperty  we  eee  that  the  preceding  ex- 
pression can  be  written  .  •  ^  ^ 
(ix^  •  4x2  +  3x  '  4x2  ^  5  .  43^2)  >  (2^^  .  x  -f  3x  •  tc  +  5  •  x)  + 
(rx^..  •  2  ^  3x  •  2  +  5  •  2).               '                       ^  ' 

Now  using  the  properties  ,        for  real  nomlters  we  g^t    8x^  +  12x^  4- 
20x2  4.^  2x^  +  3x2  +  5x  +  4x2  +  6x  10. 


7  ANSWER:  ^ 

M      and    M      (and    A  implicitly) 
c  a  a  . 


Now  we  use  properties  for  teal  aucijers  to  get    8x^  4^  (12x^  4- 

2x^)  4-  (20x2  +  3x2  +  4x2)  +.(5x  +  6x)  +  10. 


ANSWEE: 

A      and    A  .         ^  ^ 
a  c 


4 
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*    Fin«Uy  Property          for  real  nuaii>ers  gives  us    8x**  ■¥  (12     2)x3  + 

(20  +  3  *  4)x2  +  (5  4  lu  +  10    -    Sx**  4-  14x3  4  27x2.  +  llx  +10. 


•  ANSWER: 

• ;    D  ;     •  ■  ;  -.^    ■     •  ■ ; 

'  ,  You  aay,  be  taoi^  accustmaed  to  writing  the  aboy^,.4iMitiplication  in 
!|<    .    the  following  fors. 

;  '2x2  +  3x  ♦  5  ■  .  r  ' 

Sx**  +  12x3  ^  20x2  '      •  y 

2x3  +    3x2  +  5x  . 

'        .   4x2  4-  6x  4-  10  I 

^Bx'*  +  14x3  +  27x2  +  llx  +10         ^  '«* 

In"  this  form    Sx**!*  12x3  +  20x2    represents  what 'product? 


ANSWEft:  > 

*(2x2  +  3x  +  5)  •  4x2  ^.  -    '  ^  ' 

SindiArly    2x3  +  3^2  +  5^    represents    (^x2  +  3x  •  x,  and. 

4x2  +  6x  +  10    represents    (2x2  +  3x  +  5>  •  2.    These  are  the  prOr 
ducts  obtained  above  after  the  first  application  of  the  distributive 
property.    In  adding  these  products  we  add  the  coefficients  of  like 
powers  of    x.    Here  again  the  distributive  property  is  used.  Note 
that  when  we  multiply,*  in  genfral, 

bo),  '    .      .  '        ,  ■  < 

to  get  the  coefficient  of  we  add  the  c<^fficients  -of.'all  terms 
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Thut  th«  coefficient  of  is  . 


ANSWER;       *  "  ^  • 


a  m 


The  coefficient  of    x*^^    is  the  sum  of  the  coefficients  ^f.  .^-N 
<V'>  '  <Vl           -    a^b^^*^^l  -and*  ia^^h  •  (b>)  1  ' 
•    i.e.,  the.  coe|flcient  is   .  • 




ANSWER; 

n  B>-1       n-1  m 


What  is  the  coefficient  "df  x*^"*^^? 


n  18-2       n~l  n-2  ri 


What,  is  the  coefK^le^at  of  x^^^"^? 


ANSWER: 

a_b       +  ,a„  -b    _  +.  a    .b    ,  +  a  "—b 
n  B>-3       n-1  0-2       n-2  m-1,      n-3  m 


The  ab^ve  discussion  of  the  situation  when    x  *is  a  real  number  ' . 
lAads  us  to  make  , the  following  deknltions  for  polyno^ilw  (where  we"' 
now  m»8um  CHQce  isjre  that    x    is  a  variable):  ' 
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PEFINITIOH  13.5:    Let    B  ^  *  a„  ,x"'.^  +  .      +  a,x  +  ao  '  and    b  + 

^^L^i^^       +  •*«  -Kbix  +  b0    be  poiync^als.    Then  - 


ANSWER}  ,  .  *  . 

DEPIfJITlON  13.6:^   Lat    a^x"  +  a„.jX°"^  +  .:.  +  aix  +  ao    and    b^x«  4-. 
b  -,x°"^  +  ...  +  bix  +  bo.  b«  polynomials,  theo,  -  (a  X^  +  a    ,x""*^  + 
ao)  •  (fa^x^  ^--b^^x"^^  +  v;.  ba)    -  '  (a  b 


^n'^B-l     «n-lV    ?n^^2  ^  VlVl     V2^fflV  «0^0- 


ANSWER: 


r 

*    '  .   ^  .  ^  ^  ^  / 

Although  the  .aasi^tlon  that    x  -is  a  real  nuaier  led  ua  tg  deffiie 
addition  ^nd  multiplit^Mon  of  polynJ^als  aa  In  Definitiona  13.5  and 
13«6,  when  we  prove'  things  about  these  operations  for  polynomials  we  ^ 
do  not  asauiae  thit    k    is  a  real  nuirf)er  but  work  directly*'! rem  Defin- 
itions 13.5  aria  13,6,  ,  ^ 

Find  the  product  ■  ^  ' 

(2x^  +  2  •  x3  .         ^  ^  .  ^  ^  j)^2^  -  3x  1). 

ANSWER:  ' 


4x^  *  2x^^,10x\'4'13x3  ^  &2  ^  4x'-l 
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Find  thft'  product 

<2it»  -  3ji^      2x  +  l)(^x2  -  /3x  +  5).  ^  .  ■ 

.  'V    ■  ■ 

J.  _  .,  ^  .  .   _  ^  .  .  . • 

ANSWER:         «  '  - 

2^x^  +  (-2..^  -  i^yn'*  +  (lb  +        +  2/2}%^  i  (IS  -  2yf  +  V2>x^  + 
(10  -  /3)x  -f*  5      •  '  • 

(J  V 

:  _ ,  _  . . . .  -  _ .    -)fe-v.  -f. . 

To  prbve  that  the  coo^utative  prbperty  holds  for  additioa  cff  poly- 
Qo^ale  you  ouat  show  th«t    (a       +  a    tX°~^  +  . . »  4-  atx  +  an)  + 

a        »-n^i,  .*         ^  n  n-i 

hi%  4^  bo)  4-  (a       4  a    ^x°"^  4-  . . ,  +  atx  4-  ^q)  .  * 

Wtlt«  Out  a  proof  of  this  and,  in  your  proof*  point  out  whitrc  t^B 
conutat^ve  l^v  for  ^ddltioq  of^real  {iufi^>«r0  ia  uaa4  and  wh«ra  the 
definition  of  addition  of  polyncM^als  im  iiaad* 


(I)    Ca      4^  a    .x^^-^  4  aix  4^  as)  +  (b  x^  4-  b    ,x^^  4-  4- 

bix  4-/ bo)    -    (a^^  4^  b^)x^  ^  ^  Vl^^^^^  ^         ^         ^  ^i'*  * 

(ao  4^.bQ)    by  definition/    '  \  \^ 


(2)    (b  x"  +^b^  .x*^"^  t  '  •  •  +  bix  +  l»0>  ■»  (a  «   +  a    ,x^"^  +.»,.+ 
n  n-ri         ^  *  n  n-l 

aix  ^  ao)  '  •    (b„  4-  a^)x^  +  <b    ,  .H^^^  4-  ...  4^  <bj  4^'ai)x  4- 

n      ,n  n-i       n-i  »  *     ,  * 

(b0  4;  ao)    by  definition,  •  ^  , 


(3),        4-  b  b^  4-  a  ,  a  ■     4  b    ^    *    b    ,  4^  a    -i ,  ♦ . . ,  aw  4-  bi 

n  •    n  n       n     n--!       n-1  n-1       n-^l  / 

p    bj  +  a^,    ap  4-  bo  •    bo  4-  ao    by  the  conmitative  lay  for  additlc!^ 

real  nujsbera. 
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(4)  Therefore    (a^  +  b^)ji*  ■»■  («^_^  +  *        *        ^^i)*  + 

•      '  -  '     ■   •  . 

(5)  Therefor*    (a  x°  +  a    .x"*"^  +  ...  +  «|X     an)  4-  (b  x°  +  b  ,x.**"^ 
+  ...  4  bix  +  bg)    -    (b  x"  4-  b    .x*^"^  +  ...  +  btx  •♦■  bg)  4-  (a  x**  +  . 
a^_jX       4-  ,..  4-  ajx  4-  «o).  , 

The  aatoclative  property  fpr  eidditioo  of  polyncmiaXs  cm  \m  proved 
BladlaftXyl    The  Propic'tiee  .  A^^    end    A^^    hold  £or  polyn^lels,.  . 

Th^  additive  Identity  le   The  additive  inverse  of  the  poly- 

now^l    3x^  -  4k^  4-        -  X  -  1    ie'  ^.  - 

ANSWER:  .  ^ 

C     the  sero  polyno«l«lj    -3x^  4-  Ak^  -  2x2,  +  x  4-  1. 


The  Propereics    M     aiid    M     hold  for  polynonin^la . 

a  c---  «  •  .<. 

(3x5  ^.  3j2  4  2)  4-  (x^  -  3)    -  ^x^  4-  2x2  -  1.  ' 

<-2x  4-  I)      (3x3  4-  2x2  -  1)    -   ^ 

(2x  4-,!)  •  (3x^  4-  X?  4-  2)  4-  C2x  4-  iXx^  -  3)  -  

The  above  illust^iCee  the  yalldity-of^operty  ^  ^  for  polyn'oolaljpK'''''^ 


ANSWER i 

t3L*  4-  7x^  4-  2x2  -  2x  -  i,  6x''  4-  1%}  4-  2x2  _^-2x  -  J*,  D,  the  dis- 
trlbutive  property. 


Wh»t  ifi  thm  multiplicative  idratity  for.  polyncHnisls? 


uc 


ANSWER:-  '  %  '  .  •  .  ' 

Th«  polynottdal    1.,  .  ' 

'  J^\^  ^ \.  ...  -  -^rO        ^  ,  ^ 

The  fact  that  we  have  dafiaed- addition  and  multiplication  of  ptjly-'^* 
nooiala  aa  if  the  variable    %  vera  a  r^al  niuaber  accounts  for Jthe- 
£act%hat  so  many  of  the  properties  ot  addition  ^d  multiplication 
^t>f  real  nu^ara  carry  over  to  theae  operations  for  poly^iomiala . 

What  do  you  know  abput'the  degree  of  tha  product  of  a  polynomial  of 
^  degree    n    and  a  polynomial  of  degree    m?  ,  , 

.ANSWER:  ^  ■  .   ^       '  -  _  ' 

The  degree  la    n  -f  ».  %  , 

 i_  

If    P(x)»   is  a  non-zero  pplys^xolal,  what  is  true  about  fhe  degree  of 
(x2  +  2)  •  P(x)?  '  ;     /  r 

ANSWER:  ' 

Th^  degree  i»  greater  than  or  equal  to  2. 

[Note;    Your  answer  is  incorrect  if  you  said  "greater  than  2*\  For 
exampra.  if  -    1,    then    (x^  +  2)  •  P(^)    ^       4^  2,    and  has 

degre^  2.  ]  ^ 

If    Q(x)    is  a  polynomial  of  degtee    3    and    P(x)    is.  a  poXyuoaial 
q^Begree    2,    what  is  the  degree  of    QC?)  •  P(x)?  ^  * 

 _.  
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If  Q(it)  is  m  polynomial  of  degree  3  and  P(x)  is  a  non-zero 
constant  polynomial,  what  is  the  degree  of    Q(x)  •  P(x)? 


ANSWER^®* 


/ 


What  is  the  degree  of  the  eons t ant  polynomial  1? 

'   ANSWER:  ,  .    v  , 

0.  •        '  ^' 

/      .  ,  ^  .  . 

_  -  ■  „  ^  —  -  -  _   ^   


If  q(x)  Is  a  polynomla 
polynomial    P(x)    such  th 


1  of  degree  greater  than    0,,   is  there/any 
hat    Q(x)  •  P(x)    -    1?    Why?  '  / 


ANSWER: 

No.     If    P(x)    is  the  zero  polynomial,  then    Q(x)  ■    0.  If 

-P(x>    Is  non-zero  then      Q(x)  •  P(x)      has  Megree  greater  than  0,, 
but     1    has  degtee    0.  * 


The  preceding  illustrates  the  failure  of  Property 
als.  *  '     .  ^ 


for  pblynomi- 


in' 


erIc 
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Which  of  th«  following  ^olynemlalB  have  railtiplicative  inverses  that^ 
axa  polynoaiala?         '  -  " 

(b)  x3  .  ■  '  •         '  ■.         •   '  .'Y  . 

(c)  5\  •  *  % 

(d)  -3  .  ,  *  • 

(«).  0     •        .    .  L  '      *•  ■     •  ••  •  . 

•  •  •       ■  * 

••ANJiUER:              '        .     ^  •  ' 

.  («?)  and  (d>.  ^ 
_  ^  ^  ^  .  .  .  .  .  «  i^.  .  .  .  .  «  .  .  .  ^  .  -  .  -  .  .  - 

In  gen#ral;  what  |>olync^iajls  have  multiplicati^e^nverses  that  are 
polynomiala?  ^  «  •  ^ 

"        ■  -  -  -  -  -  -----  - 

ANSWER:         *  . 

The  non-zero  coda  taut  palyncnniaXs«  ,      '  . 

 ^.  : 

If    P(x)    and    Q(x)  non-zero  goiynomlals  is  it  possible  tkat 

.  P(x)  -  q(x)  -•0? 


ANSWER:  -  ^  ■  i 

No.  If    P<x)         a  x"  +  a    ,)c""^  -f  ...  +  aix  +  an,    with    a     ¥  '6, 

and    Q(x)    -  b  x°  +  b^-x""    +  . . .  +  bix  -f  bn,    with    b   '  i*  0, 
than    p  b  is  a  non-Eero  tens  of    P(x)  *  Q(x)^ 


State  the  cancellation  ptppert^  for  multiplication  of ^  pol3moi3lals, 


/ 
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ANSWER:  •  - 

If    PXx),    M(x)/  and    N(x)    are  t»oly^,o^als  «wch  that    F(x)  *  M(x> 

•    P(xi  •  N(x),    and  if    P(x)         0.    then    M(x)    -  ^(x). 


Prove  the*  ci&cellation  property  •for  ©ultipllcation  of  Hal  polynoiai- 
uifiog  tha  fact'\hat  if    P{x)    and    Q(x)    are  non-seVo  polynomi- 
als?  then    P(x)  •  Q(x)    ^    0.     (You  need  not  list  as  reasons  the 
field  properties  of  the  real  nui^ers  that  you  use,.)  *Lf  you  feel 
that  your  proof  ia  eoiapiete^  skip  the  next  it^,  *  If^S^t  go  to  the 
, suggestion  belc^v.  ^  . 

---Y:------y-r--------  ■-- 

Suggestion:  Suppose  that  M<x)  ^  N(x)  and  consider  P(x)  •  M(x) 
-  P(x)  •  N(x).    Can  you  show  that  this  polynomial  eannot  be  0?. 

Go  back  to  your  proof  *    Make  correct^ions  or  additions  before  Mg*- 
ceeding. 


PROOF:    The  cancellation  law  may  be. stated  as  follows:    If  P(x) 

*  ■ 

'0^    then  ^  -  .  ' 

P(x)  •  M($)    -    P(x)  •  N(x)  Hit)    -  N(x) 

Let  uk  suppose  that    Mfx) .  ^    N{x)    and  show  that  this  leads-  to  a 
contraWction-     If    M(x)    ^    N(x)^    then    M(x)  -  N(jc)    is  ^non-zero 
polynomial.     Since    P(x)    4    Q,    P(x)[M{x)  -  N{x)]         0.  'Thus  ' 
P(x)  •  M(x)  -  P{x)  •  N(x)    V    0.    Therefore    P(x)  •  M(x)    ^    P(x)  - 
N(x)4    a  contradiction  of  the  hypothesis. 

— ._  

We  see  that  for  the  algebra  of  .polynomials  the  field  postulatijs   


-»  — s  • 


and  ,  hold,  while  postulate 


fails  to  hold/ 
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ANSWER:    "  *"       ^  •«» 


Wtiat  subsystem  of  the  real  nun&ers       you  know  in  which,  all  the  pro- 
perties   A^,  A^,  A^^,  A^^,  H^,  M^,  M^^,    andh-D    hold,  in  which  M^^ 
fails  tg  hold,  but  In  which  the  cancellation  law  for  tatiltiplication 
holds?  ^  '    '  J 


ANSWER:  ^  ^  ^ 

The  system  of  integers  .V  .     ^  *• 

^  T  ^  ^  "  ^  ^ 

DEFINITION  13..7:  ^An  algebraic  system  whicJ>  is  closed  under  two  bi- 
nary operations,  addition  and  multiplication,  and  in  which  the  pro- 
perties'  A^,  A^,  A.  ,  '  A.^,  M^,  Vl^t^M.,,    D^^and  the  cancellation 
^  a      c-     idJC   in      a      c^  id 

property  for  multiplication  ar^e  valid  is  calAed inteRtal  doinaio* 


Which  of  the  follc^ing  systems  ar^  integral  domains? 

' '  ■  .   ,  '*  * 

(a)  real  numbers 

(b)  tational  nuni^ers 
(cy  integers 

(d)  even  ihtegers 

(e)  pas  it  lye  in^llgers 

(f)  polynomials 


ANSWER: 

(a),  (b),  (c),  (f )  •^''^mei^er  6hat  the  cancellation  law  holds  in  any 
field. ^  .  ' 
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What:  basic  prop«$rtl<s'»  of  ao  integral  dpoaln  do  eseamples    (d)  mfd 
(a),    of  the  previcius  item  fail  to  have?  . 

"/  '/  ^  -  -  -  ' 

ANSWER: . 

(d)    Property    M^^    pAU.  ,      ^  f- 
(«)    Ptoprties  .  A^^J    and    A^  faJLl^ 

-  -■  -  -      -  -.-         -  -  -  -.  -  -  J-  '  -}  -         -  ---^  -  —  -  r 

TWo  systeiai^  abov0  which  are  integral  domains  but  are  not  fields  are 

tha  system  of  and  the  system  of   .J^- 

■  » 

ANSWER:  .... 

■  r 

integers,  polynoMals.  .  • 


DIVISION  THEOREM  FOR  POLYNC^IALS/  FACTORING 


"We  XTtll  see  that  there  are  ot^ter  striking  similarities  between  the 
systesna  of  integers  and  polynomials*    We  have  seen  that  because  Fro- 
^4^ty    ^j^^    fails  to  ho^d  in  the  systesi  of  integers  exact  division 
is* not  always  posjiible.    We  did,  however,  introduce  for  the  integers 
division  with  remainder.    In  the  division  tlieoreia  for  Integers  what 
conditions  on  the  feinainder    r    were  required  (when    a    is  divided 
by  "b)  r 

"  "  "  "  "  ^'  '  r  ;  -  -  -  - 

ANSWER:  .       '  . 

0  <  r  <  |b|.  Note  that  the  answers  **0  <  r  <  |b|"  aid  "0  £  r  <  b'^ 
are  not  correct.    Take  care  to  state  your  t^swer^  precisely. 


State  the  divrifiloQ  theorem  for  iat^gerg  completely. 


ANSWER: 


If  eacb  of  a  and  -b  is  an  Integer  and  b  0,  then  there  ate 
integers  '  q    and    r    such  that    a         q  •  b^  r    wd    0  <^  v  <  |b}  . 


There  is  a  similar  division  theorem  for  polynomials.    Let  us  lllus- 
trate  with  ma  eacample.    Suppose  we>divide  the  polynomial        -f  3x^  - 
2x  -i"  1    by  2x  ^  2.    Using  long  division  we  have 


/  Xj^-f  5 

x^      2^  +  2    !  x^^  3x^  -  2x  +  1 

-  2x^  t  2x 

5^*^  -  4x  -f  1  ' 

♦  . 

5x^  -  IQk  +  10 

Thus  we^get;  a  quotient   and  remglndeii^^ 


ANSWER: 

x  +  5,    6x  -  9 


A. 


We  can  express  the  result  of  the  above  division  in  the  following  ways 

x^  -f  3x^.  -  2x  +  1         (x  -f  5)  •  ^(x^  -  2x  4-  2)  +  (6x  -  9)  / 

^In  the  division  theorem  for  intege^rs  the  rem^indei'  is  always  less 
9:han  the  absolute  value  of  the^divisor.     In  the  previous  example 
does  it  oak#^ sense  to  say  that  \' 

6x  -  9  <  Ix^  -  2x     2|?    Why?  -  V     .  ,  . 


c 
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ANSWER: 

Hq.  U«  hmvm  not  ttiisuaed  that  polynomials  are  ordered,  tlier^fore 
abaoluta  valua  haa  ao  meaalng  tot  polynomials  a&d  It  doaa  not  make 
iienaa  to  talk  about  one  phoTynomial  being  leaa  than  another  (unless 
of  cqursfii  the  polynoiaiala  happen  to  be  constant^  i«e, ,  real  nui&bars). 


Thare  is,  4;*3wever,  a  relationship  between    6x  -  9    and        -  2x  +  2 
which  is  ii^ortant  in  the  given  division  process./ V^^t  is  it?  v*'^ 


ANSWER  2    ^  ^  .  — 

The  reij^inder  ^  6k  -  9  has  de^^ree  less  than  the  jifefitee  of  the  diyisor 
-  2x  4*  2 . 


The  condition    0.^  r      |b|    is  replaced,  for  pOlynotdals,  by  the 

condition  that  the  remainder  ig  either  zero  or  has  degree  ^   the 

decree  of  the  divisar* 


SWER: 
less  than»^ 


If  the  rciaiainder  is  not  xero 


its  degree  tanst  ^e  whatjkijsd  of  n^j^nber? 


Non-negative  Integer. 


i  Why  cannot  the  condition  be  stated  simply:  the  degree  of  the  remain- 
t        der  is  less  than  the  degree  of  the  diyisor? 


ERIC  ,  . 


ANSWE8:«  • 

B«c8ase  th«  waaloder  may  be  tbe  zero  polyi«»iaX  and  it  h&a  ao  da- 

Wb  now  give  a  farwil  atatetaent  of  the  division  theorem  for  polyncsai- 

•  _     aU .  ■  '     ■  •  ■ '       . .       >.  ■ 

*tHBOREM  X3.1:    If    P(x)    and   H<x)^   are  polyooBlala  and  ^  0, 

than  there  are  unique  polynoalais    q(x)    and  such  that  P(x) 

-  Q(x)  •  N(x)  +.  R(x)  where  8<x>  is  either  the  zero  polynonjlal  or 
is  a  nb^-zero  polyncHilal  whose  degree  is  less  than  the  degree  of 

We  call    P(x)    the  dividend,    N(x)    the  divisor,"  Q(x)    the  quotient 
-  and    R<x)    the  reaaiader. 

Why  la  the  equation    x^  +  3^2  _  2x  +  i    -    %  .  (^i  _  2x  +  2)  + 
(5x^  -  4x  +  i)    not  a  correct  application  of  the  division  theorea 
(dividing    x'  +  3x2  J*2x  f  1    by    x^  -  2x  +  2)? 


ANSWER; 

The  remainder  -  4x  +'  X    has  degree-equal  to  (not  less  than)  the 


nsBtJiuawr  ^x-  -  «*x  1  nas  aegree-^q 
degree  ^the  divisiqr    x^  -  2x  ■»■  2, 


In  Xooklijg  for  a  proof  of  Theorem  13.1,  let  us  analyse  the  process 
involved  in  dividing    x^  +  3x2  -  2x  +  1    by    x^  -  2x  +  2,    The  first 
step  In  the  procea*  of  long  division  is 

X     :  _    '  ■ 

-  2x  +  2    I  x^  +  3x^  -'2x  +  1 


-  2x^  2x 
5x2  -  4x  ^  1 
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\  We  obtain  th«  poiynu^lai        -  2x2  +  2>c    by- miXtipiying  th«  divisor » 
-  2x  ♦  2»    by  the  firs  £  tern  of  the  quotieott  ji* 

The*  fimt  term  of  the  quotient,  x,  is  e^osen  so  that  what  will  be 
true?  •  ' 


ANSWER:  \  . 

So.  that  when  we  subtract    x  •  (x^  -  2x  -f^  2)    trc«a  trte  ^vldend^  x^  + 
3x^  -  2x  4-1    the  tenae  of  highest  degree  cancel,    fhle  yields  a  re- 
t&j^inder,    5x^  -  4x  +  Ij    of  degree  lower  than  the  degree  of  the  .divi- 
dend. " 


Thus  we  have  ' 

V 

(x^  >  3x2  -  2x  +  1)  -  X 

•  (x^  -  2x      2)'   *  5iJ2 

or  Nequ  i^a lent ly 

x^-t-.'Sx^  -  2x  -I-  1    «  X 

•  (x2  -  2x  +  2)      (5x2  . 

Thb  division  process  is 
• 

not;^  complete  because  ^  

* 

ANSWER: 

The  degree  of  the  remainder,  Sx^  r-  4x  4-  1>  '  is  not  less  than  the  de-  - 
gree  of  the  divisor* 

Hence  we  repeat  the  proc^iips  using    Sx^  -  4x  4-  1    as  the  new  dividend. 
This  process  is  continued  until  we  get  a  r^aainder  which  or  " 


ANSWER: 

is  2ero  or  has  degree  less  than  the  degree  of  "the  divisor »    x^  2x 

2.  ^  •  .  .        ■       -  ■ 

 ....  A.  ^'  
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'W«  cAs  lodlcat*  th«  dlvlBioa  In  ehe  sxampif^shWa  «8  follows; 
x3  +  3^2  -^2j£  4  1    -   X  •  Cx^-  2it  +  2)  +  (5x2  -  Ax-*?  1), 
5x2  -  4x  +  i    .    •        (x2  -  2x  +  2)  +  ,  y 


/(USSWER:    .  ■  .  •  • 

Ss    6x  -  9,  '    .   ,  . 

;.........i...-..,u- ------- 

Therefore        +  Sx^  -  2x  ^  1  '  •   x  •  (x^  -  2x     2)  +  5  •  (x^  -  2x  + 
2)  -I-  (6i  +  9),       K  \  ^  . 

•    {x^+  5)(x2  -  2x  +  2)  +  (6x  +  9). 

Thie  l8  of  the  form  given  io.  Theores-  13.1  because  fix  -  P  has  decree 
^less  than  the  degree  of  'x^  -  4^  4  2. 

I. 

The  idea  used  in  thift  example  can  be  used  to  cooatruct  a  proof  of  the 
existence  pmtt  of  thwtm  13.1  •    We  obserire  first  of  all  that  if 
F(x)    •    0    or  if    P(x)    has  degree  less  than  the  degree  of  NCx)^ 

then  we  can  cbooaa   0(x)    »    md^  R{x)    -    and  the  con* 

ditions"^  the  theorra.are  fulfilled  (look  back  at  Theorem  13.1). « 


ANSWER: 

Q(x)    .-    0,    R(x)    -  P(x) 


Consider  now  the  case  where  P(x)  has  degree  greater  than  or  eqml^ 
to  the  degree, of  N(x}  •  In  the  division  process  we  first  look  for  a 
monoGQlal  such  that  when  we  subtract  *  f)(x)    froia  ?(x) 

what  happens? 


the  tenss  of  highest  degree  cancel* 
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,   Suppose    PC?)    •    «oi«^  +  ^iK^^^^^^^'^t^  a@    ijj    0,  atui 

•  t#rai  of  dfigirna  a? 


iUJSUER:         ^      •  '  . 

CiuKi8«    c%     -   ^  X      ♦    ThUil  the^era  of  highest  degree  it|  cx 

N(x)    is    l^jc^-^^  box^    -    agx^.    When  subtract^  x""^*  •  N(x) 

.  ^tom   P(x)t    this  tern  caticals*  *  . 

We  -get    P(x)    -   ^  x^"®  •  N(x)  +  RjCx)    where  "Ri(x)    is    0    or  has 
degree  Xesa-  than    n*    We  can  repeat  tfaeproceea  with    R[(x)   *  In  ^  lace 
of    F(x} ,    If  the  prx>ceas  Xf  r^eat'ed  aucteaiiively,  eventually  ve  get 
a  reffiaiiider  which  ia\  0    or    which  has  decree  lees  than  the  degree  of 

*  ThUa  laat  step  can  be  made  rigorous  by*uaip|;  mathematical  ,i^uction« 
We  will  ifot  do  this^here,  nor. 'will  w^  prove  the  uniquiness  part  of* 

'  the  theorm.    However^  we  will  illustrate  the  process  with  another 
example*     -  ^  ^ 

*  Let    ?ix)    -    3x^  -    ^Ix^  ^       +  5    and  ""NCk)    -    2x  +  1.  Then 

-  *  (33{^   -  .  |it'2  +  3x  +  57'  -  ,|5f2(2x  +  1)'    -    -2x2  +  3^  ^.  5    j^.  ' 

*  i  3  '  >  .      '  V 

,       3x^   -    2'x?2  4-  3x  +  5    "  -   "Jx^CZx  +  i)  +  (-2x2  +  3x 

Then    -2x2  ^  3^  ^  5    .    .         -I*'  1)  4-^  ,  ^  ' 


ANSWER:  . 
/x;  ^x  4^  5 . 


J  >  ■  ■ 

FltMiUy    4x  ^  S  /-i   •  (2x  +  1)  +  \_, 

 ■  -   ^  _  ^  .  i  ,  .  -  »  . 


ANSWERS  « 

*  ,  ..... 

••2{'   3.  ."■   '  . 

'    .  ''        '  '     '  ^ 

Coll«cflng  the  jabqvm^e  obtain 

—         •     '      .  '   '  '  '  *  ... 

-  ^      +  5J  ,      |x2(2x'+  I)  t  (-2x^  +  3^t  +  5)  * 

-      |x2(2x  +  1)  +  (-x)<2x  +il>  t  4x  +*  5 
'         ^       ■         .  -      ■|*i^(2x  +^1)  +  (-x)(2x  +,1)  +  2(2^,+  1)  +  3 
'  (|x2  -  «  +  2){2x  +  I)  4-  ^        ^  '■ 

Note  how  this  divisiOD  appears  in  the  usual  long  division  form: 


(3/2)x2  -  X -H  ^ 
2«  ♦  1   I  3x3  .  (i/2)x2  ,+  3x  +  5 
3x^  -t-  (3/2)x2  » 
-2x2.  +  3^  ^5 
-2x2  ,  >K 
.    , '         +  ■  5 
•-         -t-  2  ^• 
3  - 


ift  the  equation    P(x)    •    Q(x)  •  N(x)  +  R(x),    obtained  f.ra^"'^^ 

division  theorem  if    R{x)    happesa  to  be  the  zaro  polynfflaiaj.,  then 

^  ■       ».     .  . 

P(x)     i«  exactly  divisible  by    N(x).    We  say  that    N(x}    and  Q(x) 

are  factors  pf    PCx).    for  we -havfr   P{x)'  •    Q(x)  •  N<x) .    We  will 

see 'that  factoring  of  polynod'ials  1^  similar,  in  many  respects',  to. 

"  ,  ■  ■    •  ■  • 

factoring  of  integers,  which  we  have  already  discussed. 

In  studying  Che  fact^lzation  a£  intagers  sau .  that  the  integers  1 
and  -1  are  factors  of  evelry  integer*  This  is  due  to  the  fact  that  1 
and  --1  have  which  ^re  integers* 
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tt«ciiuiie  i  and  -1  have  aultip^icrftiv^  iovergeii  which  are  integers  we 
call  tlMgsa  ^  of  the  liyijtm  of  integers,  .  ^  / 

ANSWER:  ,  '  . 


DEFIDJITION  13.8:  In  any  integral  drasain  the  eleaenta  which  have  mul- 
tlplicative  inverses  in  the  iotegi^  domain  ate  called  units 

Field  Property  tells  u^^  that  fevery  non-zero  element  of^a  field 

haa  a  sultiplicativc;  inverse* 


ANSWER: " 

^  ■ 

What  are  the  units -of  a  field? 

ANSWER:  ^ 

.  * 

All  the  non-xero  ela&enta  of  the 

> 

field. 

• 

In  the  system  of .polynomials  the 

only  elsaents  which  have  multiplica- 

Jtive'  inverses  are  , 
♦ 

« 
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Tli«  oun-seiro  conntant  polynomials  < 


The  cK^i^- set o  cons  t«tit  polytuxaialtt  are  th%     •  .  -^^jof  the  Aystass  of  poly- 


ANSWER: 
unita. 


If)  the  intagral  dossain  of  polypoi&lals»  a  unit  is  a^ factor  p£  every 

polynoisial.    Thus  we  could  write    x  -  2         2  *  (x/2 -r  1}    6t  *-  Z 
•    1/3  •  ,  (3x  -  6),                          \  . 

The  first  axaajiile  illustratea  that    2    is  a  factor  of    x  and  the 

second  example  illustrates  that    1/3    is  a  factor  of    x  -  2.  In 

fact.  If    c    is  a  unit,  i.e. ,  ^%^on-2ero  cp^tant  polyn^omialt  and 
P(x)    is  any  ^olynoaial  we  can  write    P(x)    ^    c  •  [l/c  P(x)l 

Since    c    is  a  polynomial  and  '  l/c  P(x)  J.s  a  polymxaial,    c    is  .a 
factor  of    P(x)«    In  discussing  faetorissatdon  of  polyn(^iais  we  vill 
be  particularly  interested  In  factorisations  in  which  tii^->f actors  ^fe 
not  units.  ^ 

What%is  true  about  the  degree  cf^  a  non-gero  polyn<nalal  if  it  is  not  a 
unit?  f    ^  '  * 


L 

ANSWER: 

The  degree  is  greater  than  sero*. 


Wtilch  of  the  fol4<0rflr^g  polynomials  are  units? 
{a)i  VI 
(b)  X 
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(4)  0         •  y 


ANSWER?  X  , 

{«)    mtd  ^(ie).   ,The  polyTu^ials    ji,  2x?  -I-  3t    and    0    do  not  have 
multiplicative  invaraea  which  are  polynoisi^la.    /Z    has  inverse  1//2 
and    -1    haa  Inverse    ^-1,  *  * 

-  -  -  ^  -  -  -  -  -   .  .  ^  .  «  1  - 


DEFINITION  13.9:    A  n^zero  polynooial  Is  said  to  be  factorable  if  | 
^    ^       it  can  be  written  as  a  product  of  fiKrtors  which  a|*e  not' units.  (Some 

bopka  use  the  term  reducible  Instead  of-  factorable.) 

"  y  . 

What  i^  true  about  the  degree  of -any  factoralsde  polynomial?  Wliy? 


ANSWER.         ^  ,  .  . 

The  degree,  is  greater  than  one«  bec^se  the  degree  of  any  fa<rtor 
which  is  not  a  unit  must  be  at  least ^one«  . 


^  Is  a.  contstant  polynomial  factorable? 

r    '  .       .  .  •         ;  ■ 


ANSWEJlT 


No. 'it  cannotvbe  written  as  a  product  of  non-constant  polyncwaials.. 

■   -  

DEFINITION  134O;    A  polynqmiAl  is  called  irreducible  if '  it  is, non- 
constant  at^  not^actQTable*  * 

The  irreducible  polynccsials  are  the  analogues  of  the    in  the  sys- 

t&a  of  integers,  i 


0 


-        .  c 
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ANSWER:  * 

piffle  numberii^*  .  - 


The  non-sero  constant  poXynoi&ials  are  the  analoguies  of  the  Integers 

1  and  -'I  b/scautse  the  non-^ero  constant  poiyn/i^ials  are  the   ,  of 

the  9y«item  of- polj^nomiarfii  while  1  and  ^-1  are  the  of  the  syatera 


of  integer a « 

ANSWER; 

s 

units;    uni^^  * 

-  * 

\  ■ 

Coinpoaite  integer 9 

ase  the  analogues,  of  the 

polync^ials. 

ANSWER: 

* 

'  ■■  ■  /  ■  ■ 

factorable.  ^ 

— *■  * 

..../.... 

I/i  the  system  of  Integer^s.we  know  that:     1    and    -1    are  neither 
prime  nor  composite,    The^analogue  of  this  statement  ^for  polynonials 
i^2     the  J        polynomials  are  neither    nor 

answer":  i 

nDn-'4ero '  constant;     irreducible ;    factorable , 

■  o 

 ♦  

Is'  thf  polynomial    4x  -  4  factorable? 
A^SjH^kK: 

No.     It  cannot  be  written  as;  a  product  of-factdrs  which  are  not 

A 
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MUitu.    Ja  ttie  factorisation    4(x     1)»    the  factor    4    is  a  uait^ 

»  -  -  - - .  ...     -  -  -  - . . . .  -  -C  . . .  - . .  -  A  .  z  .  _ 


la  tha^diynoiaiai    5  irreducible? 


ANSWER:       •        .  V 

No.    Irreducible  poXynoiiials  are  Rtin-coxistsnt,  by  definition. 

....... -C......  

Tha  aat  of  integers  can  be  separated  Into  four  aubseta»  no  two  of 
which  have  any  ei«a«nts  in  coosaon.  ^  Those  are:  ^  f 

(1)  the  aat    iOU.  - 

(2)  the  sat  of  units    (1,  -J},  . 

(3)  the  set  of  primes,  and/,    ,  . 

(4)  the  set  of*  coappsltea. 


/ 


The  sec  of  polynoaials  can  ttitailarly  be  separated  into  four  subsets 
no'  two  of  which  have  any  elements  in  coasBon.    These  are: 

(i) - 

C2)  _ 
(3)  _ 


ANSWER: 

(1)  The  set    (0).  i^ 

(2)  The.  set  of  i^nlta  -  the  non-zero  constant  polynomials . 

(3)  The  i^et  of  irrieducibXe  polynomials . 

(4)  The  s^t  ^of  factorable  polynomials^ 

■>  -  ..-r^l... ...... 

Indicate  to  which  of  these  four  sets  each  of  the  following  real  poly-. 
I.         nomials  belongs  by  placing  one  of  the  numbers    (1),  (2),  (3) »    or  (4) 
each  of  the  blank  spaces « 


ANSWER:  ^ 

(a)    4,     (b)    2.     (c)    3.     (d)    1,     (e)  3. 


In'^order  to  be  irrcidu^ible  a'  polynomial  must  have  degree  gr£|fter  than- 

^^^^^  "and  caiinot  be  written  as  a  product  of  polymmials  e«h  of  which 

has  degree  greater  than  ^  . 


ANSW|R:  ^ 
ieerof;  zero^ 


\hich  of  the  following  polynomials  ^re  factorable  and  which  are  irre- 
ducible? /Nk 

(a)  2x  +  2  / 

(b)  •  X''  -"l     *^         -  '  *  '  >■ 


(c)  2)e  +  3 

(d)  3 


ANSWER:  ,  .     ..  . 

(a)  irreducible  ' 

(b)  factorable 

(c)  Irreducible^  >  ; 

(d)  constant,  therefore  neither  factorable  nor  irreducible" 
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H  a  oon-MMt^nt  polyncmid^l    P<x)    is  not  irreducibls,  then  it  can 
bt  factored,    P(x)    -    Q(x)  •  NCx),    in  such  a  w»y,  that    Q(s)  tind 
N(js)    ara  non-cohgtknt  aad  have  degr«aii    than  the  degree  of  P(x)l 


ANSWER: 


Consider  the  polynwia^    P(x)    -  1»    P(x)    caa  ba  factored  aa 

follcswa: 

In  thia  factorization.    2    is  a  unit  and    x>  -  /IT?  apd    x  +  /l/2 
are    ,       poXynociials  with  laading  coefficient  , 

ANSWER;  ^ 
irifeduclble;  one. 


i 


For  integers  we  XAmcd  thWt  each  non-zero  integer    n    which  is  not 
a  unit,  has  a  unique  standard  f actorigatlon  of  the  form    n    •    c  >  pj 
•  P2  where    c    i^  a  ynit  and  each  of    pj,  p2,  p^^  are 

positive  primes.    Can  y^u  guess  an  analogue  of  this  statement  for 
poiynomiaXs?    (Hiixt:    /take/ as  analogue  of  positive  prime «  irreduci- 
hie  polynomisi  whose  lead ihg  coefficient  is  one.    You  must  alsd  de- 
cide what  is  the  analogue  of  ^on-zero  Integer    n  ^which  is  not  a 
unit«**)    Write  your  answer  as  a  complete  stat^ent  paralleling  the 


statement  given  for  ^integere, 

V......  ..V,----- 


V 


ANSWER: 


THEOREM  13.2:     Each  non-constant  polynoiBial    P(x)    haw  a  unique 

»t«ndard  factorisation  of  the  iom    F(x)  "       c  •  Pi(x)  *  P^tx)*,., 

*  where    c    is.  a  unit  and  each  of       (x) ,  p2(x) ,  • . Pj^<x)  , 

i^  an  irreducible  polynomial  wh\»se  leading  coefficient  ia  one* 


DEFINITION  13.11:    A  polynoaial  whose  lea^ng  coefficient  is  one  is 
called  a  montc  polynooiial.  •  , 

In  Theorem  l3.2  thfe  polynraolals  Pi(x),  PgCx),  A"f  \^*)  Irre- 
ducibla  monic  polynomials.'  >■  *  <»  ' 

Find  th^!-^Jandard  factorlisatton  fot'  each  of  the  foUowiisg  ,Kolync«al- 
als; 

<i)        2x2  4.  4x  4-  2  - 

<ii)      x2/3  -  1  -  V   -  — ' 

(ill)    -x2   '    ^  -  < 

(Iv)      -4  . 

(v)  1  «    •  <r 

 -  ^  .  

ANSWER:  .  ^  .  ^  ^  -  ' 

(i)        2{k      l){x  +  i)  ,^ 
>)(li)      l/3(x  -f  ylXx  -  ^) 
(lii)  (-l)(x)(x) 

(iv)      -4    Is  a  unit;     therefore  It  has  no  standard  factorization 


(v)  ^  l){x2  -  X  +  1) 


4 

I. 


In  trving-^^43  pr6ve  Theorem  13.2  let  us  first  see  if  w^^an  prove  the 
following  WeatceVrs tatement t 


jt  us  first  see  if  w^Van  p: 


(A)i  Each  non-conUtant  polynoutial    P(x)"  can  be  written  in  the  form 

.  •■  "  ^'     \-.^^       r  •  ' 

P(x)     -    Qi(x)  Q2(x)   ...  Q^(xr,  '    i  ±  1 

V-  ■  ..\.  •  ^  .  ■■  ■ ' 


ER?c  ■.    ,  ; 


wh«re  mmcU  of    Q|Cx),  Q2(x),        Q^(x)    in  m  Utmdixciblm  poljm<»l«l. 

If  P(x)  l«  itself  lrreducibl«  than  utat^aent  <A)  i»  trivlnUy  ^ 
itu€  by  ukiAg  Qi(x)  m  P(x)  and  £  •  1.  If  fix)  U  not  Ivvm- 
duclble  what  fmoit  ba  true? 

•  P(x)    la  factorabla;  p(x)    -   M(k)  •  N(k)    whare  M(x) 

tJ^x)    hava  dagreea  laaa  |han  the  degraa  of    P<x),  r 


If    P{x)    •    M(x)  ♦  N(x)  ;  then  etthar    M(x)    and  nix)    are  irraducl- 
bla  or  can  be  factored  m  products  of  polynomials  of  atill  lover  de- 
gree.   This  piroceaa  can  be  coi^tinued  until    P<xV  la  factoired  aa  a 
product  of  Irrediicibla  factors.     ^                       '  \ 

The  argument  juat  outlined  can  be  made  rigoroua  ,by  ualsig  mathematical 
Induction,    The  idea  is  to  suppose  that  statement    ^A)    is  not  true. 
Than  there  will  be  some  polynomial    P{x)    of  least  ^agree  for  which 
it  fails.    State  why  this  la  true  and  ti^to  give  a  complete  proof 
of  statement    (A) . 

If  yt>u  feel  you  ha given  a  ccs^plete  proof  of  statement  (A),  go  to 
page  528.    If  not  go  to  the  next  item  below. 

Suggesticm:    If  we  assuise  that  stateiEent    <&)    is  falge  then  thereHs 
a  non-empty  set    S    of  natural  nwnbers  consisting  of  fll those  numbers 
vhich  aye  degrees  of  polyntMiala  for  which  statement"  CA)  fails.. 
The  well-ordering  propyarty  of  the  natu^l  nusiibers  tells  us  there  is  a 
least  nupiier    k    in    S.    Let    P(x)    be.  'a  polynomial  of  degree  k 
for  which  statement    (A)    fails.    Then    P{x)    is  not  irreducible. 

Go  back  to  your  proof.  Make  additions  or  corrections.    Then  if  you 
think  you  have  given  a  coejpleta  proof,  go  tolHlon  page  528.    hf  not 
go  to  the  next  item.  ^^  V 


fi*  >  527 
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Sugg«siition:    Uis  can  writ^    P(x)    •    M(x)  •  N(x>    where  .  M(x)  and 

N(x)    luive  iiegr»«£Si  lesti  thAa    k*    Since;    k    is  th^  l^a^t  degree  of  a 

polynomial  far  which  litate^ent    (A)    fails  we  conclude  that  «^tate- 

ment    (A>    holds  for    M(x)  -and    N(x).  ^ 

^       J      '        ^  ' 
Go  back  to  you;r  proof.    Make  additions  or  corrections*  then  go  on  to 

the  next  item.  . 

Your  proof  may  differ  in  sc^e  resp^^cts  frc^ Jfcio,  one  given  and  *tlll 

be  correct.    However  you  should  check  carefully  the  folloviag^hings: 

(1)  Di4  you  use  the  well-ordering  principle  as  a  reason  for  tlie  , 
existence  of  a  polyncKJiial    P(x)    of  .least  degree  for  which  stat^^t 
(A)     fails?     ^  y 

(2)  Did.  you  shov  explicitly  how  we  arrive  at  a  contradiction  of  the 
assusaptlon  that  titatement     (A)     is  false? 

Co  back' to  your  proof.    CcKsplete  it  if  you  have  not  done  so.  Theri 

check  your  proof  witt^  the. one  given  below.  ; 


[Tt]**R0OF:    Suppose  stat^jtnent    (A)    is  hot  true.    Let    S    be  the  s,et  , 
of  natural  nutabers  which  are  degrees  of  polynontals  whicl)  fail  ,  to  * 
hive  the  property  given  in  statement    (A)  .    Then    S    has  a  least  u^em- 
ber    k,    by  the  w^il-ordeflng  property.^  Let    P(x)    be  %  polynomtal 
of  degree    k    which  fails  to  have  the  property  given  in  statement 
(A).     P(x)     is  not  irreducible.     So    P(x)    •    M(x)   •  N(x)  where 
M(x)    and    N(x)    have  degrees  less  than  /k.    Therefore    M(x)    and  ^ 


N(x)     can  be  written  iiv^ie  forras 


can 

M{k)  «  Qi(x)  Q^(x)  ...  Q^(x).  ri:l,  "and  N(x)  -  Q{(x)  Q^x) 
...  Q'(x),  B  ^  1.  wher^  each  of  Q_i(x) ,  Q2.(k),  ...»  Q^(x) ,  QfCx), 
Qj(x)  Q*(x)     is  irreducible.     But  then         '  ; 


PXx)    -    Qi(K>  Q^Cx)         Q^(x)  Qi(x)  Ql(x)   ...  Q'(x). 

4  *  ■  S  ^ 

which  is  of  the  given  in  statement    (A).  Therefore    P(x)    has  / 

the  ■p^'operty  given -In  statement    (A).    Tliis  is  a  caatVadiction,  be-  ; 
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I' 


^c«us«    P(x)    wfis  chosen  above  not  to  have  th^t  property,    Thisr^fore  f 
our  esfiui^tion  that  stat^ent    (A)    is  imXat^  Xeada  to  a  contrad^c-  [ 
tion.    So  etat«ttent    (A)    is  true. 


Uavitag  proved  atatment    (A),    let  us  continue  the  proof  of  Theori^ 

If    Q^Cx)    Is  a  polynomial  with  leading  coefficient    a^,    what  is 
^      leading  coefficient' of    i/a,  Q,(ji)?  • 


ANSWERS 

The  leading  coefficient  is  one;  i.e.^    1/a.  Q ,  (x)    is  nsonic. 

.  *  .     '  '  i  .11. 


y^Consict«r  the  fact^isation: 
P(x)    -    (2x2  +  3)(3x  -  l)(-2x  +  2). 
Write    P(x)    in  the  form    •  _ 

p(x)  -  cpj(x)  P2<x)  Pjuy.  % 

where  c  is  a  unit,  and  Pi(x),  P?(x)'.  V^f^  are  moaic  irreducible 
polynomials.  - 


ANSWER: 

P(x)     -    -i2(x2  +  3/2).  (x  -  1/3)  (x  1) 


Suppose    PCx)    -    QiCx)  Q2(x)  ...  Qj^(x),    wher^    Qi(x)  has^leading 
coefficient    aj,  QjCx)    has  leading  coefficient    82,    etc.    What  can 

we  choose  for    c.  /pjCx),  P2(x),  '  V^'*^    so  that'   c    is  a  unit, 

each    P^(x)  .  is  a  monic  irreducible  polyncaftal,  and    Pfx)  »-  cPi(x) 
P2(x)  ..  .'Pj^(x)?  ••  .  ' 


ERIC 


i7 


529 


.ANSWER:-  ■  .  '  • 


_    .  ■     /  ■ 

wis  havis  thtsrefore  vhoim  that  every  non-cbnstimt  polynoalai   P{x)  has 
a  factorlaeaclon  of  th^  fovm    P{x)    -    cPj(x),  •  P2(x)        ^^(^^  * 
\9hef^    c    la  a  unit  ami  each  of    Pi<x),\  ?2Mt  P^C^t)    is  a 

male  irreducible  polynomial » 

Does  thia  complete  the'proof  of  Theorem  13,21  Explain. 


No.  ^o  complete  the  proof  we  must  ahcn^  tHfct^  factorization  of  a 
non-constant  polynomial  in  the  required  form  Is  tinlque* 

Show  that  the  factorisation  of  a  polynomial  in  the  fortn  given  by  . 
statement  <A)  ^ia  net  unique  by  showing  two  factorizations  of  the 
polynotnial  i    as  a  product  of  irreducible  factors. 


/ 


ANSWER:  V  ^  , 

4=^nr-vxample,    ik^  -  1    *    <x  +  l)(x  -  1)    and-       -  1    -    (2x  4-  2)' 
Xi/2  %  -  1/2),    This  does  not  cbnttadlct-  Theorem  13.2  because  in' the 
tgecond  f actorl^atic^  the  factors  are  5^ot  sionic- 


We  will  |!ot  prove  the  uniqueness  part  of  Theorem  13<.2  here. 
ml^M>e  found  in  Blrkhoff  and  Mac^ane:    A  Survey  of  Modem 
New  York;.  MacHll Ian,  I960,  pp,  76-77.] 


[A  proof' 


^pebra. 
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REMAINDER  AND  FACTOR  THEOREMS 

Ui^ing  th0  division  theorem  we  can  provu       important  result  for  poly- 
,  '  >     •        •  • 

RQiftiiilfi;    Firjit,  we  illustrate  the  r^^ult  with  an  eKample.  Consider 

the  polynomial         -  3x^  -1-  4x      2.    Let       divide  thir  polynomial  by 

x^--  2    to  get  B  quotient  and  remainder,  ass  in  the  division  tlieorem, 

Sinctt  the  divisor    x  -  2    has  degree  one  we  khw  that  the  remairider 

®tutt  be  »  ^   polynomial. 


ANSWEH: 
constant 


,  Jou  may  check,  using  long  division  or  otherwise,  that  we  have 

x^^  -  3x^      4x  >  2    m     (x^  -  X  4-  2)  •  (x  -  2)  +  6; 

i.a-,  the  quotient  iu    x^  -  x  +  2    and  CTie  remainder  is  6. 

Now  let  us  substitute    2    in  place  of    x  *ln  the  polyifoolal 

x^  -         4^  ^x  +  2.    We  obtain    2  *  -  3  *  (2^)      4  •  2  4-  2  6 

The  remainder  that  we  get  upon  dividing  3x2  4-  4x  +  2  x  -  2 

is  Just  the  !?umber  that  we  get  when  we  substitute  2  in  place  of  x 
In  the  dividend.    We  shall  s^e.  that  this  is  not  a  coincidence. 

As  a  o^tter-pf  notation,  if    P(x)    is  a  polynoedUal  and    c    is  a  rsal 
nitober,  then    P(c)    will  denote  t^e  number  that  w«  obtaltt  if  we  sub- 
^stitiite    c    in  place  of    x    in- the  polynomial    P(x).    There  is  a  way 
of  looking  at  this  which  makes  it  consistent  wit+i  the  functional  no- 
tation that  we  have  used  »previDusiiy.    We  know  that  each  polj^nomial 
J*(x)    determines  a^pQlynomia^  function.    Call  this  functloh  P. 
Then    P(c)  ,    as  defined  aljove,  is  preclttely  the  sau^        it  was  de- 
fined using  functional  notation;  J  .e , ,    P{c)  •  is  the  number  whictx  is 
paired  with    c    by  the  function  P. 

•■■      '         -         X.  ... 


ERIC 


/ 

.531 


Noiir,  let  P{x)  ybe  a  polync^iil^nd  let  c  be  a  real  isumber.  By  the 
division,  tbiaareai,  spiled  to    P(x)    aad       -  c,    there  are  polync^l- 

lu    Q(fc)    «nd    R<x)    iuch  that    P(x)    -    Q(x)  •  c)^+R<x), 
where.  In  this  caee,    R(x)    must  be  ^  •  . 


ANSWER:  • 

a  cx>fiiitant  polyn€Maial»  l«e^.,  a  real  nuHiber. 


Wa  «^)hattlv2e  that  R(x)  is  a  constantr^y  writing  ,  R(lO  "  ^*  If  we 
'     au^titMte    c    in*  place  of    x    in  that  foregoing  equatio^t  we  . obtain^ 


ANSWER: 
P(c)  - 


Q{c)  •  (e  -  c)  -fe  r 


0  +  r    -  r. 


We  have  pi^oved  the  folXowing  theorem: 

■  ■  ■    ;  ■  ■*      '  '  '  .  i      ^  '  - 

THEOREM  13*35     (Remainder  Theorem)  P(x)    la  a  (real)  polynomial 

and  c  ii  a  real  nonfee^,  then  the  remainder  r  upon  divltion  of  # 
P(x)    by    X  -  c  fis  a  constant  polynomialt  and    r    •  PXc).* 

Let    P(x)    -    x^^  -  Sx^"*  -  7x^  ^  2.    If  we  divide    P(x)    by    t  -  1, 
*  the  Re^oainder  Theorem  tells  us  that  the  remainder  is    P(l)         1^^  ' 
3(1/$^^  -  7(1)^  +  2    «    -7.    Note  that  the  Remajtnder •theorem  does  not 
teU^^whttt  the  quotient  is. 

Without  actually  dividing  find  the  reimlnder  obtained  in  each  of  the 
following  divisions. 

.10  .  ^.S  *       -  2"  by    X  +  1.'      *  ^  ^^^^f? 


.ANSWER:  ,.  '  '  , 

(t)     C     (ii)     19.  •  .  • 

». 

4 

-    -       '  "  *    *  » .  ■ 

DKPtNmON4J.12:  .If    P{x)    Is  a  polynomial  and   'c    1%  a  real  nu&- 

such  that  P(c)  -  0,  then  c  U  calle^  a  root  of  the  polyno- 
mial P(xh 

Froai  the  Remainder  Theorem  ^/a  see  that  a  real  nuo^er  *c  is  a  root  of 
a  polynomial    P{x)     if  and  only  if   


ANSWER:  ,         .  ^ 

the  Remainder  upon  divialon  of    R(x)    hy    x  -  c    is  zero,  ' 

.  .   .  s^  _•  .  ,  _  ^  .  _  _  _.  ._  _  _         _         _  _ 

Thla  given       the  follts^itig  theorem, 

THEOREM  13. 4 J     (Factor  Theorem)    If    P(x)  iti  a  non-constant  (real) 

polynooilal  and    c    la  a  real  nun^er,  then  c    is  a  root  of    P(x)  if 

ftrtd  only  If    X  -  c    is  a    bf    P(k),  ^ 


ANSWER: 
factor 


The  Factor  Theorem  gives  us  one  answer  to  the  cmestlon:  do  we 

^tudy  factoring  in*  algebra?    For  j?xample,  if  we  know  that  the  poly- 
nomial   P(x)         x^  +  x^  -  2x  -  2    can  be  factored  thusly:  P(x) 
(x  -  /2)(x      /2^(x^-h  I),    we  know  ii^diately  that  the  roots  of 


/2,    -/2,,  and  -1. 


Thtf^  FactpV  Theorem  can  b&  ujted  aii^an  aid  la  factoring  a  polynomial 4 
Eor  axasa^le  ii    P{x)    •    x^  -  32    -        -  2^/  lt*ig  clear  that 
la  a  root  df'   P(x).    Hi»nc4^  w«g  kt)o^  ,that    is  a  factor  of  P(x), 


2,    *  -  2,     In  fact         -  32    -    <x  -  2)<x'*  +  2it^  ,+  8x  +  16). 


Uniog  Che  Factor  Theorem  find  a  Ca^or  of  degree  one  of  each  of  the 
following  polyncHsialaj 

(a)  x'*  4-       +  x2  -  1 

(b)  x^o  -  i»o  •  :  - 

(c)  »/4.-  2^  .  •  .    '  -  ^ 


ANSWER:  . 

(a)    X  +  1        >  i  '  '  ''^  ^ 

"  (b)    X  -  -3  .  or    X  +  3  '        >.  • 

tc)    X  •♦■  2.  -  • 


If    n    Is  an  odd  positive  integer  and    c    is  a  real  number  then 


■r:  -  c 

-.  -  -x- 


1 


AtiSWER: 

n  -v  ■ 

-c  . 


Therefore    ~c    Is  a  rodt  of -the  polynomial   . 


m4  Foi«IO«JAl-S 


■  { 


ANSWER: 


Thtfi.«-trfovi^fi  that  if  n  Is  add  positive  integer  and  c  is -a  real 
nusab^r,  then    it^**  factor  of         4  c^* 


ANSWER? 
x>  c. 


^     -  It  n 

If    n    toTan  even  positive  integer  then    (-c)    +  c 


ANSWER: 
2> 


We  conclude  that  if  n 


OMober  then    x  -f*  c    i«  apt  a  factor  of  + 


id  an  even  positive  integer  and    c    la"^  a  real 


*  ANSWtK: 
•      c    -  •  0. 


Use  the  Factor  Theorem  to  prove  that  if  n  is  an  odd  t'ositlve  inte-* 
ger  then    x  +  1    is  a  factor  of         -I-  x""^  +  x'^"        .♦f  +  x  +  1, 


ANSWER: 

If  n  ia-  odd,  tfi 
n  -  I,    n  -  3j 

Vd"  +  (-1)-"^ 


+  ...  +  {-X)  +  1 


2,    n-4,  1    are  odd,  while 

2    are  even.  So 


-14-1-  1  -f  1  ... 
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Therafote    -1    is  a  root  of.       +  k""^  +  . .  •  4  x  4-  1    ami  by 

thtt  Factor  Theurem,  thia  polynomial  has  ^  x  -  <-l),  «    x  +  1    as  a 
factar« 

 —  - . ,   . 

If    n    is  an  even  positive  iptcger  what  is  the  reoainder' obtained 
when  we  divide    k"  +  x""^  +  x"'^  +  .  . .  4-  x  +  1    by    x  +  I? 

^       .  _^  ;   -  

ANSWER:  :  .  ■ 

Thyemainder  is     (-1)"  +  (-l)"'^  +  (-1)""^  +  ...  +  (-1)  +  1  - 
1  -  1  +  1  -  1  +  ..-.•-  1  4-  1    -  1. 


Therefore  ;c  .+  1  Is  not  a  factor  of  x"  +  x""^  +  x""^  4  ...  +.x  +  1 
If    n    is  an  even  positive  intyCger.  . 

ia    X  -  1    a  factor  of    x"  +  x""^  +        +  x  4-  1    if    n    is  an  even 
{lusitiva  integer?   ,  if    n    is  an  odd  positive  integer?   . 

"  "  "  '  '  '  "  |, "  "  ~   -         -  ^  - 

no.  no. 


Suppose    c    -is  a  root  of  a  polynomial    P(x).    By  the  Factor  Theorem 
X  -"c     is  a-fa'ctor  of    P(x>;  i.eTTVCx)    -     (x  -  c)  ^(x) .     If 'p(x) 
has  degree    h    what  is  the  dej^ree  of  Q{x)? 


ANSWER: 
n  -  I. 
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•     ..  •     ^  ■  ■  II 

^   How  are  the  roots  a£    P(x)    and        Q(x)  related? 


ANSWE^t: 

Eve^  root  of    Q(x)    is  a  root  of    P(x).    Every  root  of    P(x)  dlf- 


feraat  fro^    c    ia  a  root  of  Q(x). 


Prpv^  thi^t  if  d  i  '  c  and  d  is  a  root  of  P(x)  then  d  .is  a 
root  of    Q<x).  , 


). 


ANSWERS  ^  '  , 

If   d    is  «  root  of  '  P(x),    then    P(^)    -    O'.  ^Hence    {d  -       Q(d)  - 
'  ,  0.    If    d  4 — c,    then    d-c    4    0    and  so-  4(d)    -    0;  *  I.e.,,  d 

is  a  r.pot  vof    Q(x) .  ' 

W  P(x)  •  {x  c)  Q(x)  and  Q(h]^  has  k  (distinct)  roots,  how 
many  roota  does    P(x)    have?  ^  ^ 

ANSWER:  •  ,  / 

Eit^her    k    roots  or    k      I    roots.  If    c    is  a  root  of^  Q{x)  then 

P(x>    has  the  sas^  roots  as    Q(x),  If    c    is  not  a  root  ot  <J(x) 

then    P(x)    hjipone  sore  root  than  Q(^*  V  .  - 

.  -  ,11  -  1^  .  «  .  .  \  .  ^  .  .  .  ^  . 

Let    P(x)    be  a  pol^nomia^?^  degree  1,    say    P(x)    *    ax  +  b,    a  4 
0.    Wh^t  are  the  roots  of,  P(x)? 


\ 


AJ^SWER: 


There  is  only  one  root 


^     .  *  »•  53? 


The  Allowing  toport^t  theorem  cm  be  proved  iislag  the  Ftictor/Theo- 
\  rem. 

THEOREM  13,5;^  If    P{x)    id  a  polynomial  of  degree  n  >  0\  then 
F(jc)    liskH  at  mot* t   41^  roots # 

in  order  to  prove  Thep\eiB  13,5  by  induction,  it  is  itufficient  to  show 
two  things: 

(1)    The  theorem  is  t€u\  for  poIyncKaials  of  degree  n    *    1»  'and 


(2)  ^ 


ANSWERS 

.  -      '  ■  "       .      ■  -1 

If  the  theorem  is  true  for  polynomials  of  degree    k    (some  p«rt»ltive 

\^  integer),  then  it  is  al^o  true  for  polynomials  of  degree    k  4-  1. 


We  have  already  shown  ^at  the  theorem  is  true  for  polynomials  of  de-* 
gree    1.    Assume  that  it  is  true  for  p^Dlynomlals  of  decree  k 
and  .let    P(x)    be  a  polynoiaiai  of  degree'   k  -^.1*    Cos^lete  the  proof  . 


ANSWEH:  '      .         '  ^ 

If    c    is  a  root  of  PCx)     then^  by  the  Factor  Theorem,    ^(x)  » 
(x  -  c)  •  Q(x)v    Q(x)  .  haa  degree    k.    By. the  as8Ui8ption,    q(x)  has 
at  most    k    roots.    P(x)    has  either  the  sa^  roots. as    Q{x)    or ,  one 
root  more  than   ^Q(x).'    So    P(x)    has  at  most    k  4»  1  roots. 


RATIONAL  AND  COMPLEX  POLYNOMIALS 


Sur  discussion  of  polynomials,  the  basic  underlying  sys- 
fn  that  of  the  real  outers.    We  have  assuioed  that  the  to- 
efficients  of  a  polynomial  are  real  numbers.    Th^a  assumption,  how- 
ever, Is  Hot  neceaaaty.    We'  can  carry  out  a  similar  diacuaslon  for 
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poliynoi&ialii  who«t  4!04sif Ici^ntM  are  ti^atrlcted  to  be^ratibnal  nuaU^iirs; 
or  we  call  allow  the  coefflcleatti  to  h€  arbitrary  Icois^ lex  numbers. 
More  g^n^rally,       can  develop  the  preceding  hotiena  for  pJijmomials 
where  the  baai0^b<;ider lying  eystem  la  taken  to  i>e  any  field. | 

Since  th«  rational  tni^^ra  are  thamaelvea  real  nuo^ers  a^  the  real 
nuij^er^  are  coi^lex  nui^ers»  the  polynomials  with  rational  coeffi-  ' 
cienta  fona'  a  subayatem  of  th^ayat^  of  polynomiala  With  reaX  cuief^ 
flcienta»  and  each  of  theae  ia  a  subsyatea  of  the  ayati^  of  polyi 
ala  with  complex  coefficients.    ,lt  is  often  very  Important  that  the 
ayatem  ^fith  which  we,  are  working  be  ^clearly  specified.    For  example,^ 
consider  the  question:     Is  the  polync^liil^  x^  -  2  factorable? 

If  we  are  working  with  the  system  of '  real  polynomials^  the  answer  is 

 but  If  we  are  working  with  trtie  system  iftf  rational  pQlyni^omialfi^' 

^tfite  answer  is  .  * 


ANSWER: 

yes; 
no* 


f2  — ^ 


T^us         -  2    «    (x  -  /J)  (x  -f  /l)^    and    x      /2    and    x  +  /2  are 
\4-eal  polynomials  but  are  not  rational  polynomials*    W^say  that  3 
2    is  factorable  over  the 'real  nu^ers  but  is  not  faCTorahle  over  ^the 
rational  numbers >  ' When%, students  are  given  problems  in  factoring  of 
polynomials  it  should  always  be  made  clear  from  what  system  the  cdef- 
ficit^tH  may  be  taken^  ^  .  ' 

la        >  I     factorab^  over  th^  rational  numbers?   the  real  num^ 

bers?  ^  ■     the  ^raplex  numbers^  *  . 


3  ^rapl 


t 
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ANSWER: 
no:  no: 


yus. 


Factor^e  polynooial    x**  -  4    as  a  product  of  irreducible  factors 

(a)  over  the  rational .numbers  , 

(b)  over  the  real  numbers 

(c)  over  the  couples  ou^erii 


ANSWER:  .  * 

(a)  ^k^'  -  2)  •  (x2  +  2) 

(b)  (x  -  /2)  .  (k  +  /2)  •  (x2  '-^  2)  ^  ' 

<c)  V       +  /2)  •  ^  -  Ai)  •  (k  +  /2if( 


Wh«n  we  say  that  ^^piynomial  1@  Irreducible  we  must  spec^fy,,^he  syg- 
tem  with  whij€^  we  are  working.    Thus  we  ^ay  that         -  2    is  irredu- 
cibl»  over  tW   but  1^  not  irreducible  over  the 


ANSWER:  , 
rational  nussbers;  re^l  nun^ers,  or  complex  nui^ers. 


Consider  the -polynomial.  6x^  -  7x  4-  2,    We  can  easily  find  its  roots 
by  factoring  or  by  using,  the 'quadratic  formula.    However,  let  us  look 
at  another  way  of  finding  information -about  ^la^y  possible  rational 
'roots  pf  thq  polynomial.    Suppose    u/v    is  or  non-asero  riltional  root 
of  the  polynomial  writf^en  as  a  fraction  of  integ^TTs  in  lowest  termsi 
Then  -    ^  . 


(^(f/v)^  -  7<u/v>  ^  2 
6ut/v^  -  7u/v  +  2 
/     *6u*^       7uv  +X5^^ 


0 
0 
0 
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^  *     -u(6u2.  -  7v).    -    4-2v^  ' 

How  corf^we  conclude  that    u    is  a  divisor  of  2? 

ANSWER:  •      '  ■ 

y    mre  relatively  prima  because    u/v        in  Iwest  terms*  ^ 
/\     Th«refor«\  u    aind  are  relatively  prii^.    Since    u^is  a-  factor 

of    Zv"^,    'u    mu^t  he  a  factor  of    2,  * 

^at  ire  the  posalble  values  for    uA  V 

,  ^  "  ......... 

ANSWER:'    .  ^ 

i  I    •*  1 1  . 2  J    ^  2 .         .  .     J  ■    ^  ■  .  ■  ^ 

 .  .--i-;  '   '  ^  

From    6u^  -  7uv  ^  2v^  «    0    we  sCap  also  wr|^ 
6u^\»    v(7u  -  2v). 

In  a  manner  a  Its!  lar  to  the  4b  a  ve  we  conclude  that    v    is  a  facto;  of 

•  •  •  ■ 

ANSWER: 

.     '  ^  ■* 
6.  « 

Recall  that  If    ii/v    is  in  lowest  tenaa  tfien    v    is  positive/   What  1 
are  the  possible  values  for    v?  / 


ERIC 


>• 


5S9 
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ANSWEB:. 

1,  2,  3»    4nd    6.  \t  ' 

«^      —      —      —      im      —  —  •  —      —  —      —      —      —  • 

Fi^oai  the  above  information  we  can  conclude  th^t/the  only  possible  ra- 
tional roots  of  the  poiynoBilai    6x^  -  7x  >  2  ar« 


ANSWER:  » 

i;-t,  1/2.  -1/2,  1/3,  -1/3,  1/6,  >^^6,  2,  -2,  2/3,  -2/3. 

If  we  si^BtitUte  each  of  tli^se  auod)ers  in  place  of  %  in  the  polyno^ 
mial  we  find  that  the  roots  are    2/3    an'^  1/2. 


Consider  the  following  p'rc^lem;^  Find  all^  ratj^cmal  roots,  £f  there  ' 
are  any,  of  the  polynomial    3x^  -  2x*  '■i^j?  +  x  -  2.    If    u/v    is  a 


rational  root  Written 


fraction  in  towest  tem^  then 

0 ' 


3(ii/v)*'  -.  2(u/v)**  -  3(u/v)-  4  u/v  -  2 

-  ?u'*v  -  3ai^v^  ^  uv**  -  2v^  0 

uCitt^  -  2u^v  -  3uv^  ^^v"*)    •  2v^ 

As  in  the  dreviou^  ekample  we  see  that  u  is  8  divisor  of  2.  Hence 
the  only  poSfiible  values  for    u    are        ".    •  *  ■ 


ANSWER: 

1,  -1.  2.  -2. 


Wliat  i^e  the  possible  vali^s-  for  y? 
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ANSWER:  \      .    ^  .         .  -  \ 

1    imd    3.  .  Slnc«    3u^    ■  ,  v<2u**  +  Ju^^v^  -  uv^  -f  2v**),    v    iu  m  divi- 

HQt  of    3«    V  'in  pcNsltive  becauni^    u/y    ia  in  lov&st  tfl^rma-*  Thfer«- 

fotm    V    muiit  be  eithiir    I    or    3,  .  • 

« 

Vfiiat  are  the  only  possible  rational  roots  of    3x\cl^2k|^  x  - 


ANSWER:  .  ^ 

1,  ^1,  2,  -2,  1/3,  -i/3,  a/3,  -2/3,  .     ^  /  '  ' 

Substitution,  of  these  numbers       place  of  '  x,  ^hows  thiit    2/3    is  the 
only  rational  ropt.  •  * 

-  -  ^  ^  . 1 : . ... 

^       .  .  r  . 

Assume  that    P(x)    •    ax       a  *  ,x  *       ^ . ,  4-  aix  +  do    i«  a  polyno-'  . 

n  n*'  1  .  «  ' . 

mial  with  intejser  coefficients  and  that    a     4    0\  Sup- 
pose    u/v    is  a  rational  root  of    P(x)    written  as  a  fraction  in  low- 
est terms  •  Then 

a^{u/v)^  +  s^^^l^i^^y)^^^  +  •".^  aj(u/v)  +  ao    »  0 

n  -  n^-l     .         ,         n-l    '       n        ^  V  ^ 

au%a    ,u      v-*"..t  +  aiuv       +  anv     •    0  » 

■  *^ ,  •  • 

>     n-1  ,  n-2    .         ,  '     n-1.  "  n 

-u(a  u       +a    ,u     v+.-.-f-  atv     )    *  ^nv 
n      ^  n-I 

Reasoning  as  in  the  previous  exossples  we  see  thaf    u    ia  a  factor  of 
sq.    Show  that    v    is  i  factor  of  a^. 

-  —  —  -         —  —  —      —  -  —  —  —  —  —  —  -p  — 

ANSWER :  '  ^ 

n  »  n-1     .  .  n^l   _       n         ^  '  / 

From    au    -fa    ,u      v+.^..-fa!UV      .  +  anv  0    we  <get  ^ 

n  n-1  *  i  t-  ^ 

a^u     *    -v(a^^j^u       +        +  ajuv       +  aov      )  %  l 


7 


Since    u/v    la  in  lowest  tenas/  u    and    v    are  relatively *prime.j 
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Httnc«    u  .  and 


V    are  relatively. prime.    Therefore,  v    i«  a  divlaor 


of 


n 


We  have  proved  the,  following  theot^e© 


n 


.THEOBliM  13.65  >  If    P(x)    -    a^x"  +  +  «0    is  a 

polynonial  with  integer  coefficients,  j»    0,    bq    ^0,    and  if 

u/v  is  ^a- rational  root  of  P{x)  written  as  fraction  in  lowest  terns, 
then    u    is  a  divisor  bf    ag    and    v    is  a  divisor  of    a  , 

Find  all  the -ray-onal  roots,  if  any,,  of  thJ  polynomial    3%^  t  x**  - 
3k  '  /2k  +  1.  I 


  .  .  .  ^  .  .  .   _  _  _ 

ANSWER:  ■   ^  * 

-^1/3.    If    u/v    ts  a  rational  ropt  written  as  a  fraction  in  loweat 
tenw^-theu    u    is  a  diviapr  ©r  1    and  a  divisor  of    3/  Hence 

the  only  possible  rational  roota  are  "1,-1,  -1/3,  -l/3»  Subjstitution 
of  these  n^bers  in  place\of    x    shows  that    -1/3    is  the  only  ra-- 
tional  root.  .  ^  \ 


Show  that  the  polynomial  x^^  -  2x2^  -f  Ix^^  «  4  1  has  no  rational^ 
roots.  ,  .         \  • 


ANSWER; 

If    u/v    is  a  rational  root  written^as  a  fraction  in  lowest  terms' 

V    is  a  divisor  of    1.    Hence  the., 


then    u    is;a  divisor  of     1  and 
only. possible  rational  roots  ara    1    and    -1.    Substitution  of  each 
of  these  in  place  of    x    shws  that  neither  is  a  root.  <^ 
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Ctue  an  example  of  m  non-constant  real  polynomial  which  ha3  no  real 
rooti^ . 

►  ■      ■         .  :  ■  » 


0£  ^courBi(2  theri^  are  rnany^  other  correct  ^anawcr-^. 


Eve^y  non-copatant  real  polynomial,  and  in  tact  every  non-constant 
cc«aple3i  polyncMftiaJ,.  does  have  a  root  i^  the  Ci^lci  of  ccteiplex  nurabera. 
^  .11iia*ia  a  cona^^quence- <»f  tha  i'o^lowiQg  thebretn, 

TH^kliM  iJ,7:     (Fundamenftfj  Theoraa  of  Algebra)    If    pCx).    is.  a  hoii^ 

constant  polynomial  , with  cc3qip|ex  number  d^fflcienta  then  there  is  a 

coipiex  nuittber    c    such  that    P(c)    -    O5  i.e.,    P(x)    has      root  in 
f»      ■  ■ 
*     thtt  field  of  coiapli^K  nt^berii .  ' 


0 


'  -    The  proof 'tff  this  theori^  is  too  dtif  icult  ^be  given.. here.^ 

If    PCx)    ia^  tf  non-cpnatant  polynomial  with  perplex  hus^er  ctfeff  i- 
^  cieiita  then  the  Fundametital  Tbeor^  of  Algebra  tella^ua  that  P(x)^ 

\  •  has  a  root    c-  The  Factor  Theorem  tella  ua  that  '  P(x)    has'   as  ^ 

*    '       a  factor.  '  .  ' 


X.  -  or. 

^       _  _   :  _  1  .  ■  •    '  ' 

Sh^jw  ^hat '^x  -'(1  +  1)    is  a  facfor  of  the  polynonlal        +  (1  -  i>3? 
*     .'■    -  2i.  '         '    '  X   .  .  ■         ,      .  ■• 

.  •'•  •       •  _  J".  1  -■  ••■ 


•f'/  ^  A»  proof ''may  be  fdypd  in  Hil^ej  Analytic  Fm^ctl-on  Theory  #  Vol  If  ( 
/ : -New  ¥ork:^.c;inn,  195^,  pp.  207-208;        (     '  ^     ,    ■  ' 


ANSWER:  , 

(I  +  l)''*  +  (1  -          +  i)  -  2i    -    I  ■¥  ii  +  31^  +  +  1  -  i2  -  2t  - 

1  31  -  \  -  i      I  +  1  -  21    -    0.    -  ' 

ITrerefonr^  1  ^  i    is  m  root  of.    %^  4  (1  -         -  21  and,  by  t%  Fac- 
tor .Th  fear X  -  (1      i>    in  4  factor.  . 

 .     ^1  ......  ^  ,  ^  ^  1  ^  ^  ^  ^  ^  ^  .  «  .  ^  ^  ^  \  - 

,I«    X  -  2    a  factor  of  the  ^ooplax  polynomial    n^j~  ix^  +  ^2  +  i)x  - 

20  ♦  2i?   •  .      ,  ^ 

ANSWER:      -     \  i 
Y^n;  '  2\  -  i(2>2  ^  (2  -I"  1)  •  2  -  20  21 
•    16  -  41      4  ^-21  -  20  A2i    *  0. 

2  l8  ii  root  and    x  -  '2    in  a  faetor. 


\ 


If    P(x)         Irreducible  owt  the  f  ield  of  cogglgx  numbers  what  ia. 


tra«i. about  itu  dagraa? 


 ^^^..^^  ^  


ANSWER:  .      '    .  .          .    ,.*  • 

It  haa  degree    1,     If  P (x)  ^has  degre»'^teat^  than    1,    then  P(x)'. 

-    ix  -  c)  QCg)    whflre  c;    is  a  root  of    P(x)    and    Q{x}     i«  a  noTi--  ' 

constant  polrynomial.  .     '  * 


9 


Wc  see  that  a.  complex  fiolyqomial    P(x)    of  decree    n      1    le  always 
factorable  over  the  complex  numbers  as  .a  proy4ict: 

^  % : 

whara  the  degree  of  each  of    Pi(x)i    P^U)/  P/(x)     Is  '\    V  > 

. .    .  ^  .  J.     . .  J'^ji ...  :  _ 

..    ..     y  ^  , 
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AKSUEK': 


V 


ANSWER 
2  -  1 


pfM4.  -  " 


Wh«t  af«  the  (coaplex)  roots  of         -  4jj  -f  5? 
■  '___.U   __■  

.*      ANSWER:  v   •  "  >  *  r 

\j  2  4  I    m\d    2  -  1**   \'  ^  \  ^  » 

^  ^  -  ^.  ^  -  -  -  -  ^-^         —  «      —  —  —  * 

>    *      Fi(id  factofii  of        -  4x  4-  5    vliilch  are  irreducible  over  the  cc^plex  * 

numbered  ,    .  /  g^,  •  ^ 


ANSWER:'          ,        *       .  ,  ^ 

X  -  (2  4^  i)    and    X  -  (2  -  i)  4%             >  > 

- '  ^  -  -  -         -  -  .  ..  .  .  .         .  . 

Th(!  coctpliax  conjugate  of    J  +  i    is   , 


A&sume  that    P(x)    •    e^x^  f .  il^^^js^"*^  -f  , , ,  -f  ao    is  a  real  polynomi- 
al and  tfiat    c    i»  a  root  of    P{x>    fnm  the  field  of  complex  hutqjiera.  • 
Then    P<c)^    -    0.     Let    c    be  th<^  cotnpiex  conjugatfiP^Vif  c, 

^   ...^  - 

V  .       '^  -^  V  .    .       -       ■  ■  ■  ■■  t 


K  —    —    —    —     y    —     —    .-^-t    —  - 


,  ERIC    ^  ^^A'  *  . 


Th«brisi&  11.5  permits  uti  cb  rewrite  thin  mm  foll<Hi;i»: 

i  «  ■  *     ■  - 

ANSWER: 

#      ■  ■ 


n 


......  ............. 


ANSWER:  •  • 

,a  ,    ^    i»  ^0  ^^^^  numbers. 


V  1^  n*^l  " " 

Hierefore    P(c)\*    a^c    -I-  a^^c      ,4-        4-  a^c  +  ag. 

Uii|ng  Thisorem  11.4  we  can  rewrite  tHis: 

 \   <         _      .      ^         ^  ^ 


ANSWER:       ■'  \ 

P(c)   ^\[^  4  a^^^.c''"^  +  . . .  f  ^  +  a^, 


Finally ,  a  ra^a^ad  use  of  T^>arem  ll.3^permlX8  us  to  write 

■ ;  ^  /   ^ 

P(c)*   -    a  c"  +  ii      c"  ^  .+  ;.,+  ajc  +  ao    -  P{c) 
What  ks  Pljic)? 
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answers' 

\  P(c)    -    p    -  0, 


^••-                      V           ;^""   ^  ^ 

Th^reforp    P<c)    ^    0    and    c  Ib  a  root  tJf    P{x).    We  state  this  re- 
suit,  an    .  ^ 

THEOREM  13. S:     If    P<x}     iu  a  real  polj^nomial  and^c    Is  i  complex 

niimb^r  which  in  a  root  of  thun    c    ia  afiao  a  root'1^xi'(x}  •  ^ 

If  you  know  t^haf   •'^  -  31    itf  a  rpot  of  ^  raal  polynomial 

what  la  a  aacond  rout?  ^ 


Vz  +  31. 


^  •  ■  ■/ 


r     If    c    In  a  real  root  of  a  real  polynomial    P(x^s«.^-.^<^n    c    •    c  mo^ 
^Theorem  13.B  haa  ,no  content*'   Bowefer.  if    c    ia  not  real*  then    c  ^ 
c.^  In  thi^  caaa  the  Factor  Xheorem  tells  us  that  :  P(k)    has  the  fac- 


tors 


and 


ANSWER: 
X  -  c 
X  -  c. 


l^herefore    P(x)    has  -a^  factor    *  ' 

^  (X   -    C)(X   -^  C)      -  -    (<?  t  c)5^  CC, 

^  Wl}at  is  true  abjsut  the  numbeta    c  +  c    and    c  *  c 


/ 


ER!c"\,fc  r 


J 


5.6 
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^    ANSWER:  ^  --v 

Th«y  «rt!  real  nui&bttrN  t  v  '  ^ 

Lttt    P(x)    ha  A  rea^  poXynoaial -of  degree  greater  than  two.  Th^oresi 
13.7  cell*  u«  that      '  .  \ 

ANSWER:  .  '  .  " 

P(x)    hen  m  ruot  in  the  iield  of  conple^  npaber*.  ^ 



Itt.t    c    be  a  root  of    PCx).    If    c    ii  a  real  nuinber  then 

^ , :  '  :■        '■•     -  .       .  •  .  , 

P(ie)    -    (Jt  -  c)  Q(x).  <  - 

■     .   ■      '  ■  .'       •  .     '  ■  '  ' 

If    c    is  not^  reiki' nuabef,  then  .    *    '  •* 

P(X)    ^      (X'    r   <C   +   C)X  ♦   C    •    C)    Q{X).  1,  - 

In 'either  caae^    Q(x)    is  a  real  polynomial  whose  degree  is  greater 
than'   ,  <  *  '  .  ' 

f  •   :*_-  ->■..-.■. —  >  -  J  — 

^  '      i  •  ■  * 

What  can,wti  conclude  about  the  diegree  of  a  real  polynoaiial  which  Is  • 
irreducible  ov#r  the^  field  of  .real  numbers? 

,  '  — ^  • 

ANSWER:  '  . 

The  <Jegree  must  bfe  1-  or  2.       ^  '.     ^  *  "H^^ 

■  '  *  ,  .         ^       '  '  .  *  \ 

,  '*  ■    <  '      ■  *  '  '  " 

^  \^         .    .      ^    *  ,  ^  .      r   .     .         *  '  '  j 
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r 


T  Every  rial  poiynoQiial  with  degre*  greater  than    2    is  not     ^  oV#r 


ANSWER: 
irlr«ducibl« . 


Ajreal  polynomial  P(x)  of  dfgree  n  >  2  is  always  factorable  i^t  a 
product  .  . 

1  .  V  . 


I  of    k(<  n)    factofa  where  each  bf    Pj^Cx),    p2(^»  ••••  i»  a 

polynomial  of  deifree*  __.     '         •  •  ^ 

-*  — 


ANSWER: 
ane.ar  tvo« 


POLYNOMIALS  OVER  OTHER  FIELDS 

J  MatJiiimaticianH  often  find  %t  convenient  to  cogg^der  polynomials  over 
fields  other  than  the  fields  of  ratloMl  nusabers^  real  i^uoberSt  and 
complex  numbers.    We  h&^e  learned  previously  that  the  sy^stc^'  1/2  of 
integers  modulo  2  is  a  field.    Recall  that  this  field  contains  only 
two  elements,    0  ^and    1.    Addition  and  inultiplicatlon  in^is  fiel^ 
are  defined  as  follows* 

(a)    0  ^  0    -    0  (b)  0*0*0 

•0^1-1   J      0  •  i    -  ^0 

1  +  0    -     1   *  \^     '    I  -^0    «  0 


1  +  1-0  A  1-1 


The  doaain  of  any  polynraalal-  function  over    1/2  is 
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AKSUEK: 

X/2,    or    fO,  I}.  . 

^  The  range  of  my  palynomi4l  function  over    1/2  ts 


'  answer:     .  •  -     .    •           ^  -       ^      ^    ■  ^ 

A  subset  of  Therefore  the  rknge  must  be  either    {0}  'or  (1) 

or    {0.  i)..  ^rote  that  the  answers    "1/2."'  and    "(0,.  1}"    are  not 

correct.  -  • 


.How  many  fur?ctlon«  ^^olynomliai  functions  or 

not)  are 

there  with  do- 

•main    {0,  IK  aqgl  range    {0)?  *  List  them. 

# 

*  ^ 

■     ■  r 

ANSWER:"        .  • 

Only  one;  the  fMnctlon    F.    -    {(0,  0),  •  (1, 

0)}.  or 

F:    0  — ♦  0  ' 

V 

1  --r^  0. 

Is  this  a  polynomial  function? 

r 

Yes,  it  Is  t^e  zero  polynomial  function.^    Any  constant  function  fr^Hfl 

1/2    to    1/2    is  a  polynomiai  function. 

Haw  many-  functions  (polynomial  functions  or 

t  ■ 

not)  are 

there  with  do*- 

main  "iSl^  1}    and'* range    il}?    List  them. 

♦ 
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.  0 


ANSVEfi: 


Oaiy  om;  tiJ«  t'lmctloii    G    -<{{0,  1),    (1^  i)},    or    Qi    0  — *  1 


,        •    •  i  1 


,  _  «  ■  ■  •  ■ 

t«  tills     polyui^ial  function?  - 

Yi^ii,  a  con«tant  poliyiidmial  function.         '  .  '  . 

 ^      :^   •  ,^  -       ^  ^  ^   ^  w  « 

Lint  the  ordered ^a^«  iu  the  polynoalal  functions,    P    and    Q,~  de- 

t«rrmined  by  the  polynoialals    P<x)    »  /x    and    Q(x)    ^  x  4-  1    (over  ' 

'     ■  .  .  •       '       .      •        /  '  • 


ANSWERi . 

?    '     {(0,  0).  <1.»1)) 

Q  •  {(0.  1).  (i;  0)} 


Are  there  any  .fui\ctions  o|.hef  t^an  ?,'Q  with  domain  {0,  1}  and 
^ge    iO,  in^If  80,  list  thfem,  .  - 


ANSWER: 

There  are  nfine. 


We  conclude  that  over  the  field  1/2  there  are  exactly    polyno- 
mial functions.  —"^ 


ANSWEK: 

four;  the  tunctionw    F,  G,  P,  and    Q    described  above. 


Ll»t  all  the'^ polynomials  over    1/2  -'^S^eg^j^e  2. 


ANSWER: 


(i) 

(II).      X-^  +  1 


(lii)  X' 


(iv)      x^  +  X  •*■  1 


Vnilch  polynooiial  ov^r  1/2  of  degree  '2  determines  the  s;ero  polynraai- 
al  function?  ' 


ANSWER: 
it^  +  X. 


FliKi  all  the^roots  in  1/2    of  the  folloving  polyn£»sia"ls  over  X/2, 

(a)  x  W  / 

(b)  x**  +  x2  +  X  +!  1 

(c)  x**  +  x^  4-  I  ■    ,  .   ■     ,    •  ■ 


ANSWER'!' 

(a)  0    and    i;    0^  +  0^    -0  +  0    *    (T,    l^  +  1^    -    1+1    *■  b 

(b)  1;,.  O**  +  02  +  0  +  1    -    0  +  0  +  0  +  1    -    1  >    Q,    l'^  +  1^  + 

1,+  1    -    0  _  ..  .  ■ 

(c)  -  no  roots;    0**  +  0^  +  1-  -    0  +  0  +  1    -    1    ^    0,  '  •  * 
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^  .  Add  thu  polynoaialu        *  »^  *  I    aad        4.^  +  i,    ov«r  ,  1/2.  (R«- 
call  th«t  the  «jcpont5nt«.  on    x    are  itoQ-negativa  integ«1c«,  not  «Xe- 
Matit  of  the  ti«ld    1/2.    Hsnce  the  expoMnts    2  -  «nd    3    are  permit- 
ted.) 


V- 


ANSWER: 

(x'  ♦  X*  +  I)  +  (x2  +  X  4-  i) 


X*  X. 


Hetaen^er  that  .1-^1 


^  x^  +  (1  +  i)x2  4  X  +  (1  +  1) 
i    0    In  1/2. 


* 

By-ljultipllcitlon  show  that    (x  +  i)(x  +  l)(x  +  I)    ia  «  factoriaa- 


tloQ  of    x^  +.  x'  +  X  4wl. 


ANSWER'.  , 
Cx+l)(x4.l)  (L+  l)x  +  1    -    x2  +  r.  . 

(x  +  i)(x  4  iXx  +  1).  -  "  (x2  +  1)(K  <n   -   x3  +  ^2  +  ,t  ^:  1. 


We^knoM  that  It"    c    ia  a  root  of  a  poiynomial    P(x) »    then    x  -  c  is 
a  factor*    In  th^is  case    P(x)    can  be  factdrad  by  dividing    P^*).  by 
X  -  c,    using  long  division.    However,  in  the  division  process  we 
must  be  careful  to  rei^mber  that  We  are  working  with  the  field  1/2. 
Let  us  Illustrate . 
Let    P(x)    -    x**  +  *^  >  X  +  1. 


Is    la  root  of  P(x)? 


ANSWER: 
Yes . 


.We  divide    P<x)  ,  by    x  -  1. 
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-  xZ'*--  ... 
,     0 .4-  0 

Theo  we  can  factor  P(x)  as  f pilaws: 
Is    X  -  1,   th«  same  as    x  -f  1? 


ANSWEfl:  . 

Ye«,    In    1/2,    -1    -  (-1    is  the  additive  inveWe  of  1.) 

'  .  ^  ... 


-  Therefore  we  coi^jld  ^Iso  write  '  ^ 

X**  +  x^,  4  X  4  1    «    (x  4^  D  Cx^  4  x2  +  1). 

Fact.or  the  poJynoolal  x**  +  x3  +  x^  +  1  as  a  product  of  a  polynomial' 
of  c^ree  1  and  a  poiynoAial  pf  degree  3  (over  -1/2). 


ANSWER: 

1  is  a  root  of  V+  +  +  iT^  So"^^--  1  a  factor.  'Oivid- 
i^gi  we  obtain 
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Hence    v**      ^3  4-  v2 


X  -  i 

<-)  (+) 

0  +  0 


+         +  X'^  +  I 


^  _/3c\+  X^  +   X^  +   I,,  - 


(x  -  +  X  +  1) 

(x  +  l)(x3  +  X  +  1) 


The  system  1/3  bf  integers  modulo  3  is  a  field.  1/3  -  {0,  1,2}. 
following  are  the  addit^Ch  and  multiplication  tables  for  1/3. 


+ 

0 

I 

2  ' 

0- 

1 

2 

.  .  6 

0 

1.. .  ii 

1 

2  /'  0 

0 

0' 

r 

0 

1 

•1 

2 

0    •  i 

0 

1 

2 

2 

.2 

0 

1  2 

P 

.2 

1 

There  are  three  constant  functdons"  from    I/^    to    1/4*    tist  them. 

.  ■    ■  y 


ANSWER:  /(_^ 

F    -     {(0.^  0l,'  (1,  0);  (2,  0)},  G 

H    -    {(0.  2),  2>,  (2,  2)};..  or 

Fj  .  0         0  G:  0      >  1 


{(0,  1),,  (1,  U,  (2,  I)},  and 
H:    0  2 


Ariit  thsij^  functions  pplyncxai^  functions  over  1/3 


1/3?  ^ 


ANSWER:  ,      V  ' 

^  Veiip  they  ^RP^oci^tant  polynomiiij^l  functions* 


1^ 


Lint  the':: ordered  pairs  in  the  function  de£erai{)ed  by  the  polynomial 
+  ,x  +  I. 


V 


X 


ANSWER: 

<0..1),  (1^  1),  (2..'2). 


Write  in  C&ctored  form  a  polynomial  c^er  1/3  of  d^gre^  3,  whicb  has 
0,  I,    and    2    Us  roots* 


ANSWER: 

(x  -  0)(x  -  l)(x  -  2)  •  -  W(x  +.2)(x  +  1) 
2x(x  +  l)(x  +  2)    is^  also  correct 


/WJSWERj 


x(x  +  2)  (x  +  1)     -    1  •  x\  4-  0  •        +  2  •  X  +  0    »    x^  +  Jh^  ' 

i?hat  is  the  polynomial -function  over  determined  by  the  ^olynt^"^ 

mial         +  2x?     ^  '  *  "  ^  J 


ANSWER; 


The  aseVo  pqlyncN&i'al  function. 


Find  all  the  roots  i(i  »/3  of  the  polynomial  +  2x^  4-  2x,  * 
#  ^  -  


0    and    2.  i  '  '         '  *  •' 

0**  +  2(0)  -'  +  2  •  0  '  -  0  +  0  +  0  -  0 

.!'•,'+  2  •  1^  +  2  •  1    -  1  +  2  +  2  -  2  N?*-  0  ♦ 

2**  +  2      2^  +  2  -^2    -  ^  +  1  +  1  -  p  ^  .  ^ 

Suppose  the  polynomial                 +  2x  +  1    is  f^actor^ble  over  1/3- 
Then  it  can  be*  factored  as  «  product  of  two  factors,  one  of  wfflph  has 
deg;;ee    and  the  other  has  decree   ^ 


^  J 


two 
one. 


iObes  the  poiytiomial    x,  +  x^- +  2k  +  1 

« 

have  a  root  in  .1/3? 

ANSWER: 

Can  we  conclude  that     x^  +       +  2x 

1    is  irreducible  oves  1/3? 

Explain.    '                            .  ^ 

1  • 
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Yas.   'If*        +  X?  +  .2x      1    Lre  factor^ihle  over    '1/3  'it*  would  have"' 

a  factor  of  degree  1  and  would* therefore  have  a  root  in  1/3^ 
>           '                      ■              .         .  > 
.    -.^  ^  ,  _  ^  _^  _  

List  all  the  polynomialfl  of  degree  ^  over    1/3    which  have    2x  '  as 


one  term. 


i^fSWER: 


X''  +  '2x  +  2  2x^-+'i^x  +  2  ■  ■  '■ 


Using  lonj. -dlvilion.  d^ivi<fe  the  polynoirfal  /  +  by  '  2x  + 
(over    173)..   1^  ,  *  . 


ANSWER: 

« 

ix-f-.,  1         x-^  +  x''-'  ^ 


2x^  +  x> 


/ 

/ 


/ 
/  . 

/ 


!.f'  -X  +  1 

'  '  2x  -f-  1   /   _  ' 


Note  th^^  i  Is' the  coefficient  of  x^  in  the  quotient  because  2 
la  tliu  .jRwk  ip  I  ii-rttlvt^' inverse  of     2;  I.e.,     2  •   2    «    1     (in  l}'}) 


rollffi:j\^  atf  thf  addition  and  multiplication  tables  ftr"  1/5*.         •>  ^ 
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Additidh 


Multiplication 


0 

:i 

.2 

3 

4 

0 

0 

1 

2 

3 

4 

h 

1 

2 

'3 

4 

0 

2 

2 

3 

4 

•  0 

1 

3 

3 

.  4 

0 

1 

4 

4 

d 

1 

2 

3 

• 

0 

1 

« 

2 

3 

4 

0 

0 

0 

0 

0 

o' 

1  . 

0  . 

1 

2  -1 

3 

4 

2 

0 

2 

4' 

1 

3 

"o 

3" .' 

1 

4' 

2 

1 

4 

0 

4 

3 

!2 

1 

List  the  ordered  pairs  in  the  polynoriial  function  P.  determined'  by 
the  polynoml^         +  Sx"*  +  2    o*er  1/5. 


f 

.ANSWER:      *  ^ 

'{(0.  2).  (1,  1),   (2,  2).   (3,  3);  (4,  4<)}. 

--^  

List  the  ofdered  pairs  in  the  polynotniai  function 
the  polynomial    3x^  4-  x  +  2    over  1/5.* 

Q    determined  by, 

b..  ; 



ANSWER:  _ 

{(0.  2).   (i,   I),   (2,  2).   (3.  3)   (4,  4)}. 

■       ■    ^       ♦  ,1.' 

Therefore    P    and    Q    are  the  same  function.    We  have  shown  that, 
over  the  field     1/5,  ^  <iyf ferent  polynomials  do  not  alwai^s  determine 
different  polynomial  functions.  \  -  ^ 

Find  pi  I  Chfc  roots  in  l/5  of  the  pfilynomial  x:^  +  *f<^x  +  h  gver 
1/5*        -  ' 


ANSWER: 
1    and    4 . 


,  561 

5/9 


Divide  th**  polynofalal^v^**/-^^  2x^  4-  4k^  +  2  by  2x  +1*  in  dividing 
reasember  that  you  are  working  with  .  I/S. 

Yhe  first  step  in  the  process  is  given  as  fqlloWsr 
<  *     x*^  +  3x3  ,         ^  • 

Note  that  the  coefficient  of  itT>  th^  quotient  is  3  because   . 


■  / 

^  I 

ANSWER:    ^  .         .  • 

3  is  the  multiplicative  inverse  of  2  in  1/5,      ooT  2  •  3    «    1    In  1/5. 
-  -  -  -iV^  -  '-S  -  -  ^  "  "  —  -  -  -  -  -  -.  ^  - 

Coti^)l/t^  tbe  dljjj^on. 


ANSWER: 

2x  +  1    '  [  x"*      2x^  4-^4x^  4-  2 


3x 


3 


-x^  4-  4x^ 
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56  0 


ote  that    -x^    -  •  (-1) 


verse  pf  d.    Similarly  - 


V 

4x^  because  A  is  ,th&  aoditive  4-n- 
4x. 


 ,  -  ^  .  r  - 

iu  the  quotient  +         +  x  -f  2    pf  the  previous  division  ^rre- 

ducil>li(2  over    I/S?    If  not»  fiftd  a  factor  of  degree  !♦  ^  . 


ANSWER: 

No;  X  -  4  or  x  1^ 
polynomial. 


er    1/5,    X     4    and    x  +1    are  the  s^uk 

0 


We  should  irei^rk  here  that,  iQ  general,  the  problem  of  finding  the  . 

♦ 

roots  or  the  irreducible  factors  of  a jpolynomial  over  ^  field  is  very 
difficult/    If  the  fi^ld  is  finite  and  does  not  have  too  many  el©-  ' 

raents  we  can  find  the  roojts  of  a  polynomial  over  the  fi^ld  ty  sub--, 

i.  ■  '  ■       ■  ^ 

sJS^tuting  each  el^m^nt  of  the  field  in  placi  of    x    in  the  polynoml- 

If^  K^iB  any  field  then  each  polyncMolal-    P(x)    over    K  determines 
a  unique  poLynofoiaT^ function         over,.  K.     Thus  the  polynomial  P(x) 


-f-  2 


1/3    determines  what  polynomial  function?  ^ 


r 


*•  ANSWfeR: 

P  -  {(0^  2),  (Is  0).  a,  0)},  6r 
p.;    0  — -  2  , 

.1  — *  0 

2   ^  0 

 u_  _  _1   _ 


We  can  define  a  function    ^    as  follows: 

4;    P(x)  — *■  P,     for  eacli  polynomial    P(x)    over  K. 
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^63 


Here    P    is  the  polynoaial^  function  determined  \}y  the  pdlynomial 

l*(x)    is  an  lilement  of  the  uet   while    P         an  eJLpment  of 

the  set   •  1 


ANSWEft:        .      .  '  ^  ' 

of  polynoiaials  over    K  - 
of  polynomial  fuactions* over 

f 

The  domain  of  ^  -is 


"answer:  -  ^  -J  .  \ 

the  set  of  polynomials,  over    K.    *  .  -  » 

-  * 


Since  every  polynomia 
aomiai  over    K,  the 


ANSWER: 


1  fusict^n  over  K  is-,  determined  by^  scone  ^poly- 
range  of^^i  'is         .  ^  N  %  ^ 


% 


•  ■     .■  -  i  .  . 

the  get* of  all. polynomial  functions  ovar    K.                   .\  - 
_  -   ^  .  J  

Let  K  be  the  'n^d  1/2  and  let.  P(x)  *  -  +  1,  q(x)  -  x  +  1. 
Find  the  polynomial  functio'ns  P  and  Q  determined  by  ti}e  polynomi- 
als   J'(x)     and    (Kx).        '  \  .  •   '  ■ 


answer; 

P;  ^  0   1  Q:     0  — »  1 

1  — •■  0     •  1   f  0 





->  -  -  -  \ 


a. 


j 

4 
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Under  the  £ui^tion    ^,  —  and  q(x) 


*  ANSWER: 



m 

* 

»  * 

i  reviersible? 

1 

ANSWER: 

No^    P(x)     f   Q(x)    but    F.  -    Q.    Thus     <P(x),  P)    and    '(QCx) .  Q) 
are  distinct  ordered  pairs  in  the  function    ^    with  tl^e  same  second 

see  that  over  the  field    1/2,    distinct  p^lyiiomials  do  not  .neces-  I 
sarily  d^^termine  distiJ^t.•^^y^^g^aJ.  fto  The  same  is^ttue  for 

♦  the  fields    1/3    and    1/5    aijd' indeed  for  every  field  with  o^l^  a   ^ 

finite  number  of  elements.      .   J  ^  - 

■  V* .  ~ 

In  >?orking  with  polynomials  over^  the  fields  of  rational  nutabeVs,  r^ai 
numbers,  oi^^c^pplex  numbeps.,  there  is  no  great  reason  for  making  a 
distinction  between  .pdl3jnomials  and  polynomial  functions.    This  is 
dufe/to  the  toliowing  theorem.  '  \ 

THEOREM  13.9;  Over  the. fields  of  rational  numbers,  real  numbers^  and 
Aoajplex  nunjbers,  H  P(x)  and  Qix)  are  different  ipolynomials  then' 
they  dete^rffiine  different  polynomial  functions.  '     ,  ^ 

Let  us  consider  real  polynomials.'.  Let    ^    he  the  s6t  of  all  ordered 
pairs  of  the  farm    (P(x),^P),    sudh  that    F(x)  ^  is  a  real  polynomial 
*and    P    is  t^e  unique,  real  polynomial  function  determined  by  P(x). 
^    is  a  function.     What  can  you  coi^^^de  from  Theorem  13.9  about  the 


func&ion  ^? 


J 
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ANSWER:  -  \  *  '    •  v. 

^    is  a  reversible  fuQctldn.  •  .  ' 

Therefore  the  function,  4  definc^d  by  P(x)  - — ^  P  is  a  One-to--one 
Slapping  from  the  set  onto  th^  set^^^    >      ^  ^ 

ANSWER:  ^  •  >  -  .  ' 

•      ■  .   -'^  "        .  .  ' 

of  real  pK>lynoiniplp        •  ^  ^ 

of  real  polynomial  functions,  ,   ^       \ .  ^ 

-  ■ :    _  _'v'_ ,  '__:..-'  : 

^If  P(3t)  and  Q('3c)  are  real  {3(^ly^omials  anfl  ^x)'-^P,|  and  //# 
Q(x>  ^       ,  then    P(x)  +  Q(x)         .          arid    P(x)  •  Q(x)   • 


ANSWER:  j       .  r 


P  •  Q 


Therefore    ^    i«f  a{n)   ^  from  ithe  system  of  real  polynomials  onto 

the  systeiB  i?,f  real  polynpiaiai  functions. 


ANSWER: 
isomorphism 


Because  of  tH«)£goove  Isc^^rphlsrn  many  books  do  not  distinguish  be- 

tween  polynomials  ajiji^polyaomial  funcJ^ons.     For  eics^pl^,  the  Ball 

State  cufriculutB  material^  define  .polynomial'  functions  as  we  have,  ^ 

and  call  the  poflynomial  functions  themselves  polynomia],s .     In  a  " 
1  ■  ■".'<■ 


566  POLYNOMIALS 


it     1,  ■ 

course,  where  one  con^ders  oaly  polypomials  o;^er  the'n&aber  l^iel^s^  ' 
it  is  perhaps  be»t  not .  to  make  a  diatinctfroiv>etwaen  pblynowials  4pd 
poiynomial  functions.  -'       '     /  ^  '  ♦ 

You  should  be  careful  to  note,  hoWever,  that  for  polynomials  over 
many  fie Idsi  (such  as  M/2    and    1/5,  £or  exapple),  rfhere  is  no  isomer-  )| 
phisp  as  described  above.  A  "  '  ' 

'     .'      ^  -  •    *    '  ^-   '  i 

Let  us  try  to  prove  Thecwem  13.9  for  the  ^ieXd  of  'rational  numbers. 
;  If    P(x)    and    Q(x)    are  rational  polynomials  vAia  det^rmihe  the 
same  polynomial* function,,  then   for  every  rational  nmii>er  c. 

_       .  -  -  7 

ANSWER:  '     ,  "  '  ■ 

•  P(c)   •-    Q(c)  -  •  '  '  . 

•   ■   ^    .         '■(■  ,  ? 

This  implies  that  every  rational  mH«Je^    q    is  ^  ifw'^'^^the  pClyno- 

ANSWER:  ;  -  "  '  ^  * 

P(x)  -  Q(x).  f  I  •  ' 

^   .  _  

•  \ 


f    P(3^)         Q(x^,'  why  does  this  contradict  Theoreni  13.5? 


ANSWER:  /  *  .  ^- 

If»  P(x)  9^  .Q(k^,  then  P(x)  -  Q(x)  is  a  non-^zero  polynoai;lal.  Xf 
it'  has  degree  'k.  Theorem  l3.5  says  that  it  cannot  have  more  than  k 
distitict  roots-     So  if  cannot  haye  every  rational  number  as  a  ro^t,' 

Yoif  may  observe  that  the  above  proof  works  equally  well  if,  instead 
of  the  rational  field,  we  use  any  field  with  an  infinite  ntitebe^of 
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Let  us  ^ijsiuMJ  now  th^t    K    ia^  a,  field  and  that    L  ^is  a'fleld  con-  ^ 
t4lnlnj;.  K    as  ^  suhfield.     For  dxknple,  we  could  take    L  *  to  be  ti(e 
field. ot  complex  number^  and'  K    to  be  the,»£iel^  of.  real  nunibers,  or 
rational' numbers If    c    is  an  element  of    L  ^then  it  may  or  *niay  not 
be,  true  th^t  there  is  a  non-zero  polynomial  over    K    which  has    c  as 
a  rout.    We  maki?  the  following  definitions  -  ;  * 

DEFINITION  13.13:     Let    K    be^* sub fie Id  of  a  field  -  L,    and  l^t  c 
be  an  element  "of    L.    ^Then    cNiis  said  to  be  algebraic  ov6r    K    if  " 
there  is  a  non-zero"  polynomial  over    K    which  has    c    as  a.roox.  If 
c    is  not  algebraic  over    K    then  it  is  said  to"^^  transcendental,, 

ove  r  , K .  '  '        r    -  »  , 

U;t  us  illustrate  this  definition  witli  efacrpXes. 

Find  a  non-zero  pol-ynomial  over  tha"  field  fcf  rational  numbers  which 
has     /2    as  a  root.  -  . 


/ 


ANSWER:     "      / ,  r 

.  \ 

e.g.,  X'' 

.         \          ^  • 

Thus  we  say  that     /2  ^  is  ' 

*        "  ..... 

^  (algebraic  or  transcendental)  over  the 

field  of  rational  numbt^rs , 

ANSW|R:  . 
algebraic 

• 

* 

^  It  can  be  proved  that  there  is  no  non-zero  ratioHal  polynomial  which 
V,  has  the  numb^er'  ti    a^  root.     Therefore  "T^M-s       "    over,  the  field  of' 

\      ratidnal  numbers. 


1 
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ANSWER: 
^  transcendental 


.  *  Is  the.  con4)lex  nun^er  -  i  "algebraic  oyer  the  field  of  real  numbers? 


ANSWER:  -  .  ^ 

Ye«s;     I.   is  a  root  of%  the  noa^-zero.  real  polynomial         4-  1. 


_l8  the^^^copiplex  numbec    i    algebraic  over  the  field  of  rational  num- 


J 


ANSWERS 


Ye«;  ,  ^  1  is  also  a  rational'  polynomial r  So  4-  1  is^  a 
zero  rational  polynomial  having    i    as'a^Toot*  \ 


non^ 


Consider  the  complex  numbers: 
'(a)  .  -21 
.  (b)  i  ' 

.(d)     1  /  i 


(1) 
berB 


Which  c 


of  these  numbers  are  algebraic  over  the  field  of  real 


num- 


(2)  Which  of  these  numbers  are  algebraic  over  .the  field  of  rational 
numbers?  .       •  '  * 


'ANSWER: 

Cy  (a),  ^b),  (c),'  (d)':* 
(2)     (a),  (b),  (d). 


r 
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569 

4 


r 


,  A 


Let    c    be  a  cp^lex  nui^er* .  Fiod  m  real  polyn<^al  which  c  as 

a  root .  ' 

^  ^  ^  \  J'  \.  ^  w  '  ^     ^  ^ 

'    .  ■  ■       '  ■  • 

ANSWER:  ■ 

e.g,,     Cx  -  c)Cx  -  c>    -  ' (c  +  c)x  +  c  •  c*    Recall  that    e  +  c 

and    c  ^^c    are  real  d%arf^r». 

We  conclude  tliat  every  ccsaplex  number    t   over  the  field  of 

real  tiumber»p    *  ^  .  *  , 

ASSKER:  '  « 


algebraic       ^  ^    ^  »  ^ 


c    Is  an  element  of  L. 


Suppose    K'   is  a  subfield  of  a  field   '<L    and  c 
Let    P(x)    and    Q(x)    be  distinct  polynotalals  "over    K    and  assume 

that'  P(c)  .  -  Q(c);  Find  a  non-z^ro  polynomial  over  K  which  has 
c    as  a  i^ot. 


X  ANSWER:  t  •  ^ 

»  P(x)      Q(x)    is  a  non-'Srefo  polync^al  because    P(x)    and    Q(x)  are 
distinct,     Moreover,     c    Is  a  root  of    F(x)      Q(x)    because    P(c)  ^ 

Refer  to  the  preceding  item.     la    c    trans pendental  over  K? 

ANSWER:  "  . 

No.  •     ■  ' 


94  ,  * 
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can  conclude  that  If.        iu  tra^iscendeu^al  over    K>    then  P(c) 
'  -Q<eX  .whene^pi?    P(x)    an4    Q<x)  •  are  dlstiiK:r  polyncHaiaXs-    Thus,  if 

and    a^        0,  'b  9^    tWn    n        m    and    ao    «    bo,    ai    •  bj, 

•  .    -  -    ,    ^   ^    '  ■-.     V  ' 

■  a  b  •  •  I  • 

,  n    -     n  '     :  ' 

^  ^TKis  shdws  that  If    c    is  transcendental  over  a  field    K, \then  c 

haik  ^he  bfisic  property  that  va»  required  of  the  "yariabW*      x  in 

'Definition  13,2.    The  definition  pf  polynomial  given  in  fle^lnition 

13.1  can  be  ^de  logically  precise  by  specifying  that    x    ia  an  ele- 

©ent  which  ia^^ranaicend^tal  over    K;  i.e.  ,    x  l^Hs  an  elenient  o^  a 

fie;id  cpntaining    K    a$  a  subfi^ld*with  the  property  that  1&    (ac  a^^ 

a  )    is  a  sequcmce  of  eleiaents  irot^    K    such  that 

• » '•  •  -  ■      *  ■'    .  ■ 

a^x   '4-  a^^j^x/     +        -"r  aix  +  aQ  ♦«    0,    then    ag        Q,    ai    -  0, 

-   ■  1 

«  •       a     >-    0.    It  can  be*  proved,  thop^h  ve  shall  not  do  so  hete, 

^        n  •  ^ 

that  if        i^'  any  field  there  does  e^jlst  a?  fielcjT  i    containing  K' 
as  a  subfield  and  which  contains  an  element  transcendental  ov^r  K« 


REVIEW  ITEMS        '  .      "  .  . 

1.  If  a  polynomial  has  a  maltiplicative  i^fiverse  which  is  a  polynozfli- 
ai  then  it  is  called  a  ♦ 


'ANSWER:  ^' 
unit. 

 V  „  

2.     If  a  polynomial  Is  a  unit  it  has  degree 


'  S89 
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ANSWER:..         ,  • 

'  .  ■.■  ,  •  *  • 

zero-.  • 

 -  r.  v--^.  ^- 

3.  Give  the  leading  coefficient  and  degree  of  each  of  the  fpllcwin^^ 
polynomials.  -  .  • 

(a)    3xS  -  2x3  +  1     ^  .       .     ^    ■  .     ^  . 

<b)    X  -  6  .  '      .   '    '  , 

(c)    0        .        •       .  •  .  ,  , 


• 

ANSWER: 

Leading  Coefficient 

Degree 

(s)  3 

(bX  *             •      *  1  . 

• 

(c)                  has  none 

fiaa  none 

<d)  /3 

0  , 

-> 

4«     ^  pol^rnomiai  which  is  irreducibXe  over  the  fle^  o^complex  num- 
bers  must  have  dfegree           while  a  polynomial  which  is  irreducible 
over  the  field  of  real  numbers  must  have  degree  . 


ANSWER: 
ohe 

one  or  two. 


5.     Does  evefy  constant  polynomial  hav^*degree  2ero?  * 


ANSWER:         ,  ;  .        '  ^""^-^  ^ 

No,     The  zer9^^1ynomial  is  a  constant  polynomial  but  it  has  no  de- 

r 


572  POLYNOMIALS 


6^,  Which  of  the  £ol^lowing  polynomials  arc  (IJ  units,  j; 2)  ifr^ducible 
over  the  real  numbers o( 3)  ^factorable  over  the  r^Knumbers?  . 


4 


(c>    3c2-^2  •  _  ■  '  i     ,  *        '.  j 


(d)  ■  2x  +  1 


/  -------   .  _  _  ^I'^^Jy-;'  ^V.si^^T®^^'**'' 


AiiSWER: 

(2)  (a)     and  (d)^'^ 

(3)  (c) 


7,     (a)    List  the  defining  properties  of  an^integral  domain,^-^       ,  , 
(b)    Which  of  these  p^operti^3,  if  any,  does  the  system  o^  all  real 
polyi^pmials  with  zero  constant  terra  pos»«^s?     '        ^  ^ 


V, 

ANSWER:  ,  .         •  '  - 

(a)  Ap  integral  domain  is  a, set  with  two 'closed  binary  operations 

(addition,  and  multiplication)  wltft  properties:    A  ,  A*  .  A,  , ,  A  f^.  M  , 

•  a      c'     id'    in'  a 

*    ^c*  ^id*  ^'  cancellation  p;:dpertie8   for  multiplication.  ^* 

(b)  This  system  possesses  all  these  properties  except    M^^.  ^ 


*8.  Suppose  3  -  2i  is  a  root  of  a  real  polvngmial.  Find  a  re^l 
•  factor  of  degree  2^of  the  polynomial- 


also* 
factory. 
Keal  factor* 


^ffcx  4  13,.    Since  •  J^-  ii  j;is  a  root,     3      21         3  4-  2f*  is 

XhenI  <x  -  [3  -  2i])(x  >[3.  +  2i])    -         r  6x^13    U  a  xez 

 '      ---^  -  '  r  -  r,-  

^''lUS,^    P(x)  ,  la  a  polync^i5l  of  degree    m  ,and    Q<x)    is  ^  polyncSai- 
almof  degi^ae    n  .  the  degree         r(x)  *-Q(x)  Im 

•  ANSWER:      .'  '  ^  *  * 

m  +  n.         f  •      ,  V  #1 

■•^V,  ...  ■      '  ■  •  :r 


10.     If  has  degree  7  ^nd    QCx)     has  degree  5,  what  is  the.de- 


gree'of    P(.>t)  +  q\[x)? 

•     *  ^  •  . 


4 


V 

ANSWER:  ^  nr 

V  * 


11*     Ifijk'PCx)    has  degree  7  and    Q(x)yhas  degreg^?,^  what  can  ypu  say 
about  the  degree  of    P(x)  +  Q(x)?      '      '  /  ' 

-      ^         -         ^  «         ^.  ^  ^  ^  -  -      -  ^  -  a  _      -  ^      ^  -  -  

.  •  .  '  .    '     ^  V 

ANSWER:  .      '  .  ^ . 

/  > 
If    P(x)  +  Q(x)    ^    0,     t^en    P(x)      Q(x)    h^s  degree  less  than  or 

*  *  '  ^  s 

equal  to  /.     If    P(x)  +  (Hx)     -    0,  ''tljen    P(x)  +  Q(x)    has  ^qo  degree^ 

 - 

:  

12*.    If    ?(^\    has  degree    m,    Q(x)    has  degree    n,    and    m  •>  n. 


then,  P(x)  -J-^Q(x)   ^has  degree  _Ll^« 
"'^  ^      Z      ^-         ^  , 


« 
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ANSWER; 


.13.    If    P(x^  i 


and    Q(jc)    each  have  degr§e    n    ttfeja  wh^t  can  you  Bay  » 


about'' the  degree  of    P(x)  -^^  Q(x)? 


If    P(x)  >  ^(x)    ^    0,     then  the  degree  of  /  P(x)  +  Q{x)    Is  less  than 
or  equal  to    n.     ff    P(x)  +  Q{x)    •  ^6,     then    F(x)  +  QCx)     has;  no 
.degree.  ^  . 


14 
P 


4.  Let  P\x,)/  4  3x^  -  2x^  -f  x^-f.  1  an 
(x)     -    (3x^-  Kv  +  l)N(x)  +  (16x  -  1). 


vide    P(x^)!  by 
the  quotient  is 
plain^ 


^N(xL 


and    ^(x)    «    X      2.'  Then 

Is  it  true  that  if  we  di- 
using  «the  Division  Xfieorem  for  polyfKMnials^  that 
8x  +  1    and  the  remainder  ia    I6x  -  1?  Ex- 


-  f 


ANSWER: 

No.    The  remainder  obtained  by  applying  the  Division  Theorerii  must  . 
either  be  zero  or  hai>e  degree  less  than  th^  degree  of  ^N(x)  .    In  the 
given  example    16>^"  1    does  not  have  degree  less  than  th^e  degree  of 

—    —    -    —    -    ^    —    —    —    —    —    -    -    —    —    —    —    —    —  4—  —  J—  —    ^    ^    —    ^    ^    ^    ^  ^ 

( 

15.  ♦  Suppose    P(x)    and    N(k)    are  non«-zero  polynomials  and  *  P(x) 
has  degree  .greater  than  or  equal  to  th6  degree  of    N(x)  T    In  dividing 
using  long  division  the  first  step  is  to  lo>k  for  a  • 
monomial    cx      such  that  .  • 

— ...... 
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N 


593 


575 


,  P{»)  -  cx?%|(^)    has.'degfee<iess  than  the/' degree  of    P(x) . 


16.-    The  ,f4«)tft  step  itj  the  dlvision./f  .  P(x)    -    x**  -         +  3x2  ^ 
1    by  ■       x\+  2    is     ,    .  • 

•  ■    7/' ^ 


11 


This  give^.iiis  the  folli^ing'  representation  for  P^Cx) 


ANSWER: 


•  {K^Wr^  +  (-2x3  ^.  ^2% 


s  • 


17. 


Caj^  An  Irreducible  poiymDmiai  have  degree  0? 


No;l  I^Siief inicion,  «j^^i4reducible  polynomial  is  non--constant , 


18.  'f»  the  Stand&rd  Factorization  Theorsns  for  integers  and  ^jolyno- 
'    mia    ,what  polynOTlals  are  the  analogues  of  th^  positive  prime  inte- 
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ERJC  V 


t 


ANSWER:  •  \  *        .  i  ^ 

The  Irreducible,  polynomials  with  leading,  coefficient  0|ie  (irreducible 
mAnlc  polynomials)'.   ^  . 

swir 


^  ^    19-    Find  the  standard  factorization  for  e^ch  of  the  ^olldwing  poly-- 

nomials  over  the  rational Tnumbers,  -  ^    '   V  .  .  /  • 


(b)    (i/2) (x^)  +  X  +  i/2 

•(c)  3  :  ■  • 

(d)     2x2  _  4   . . 


ANSWER:  V.  .  .  *  ' 

(a)  (-l)x(x  r  l)(x  +  1) 
'     (b)     (1/2) (x  +  l)(x  +1) 

(c)  3  is  ^a  unit;  therefore  it  has  no  standard  factorization 
*   (d)     2,(x2  -  2^  •  * 


20.  Suppose  P(x)  ^  »  Qi(x)  •  Q2(k)...,  Qu(x)>  where  each  of  Qi(x), 
,^  ,  _  ^reducible,,    Denot|e  the  leading  coeffi-cient  of 

QlM    by    cf,     the  leading  coefficient  of    Q2(x)     by   .C2,  e'tc. 
What  is  the  standard  factorization  of    P(x)1^      >  - 


ANSWER: 

Let    c    *  cic 
k 


ic^ , 


.^^H^Then    P(x)     -    c  •  (^^Qi(x))  •  i^^^Qi'M)  ... 


21»  Without  actually  dividing, find  the  remainder  obtained  in  each  of  ^ 
the  following  divisions;  .  ?  ^  ^ 


(m)  +  2x^^-^l    by    K  -  /B: 

(b)     xf^^  -  '2x^^  by    X  4-  1. 


$  .  * 

er|c      .   ^  7,  ,         •  Sy^ 
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4. 


ANSWER:  S.         N  .  '  . 

(a)    34  y  #        .  .        ,  *  ^  . 


22.    Udin^  the  factor  theoreor  find  a  factor  of  degree  one  of  each  of 
.the  following  fi^lynoiniald .       *'  p 
(a)    x^Z^-h  ^  ^  '  J 

-         ^  X  +  I4     ^  '  ■     -  • 

---J---- ------- 

ANSWER:  ■  •  ^-  . 

;  (a)  .  X  4-  2  . 
(h)  .X  +  1       .  • * 


23.    Is    X  +.  1-  a  factor *6f         +  x'"'r  +  x""-^  +        +  x  4  l.^lf  o 

Is  8»r- even  positive  integer?   .\  If    n    is  an  odd  positive  inte-. 

ger?   


ANSWER: 

No. 

Yes. 


24.  If  P(x)  -  {x  -  c)Q(x),  how  are  the' roots  of  P<x) '  and  Q(x) 
related?  *  .   ^  .. 


'^A 


ANSWER:  ^  .  • 

Each  root  of  Q(x)  is  a  root  oft  P<x) .  .Each  root  of  P(x) ,  except^J 
possibly  for    c,     Is  a  root  of    Q(x).  . 
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•25.  If  'POx)  is  a  ppiyncmifel  which  hgs  ^very  poi^itive  in^egeV  as 
^roott  what  can  you  ^ay  about    P(x)?    Explafn.  '  - 


ANSWER:  ,  _  V  *        '  ' 

P(x)    •    0.    By  TheoVea-^.J,  if    P(:^l)    i    0    and  has  degree    n  %t 

cannot  have.t&or^  than    n    distinct  roots.  ,      *  » 

'26*    Give  the  standard  factorization  of  the  >polync»alal    3x^  ^  27, 
»Ca)    over 'th<prational  nmabersj    (b)    over  the  real  numbers,  aad  (c) 
over  the  complex  numbers »  . 

,  V  I         -     •      ■  / 


ANSWER:        '  "  , 

(a)     3(x2  -  3)(x2  +  3).^  '         *  •  -        '  * 

(bj    3(x  -  /3)(je  +  .^)(x2  +  3)  ^      Jv  ^  V 

(c)    3(x  -'.^)(x  +  /3)(x  -  /31){3C+  ^i).  . 

_^  #  - U-^.-. 

27.    What  theorem  can  be  used  to  deduce  that  every  complex  number  has 
an    n^^    root  for  every  .positive  integer    n?    Explain.     (An  n^^ 
root , of  a  <;otaplex  number    ^         a  iomplek  numbers^  b'  such  that    b  « 
a.)  '  ^ 


it 


■Y- -------- 


ANSWER:  '  '  .  , 

Theorem  13.7,rthe  Fundaiaental^  Theoroa  of  Algeora/    This  theoresj  says 
that  every  complex  polyncanial  has  a  root  in  the  field  of  cisaplex  num- 
bers.    If    a   .is  a  complex  numfiex  and-   n    isSi^ositive  integer  then 

' . ^  '     *  *  th  t 

the  polynofnial    x    -  a   »ha^  a  root»  which  is  an.  n       root  of  f 

 ;  <__^  .  

28,  Find  all  the  roots  iny  1/5  of  the  polynomial  x^  +  x  4-  2,  ove'r^ 
1/5.  ^  .      .  ^ 


f  '  . 


.      ANSWER:  /  •   •        .     '     ?^  •     .  ,     '  ... 

2    is  the  only»roat.  •  *  % 


^   

.     /  ■  -  ^ 

29.    Factor,  the  polytiomial^  x**  +  x  +  2    o^fer  .1/5    in  the  form 

^^^^ 

answer':'         ■ .  '7  .      ^  . 

Dividing-  x'»-+  X  +  ?    by    x-^  3\    uging  longrdlvision.  we  get 
V  X  +  '2    -    (X  +  3)(x3'-f  2x2  +       +  .  .  , 


5'  V 


The  polynomial    x^  +  2x2  +  4x4-  4*  over    1/5    has  no  root  in 
1/5.    Can  we  conclude  that  it  is  l^freducibie  over    1/5?  Explain. 

Yes^;     if         -f  2x2  +^,4^  +  4    were  factorable^  it  could  be  factored  as 
-  a  product  of  a  polynomia^of  degree  2  and  a  polynoiaial  of  degree  1.  ; 

^      If  *t  had  a  factor  of  degree  1,  i£  would  have  a  root.  ,  ' 

31.  Write  down  ail  polyncraials  over  1/3'  which  have  degtee  3  and  \^ 
which  have  the  terms    2x2  4.  :  -    '  , 


ANSWER: 


x3  +  2x^  ^  X  2x3  +  2x2 

x^  +  2x2  +  X  +  1  2x3  +  2x2  +  X  +  1 

*     x^  +  2x2-fx+'2  2x3  + -2x2  +  X  +  2 


I*  32.  J|ind  the  polynomial  function  determined  by  each  of  the  palynomi- 

als  ^2x2  +•  2x  +  2    and  '  %^  +  2x2  4.         2    over  1/3. 


« 
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.  -     •     ■  f 

-A*'  •   *V  ~  

ANSWER;,  ' .  ^  „  ,   _N       *  , 

Each  polynomial  determines' the  polynosial  runcti^tf    P    defined  by: 

P:    d'—^Z  »    ,         .  - 


1  —  0 


2  — 2  :  *  > 


^-  ■  - 


33^  pc^ynjoBiial    jc^  -4-       +-4    oyer    VS'  has  tta  root  in  1/5..^ 

Can  we  conclude  that  it  is  irreducible  over    1/5?  Explain. 

_  _._  — _  .  _^ — _  _  _  _  _  

ANSWfeR:  '       '  *  .  .    "  , 

No.    Since  it  has  no  roots  in    1/5,     it  can  not  have  any  factors  of  . 
ditgree  1.    However  it  does  factor  into  factors  of  |degree  2:  ,     "  f 

x'*'+x2-  +4    -    (3x2  +  4)  (2x2  +  1)  '  V  ^ 

■  ■  •  ^  .  :  ■      ■    }    •  . 

3A.    Factor  the  polyncsnial         +  3x^  +  4x  +^2    into -Irreducible  td^ 

tors  over    1/5.  '  ,  ^  . 


 f   - 
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ANSWER:  ,  c.    ^       ^  - 

*   (x  4-  i)(x  +  4)(x  -1^  3).    Note  that    x  +  l    f»    ;i-4,.x-f^4    *  x-1,^ 
and  ^x  ^  iy*'    X  -  2,    over    1/5.  . 

35.'  Le^.   ^    be  the  function  defined  by  P(x)  — P,    for  each 

rational  polynoraial  wher^    P    is  the  rational  polynomial 

^  funetion  determineii  by    P(x) .  '  -  f 

|J    is  a  function  froto  the  set    onto 'the  set   i    Is    ^  an 

isomorphism?  '  ^ 

 __  _  -'-  r  ' 

m  « 

•  ■  •  i 

/ 


> 


i 


.  ;    ANSWER:.  .  .      ^  "       '  . 

of  rstlonAi  polyncsaials^  ^  ( 

;  ,of  ratldnal  polynomial  functions  -  !  '  /  ^ 

•s-  Yes  Y  :  *       .  /  *  ^ 


i- 


^     ,  36.    W(vlch  of  the  following  complex  numberti^  gre  algebraic  over  the. 
r      field ^f  rational  numbers?  .  "  . 


(c)  IT  .  -  -     -  r  '  ■» 

(d)  2i  .     •  ' 


(a)  2 

(b)  5t 

\ 

ANSWER:  '  ^ 

(a).  (b),Ad),  (f). 

37 •  '  Let    c         a  ^  bi    (a  and  b  real  numbers)  be  a  COT|>lex  number. 
Find  a  teal  polynomial  which  h^s    c    as  ^  root.  .      '  ' 


ANSWER:  *         '      .  -  ' 

(x,     c)(x      c)    -  '        -  2ax  -I-       +  b^  .           .  ^ 
^  ^  r^^^^^__ 

38.  Ip  there  a  complex  number  which  is  transcendental  over,  the  field 
of  real  numbers? 

ANSWER:  •  ^  -  •  . 

No;  eVfery  complex  number  is  a  root  of  ^ome  quadratjic  real  polynonilal, 
»  * 
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XIV.     EQUIVALENCE  "IJj^TlONS  AND  GROUPS  * 


■  .  .  ■  /  • 

Pl^OPERTIES  OF  ^RELATIONS  i 

In  Unit  I  we  defined/ the  Cartesian  product  of  jnon-eiapty  sets    X  and 

c     '        y  "     •  • '  '  ' 

Y,    written    X  ^  Y,-^o  be  ^he  set  o^  all  ordered  pairs    (x,  y)  such 

that    X    is  an  element'*  of    X    and    y    is  an  eleaent  of    Y.  # 

•  •  • 

A  no^-empty  subset  of    X      Y    we  have  called  a  j^tween    X  and 

Y.  ■    .    -  ^  •  '  .  ^ 


^ANSWER: 
relation 


If    S    is  a  non-empt^set,-  a  non-empty  subset  of    S      S    is  a  rela- 
tioii  between    S  ^nd    S.    This  is  the  situation  above  wfeere    X  anti 
Y    are  the  sa^e  set    S.  .  In  this  case  we  usually  say  'Irelatlon  in  S*' 
instead  of  "relation  between    S    and    S."    Thus  a  relation  in  a  set 
*       S    is  a  non-anpty*  se\:    R    where  each  ^ement  of    R    is  an  ordered 
pair    (x,  y)    with    x    and    y    elements  of    S/  When    R    is  a  rela- 
tion and    (x,  y)    is  an  ordered  pair  in    R    we  will  often  write 
"x^R  y"    and  say    "x    is  R--related  to  y*\ 

DEFINITION  14.1:*   If    R    is  a  relation^in  a  set    S,     then    R    is  re-^ 
flexive  Ih    S    if  and  only^lf    (a,  a)    is  an*^  element*  of    R    for  every 
element    a    in  S. 

Note  thaii  th<£  reflexive  property  is  not  a  property  of  '  K    alone,  but 
.    of  "  R    and  -the  set    S.  •        •  .  •  "  ■      .  » 
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To  shw  that  a^^inary  relation  R  in  a  scat  S*  is  reflexive  in 
•you  ssust  3how  that    for  each 


ANSWER: 

a)    is  in  R. 


^^^^^  ^  binary  relation    J?    in  a  set  ^  S    is  not  reflexive  in 
'^f^    ^»  you  nee^  to  find  pnly  one    a    in    S    for  which 


.   ANSWElR:  ^. 

(a,  -Si)     is  not  in  ,  R. 


1. 


t    .S«#={i,  2,  3.  4}                                      .  f 

and    R    -    {(1.  1),  (2.  2),  (2,  A),  (3,  3),  (4,  1),  (4,  4)}, 

Is  'It  true  fl»at    (x,  x)     is  in    R    for  every    k    in  S?  . 

Therefore    R   {is  or  is  not)  reflexive  in  S, 


ANSWER:  '  ' 

Yes 

.      .  7 

.  Let\  S    -  Ml,  2,-  3,  4}     *      .  '  .       >         ^  ^ 

and    R*  «    J\l,  1).  (2,^).  (2,  3).  (4.^)} 

Is  it  true  that    (x,  x)     is*  in    R    for  every    x    in  S?  

Therefore    R    (is  or  is  Jiot)  reflexive  in  S. 

-  -  .  -  ~  ^  '  ~  ^  '  "  -  ^  'f^^f'^-   -  -  ^-  , 


584    EQOIVAI£NCE  RELATIONS  AND  GROUPS 


er|c  .  .  > 


t 


No,  3  ii  in  S,  but  C^^  3)  .  is  not  in  R. 
l8  not  *  '  . 


Ut    S    •    {1.  2,  3}  . 

and  R  «  {(1,  1),  (2^  1),  (3/l),  (3,  3?} 
Is    R    reflexive  in    S?    If  not,  why? 


ANSWER:  • 

Hp;    2  is  in    3,    bu<^(2,  2)     is  not  in  R, 


Let    S    be  the  set  of  all  real  numbers,  and  let    R    be  the  set  6f  all 
ordered  pairs  of  positive  numbers    (a,  S),    such  th^t    a    «  1). 
refiexlye  in    S?    If  noX,  why? 


ANSWER: 

No;  for  ex«npleO--3  Is  in  but    (-3,  -3)     is  not  in  R. 


/ 


If,  in  the  example  above,  S  were  the  set*  of  all  "^positive  nurofadrs, 
.would    R    be  r^jflexive  in  S? 


ANSWER:  #  . 

Yes.  '  .  ' 

Let    S    *    (a,  b,  c,  d}.    A  binary  relation    R    in    S    would  have  to 

contain  at  leas  t  ^  elements  in  order  to  be  reflexive. 


( 
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ANSWER:  ,  '     *  . 

.|our  (Although  it  could  contain  more).,  *'  / 

*  ■  •  • 

-  -  "  .  ^  

t«t  S  h&  tiie  sjet  of  all  l^nes  in  a  plaae«  and  .  Z  hi  the  8et  of  all 
Ordered ''pairs  m)    such  that    I    and    m    ^re  lines  and  is 

perpendicular  to    a.    Xs    R    a  reflexive  relatio'n  in  S? 

ANSWER: 

No  (  a  line  is  ^ot  perpendicular  _^to  itself ) . 

-'  —  -r~--,  

DEFINITION  14.2:    A  relation    R    in  a  ^et    S    la  symmetric  if  and 
only  if  whenever  an  ordered  pajlr    (a»  b)     is  in    R,    ^e  ordered  pair 
(b,  a)     is  also  in    R'   {or.  If    a  R  b»    then    b  R  a) . 

Let    S    -    {a,  b»  c}  jr 
anj    R    -    {(a.  b),  (b",  a) ,  (b'.  c) ,  (c,  b) }  ,  V  - 

Is         symiaetric?    If  not,  why?  *  ^   .  . 

ANSWER:.  * 

Yes  ..  ■  .  *  * 

■---'-----;-------.------:--/ 

Ut    S    -    {1.  2,  ^a.  b}    *  -    ,   .  '  ^ 

and    R    -    {(1,  a),  (a,  1),  (1,  b) }  . 

Js    R    syuanetric?    If  not,  why?  ^ 
ANSWER:  "  . 

No;     (1,  b),     is  in   iR,    but    (b,  1)    Is  not  in  R. 

^  - :  -  .  42,  _  ^  ■  '"^  '^  - 
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Ut    S    -    {X,  2,.  3.  4}        ■  ,        *  * 

and    R    -    {(3. '3)-} 

.  ■  y  ■ 

Is    R   sytimntric?    If  not,  why?  ' 

.     .  •      ■  '  '  ■■-  ^  .  '  • 

lu    R    reflexive  in    S?    If  not,  >hy?  ... 

\  •  : 

ANSWER:  •  ' 

Ye8<*  ■      »         •  .  .      ■  ■  ,  ■  '   ■'  ; 

No;     1,  2,.  and  4  are  in    S    but    (1,  1),  (2,  2),  and  <4,  4)  are  not 
in    R.  ■  ^  . 

•       ^  .       .     •  .     .      t  '  ,    .       .      ■  '  -  .  . 

*  ^  *  .  ■  ',  • 

Given  a  relation    R    iq  a  set    S:  ^ 

To  decide  if    R    is  reflexlvftit  you  must  check  that  for  eveor^   %  in 
 ,     (x,  x)    is  i«   . 

fo  decide  if  R  is  symmetric,  you  must  check  that  for  every  (x,  yj^ 
In  «  is  in    R.  ^ 


ANSWER:  . 

S;  R 

R;    (yi  x) 


'   Let    S    be  thfe  set  of  all  plane  angles  in  gec^etry,  and  le€    R  \>e 
.'the  set  of  all  ordered  pairs  of  angles    (A,  B)    such  that  alngle  A 
is  supplementary  to  angle    B.    Is    R    a  sjrmmetrlc  relation  in  S? 


ANSWER: 
Yes. 
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DEFINITION  14.3:   .A»relation    R  *in*ai  set    S    is.  said  to  be  ^transi- 
tive if. and  only  if  It  satisfies  the  con'dition;    whenever    (x,  y)  Is 
In    R    and    (y,  z)    is  in    J?t    then    (x,  2)    is  also  Jn    «    (or,  if  .. 
X  R  y    and    y  R  z,     then    x  R  2) . 


Let  S 
and  R 


-  (1.  2.  3,  4}      .  / 

-  {<!.,  2),  <2,  i)rO,  4)}. 


Why  is    R    not  transitive? 


ANSWER:  W 

The  Ordered  pairs    (X,  2)    and  (2,,3>    arein    R '  but    (1,  3)  is 

not  in    R.     (Take    x    -    1,    y  -    2,     z    -    3    In  Definition  U.!)*. 

Or,  the  ordered  pairs    (2,  3)  and    (3,  4)    are  in    R    but    (2,  4] 

is  not  in.    R.     (Take    x    m    2,  y    -    3,    2    "    4    in  Derinitidn, 
14. 3)..''             ,        '          ^         ••        '  / 

 1„__'.  >_:_-. 

Let    S    -    (a,  h,  c}      '  -    '  '  ^  ♦.^ 

and    R    -    {(q^  b),  (b,  a),  (a,  a) > 


Is    R    transitive?    If  not,  why? 


ANSWER:  '     '  \  *     •  ■ 

No.    You  may  think  that  R    is  transitive  because  of  the  orier  in  " 

which  we  have  listed  the  elements  in  «  R.    Since   "(b,  a)'    and    {a,  b) 

are  in    R,     and     (b,  b)  is;  not  in  .  R^     then    R    is  not  transitive. 


Let    S    -     {4,  7ji9,  10)  ^  .  '  ■  ' 

a^d    R    -    {.(4.  7),  (7,  9),  (4,  9),  (7,  k) ,  (4,  4» 

,  i 

Is    R    transitive?    If  not,  why? 
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■  •  .  .      .    ■  .■■  ■ 


ANSWER:  *  ,  ' 

No;  for  example.  '  (7,  4)    and    (4,  7)    are  in    R,    but    (7,  7)  is 

not,  j!". 

.  .  .  *  • 

Let    S    be  the  set  of' all  lines  in  a  plarie  and  let    R    be  the  rela-- 

•tion  In    S    consisting  of  all  ortier^tf  pairs  m)    4?here    i    is  *» 

either  the  same  line  aa    m    or    £    is  parallel  to    m.    Is    R    a  tran- 

sltive  relation?  ^  %  *       '  * 


Yes.    Recall  that  if         m,  and'   n    ajr^  line^  and  if    £  jis  parallel 

to    m    and    m    is  parallel  to    n  .  then  either  Z    is  the  same  as  n 

or    £    is  paraHel  to    n.                         *      ^  •  * 

-         ^  --------  -                      -  -  _  -               -  -  -  - 

Let    S    -  •  (a,  h;  cl  d}    •  '  -     V  . 

and    R    -    { (a,  a) ,  (a»  b) ,  (b,*  d) (a.  d) }  ' 


Is    R    transitiv*?    If  not,  why? 


ANSWER: 
Yes. 




0 


Let    S    be  the  set  of  integers  and      R    be  the  set  of /all  ardereH 

pairs     (;s,  y),    such  that    x   d.s  in  v    Is  in    S,  laridt  x  •  y  >^  0.     -  ■ 

(1)  Is     (-1^  -4)     ih     R?  'f  ^  ,    '  / 

(2)  Is     {-4.  0)     in  ,R?       t  ^ 
<3)     Is  "  (-1,  0)  ,  in  Rr' 

(4)     Is     (0,  3).    in  ''^?  '  » 
.(5)'  Js  ^(-H  3)-   in'  R; 

<6)  ■  Is'  R    transitive?    If  noJL,  why?  .  ■ 
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AMSWES:  « 
(1>.  Veil. 
(.2)  Yes. 

(3)  Yen. 

(4)  Yes. 
<5)    No.  ' 

.(6)  No;  for  example,  (-4,  0)  is  In  R*  and  (0,3)  is  in  R,  but 
,<-4,  3)    is  not  in  R. 


5  ,. 


If  you  had  difficulty  with  the  preceding  Ltem  it  is  pdssible  ,that  you 
have  forgotten  that  in  order  for  a  relation  .  R  to 'be  tr^aitive^- the 
condlitlon  that  whenever  (x,  y)  and  (y«  g)  are  in  R  thefi  (x.  z) 
-is.  3-  ^^^^  hold  in  all  cases*  '  In-  the  preceding  exasipld  there  are 
lata.of  cases  where  this  is  true;  e.g. »  (-1,  -4)  and  (-4,  0)  are 
in  R  and  (-1,  0)  is  also  in  R.  Howev^er»  if  this  condition  fails 
in  any  one  case  then  R  is  not  transitive «  Andther  way  of  saying 
this  ib  that  transitivity^s  a  property  of  the,  who^e  relation  k  and 
not       any  particular  three  ordered  pairs  in    R*  <~  ^ 

Let  S    be  the  set  of  naT&ral  ntjbb'ers    {1,  2«  3,  avui    R    be  the 

set  of  all^grdered  pairs,  (x,  y)    such  that    x    is  in    S,    y    is  in 

S,  and  -  R  •  y    is  an  even  natural  ftuJnber.    Some  of  the  ordered  pairs 

in  R   would  be:  -  . 

{(1.  2).  (2;  45,  (1.  4).  (4.  6).  (1.  6).  (4,  3).  ...) 

R    transitive?    If  not,  why? 


ANSWER: 


p 

Ho;  for  example,  (1,  4)  and  (4,  3)  are  in  R,  but  (1,  3)  is 
not  < 
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*■  ■  •  ■  . 

l0t  ,  S    be  ttie  set  of  all  lines  in  a  plane,  mm    R    be  the  «et  of  all 
0td0f^d  pairs    (ii,  m)    such  that    £    is  in         m  -'is  in    S,  BxiA 
i  i  n.    U    H    a  transitive  relation? 


V 


ANSWER:  ... 
,  No.      *  ,4 


In  the  aji^^^  above,  is  R  a  sytnaetric* relation? 
Yes*  . 


Let  S  be  tlie  set  of  all  real  numbers,  and  x  R  y  if  atid  only 
X  <  y .  .  . 


Is    R    a  transitive  relation? 


*  ANSWER: 
Yes.  X 


Is    R    a  sjrtnniatrlc  relation? 


ANSWER: 
No. 


DEFINITION  14.4:    A  relation    R    In  a  aet    S  ,  ia  aald  to  be  antlsytn- 

getric  if  and  only  if  it  satisfies  the  condition:    whenever    (a,  I5) 

is  im    R»    then    (I,  a)    is  not  in    R    (or,  if    a  R  b.    then  not  .  / 


ERlC  =        /  \,    •  r 


If         ifi  antlsytmietric,  then    a  R  a    is  not  true  f^r  any  element  ji* 
that  is,    (a,  a)    Ib  not  in    R    for  any  elt^ment    a.    For  If  we  take 
a         b    in  Definition  14 .4  we  ha^  the  statement :    if  «  (a,  a)    is  in 
R    then    (ai,  a)    Is  not  in*  R.    Clearly    (a>  a)    cannot  be  in  R.' 

{f    R    is  not  ayiBmetric»  is  it  antisytosietric? 


ANSWER: 

Not  necessarily,     (See  the  next  items^.) 


•■^^u;»r--^  


Let^  S  be  the  set  of  all  real  numbers  and  R  be  the  set  of  all  x>r- 
ueted  paitB    (x,  y)    such  that    x    is  in    S,  ty    is  in    S,    and    k  ^ 

y- 

Is    R    antisyraroeXrit?     If  not,  why?     ^  ^  ^  ^ 
ANSWER:   '  .  ^ 

No;     (x,  x)    is  in    R    for  each    x    in-,  S.     {^k>t^  that\^f    R    is  an- 
tiiiytametric  it  must  be  true  that  if    (a,  b')    is  |^n    R,    then    (b,  a> 
Is  not  in    R    for  every  ordered  pair    (a,  b) .    Antis3rmmetry^  ig  a  pro- 
perty of    R    and  not  of  a  particular  pair    (a,  fc)    in  R.) 



Is    R    symmetric?    If  not,  why? 

J  J  1_  .  

ANSWER:  ,  - 

No;  for  example     (4,  3}     is  in    R,    but     (3,  4)     is  not  in  R, 


Thus  the  above  relation  is  neither  S3rminetric  nor  antisytmnetric. 

Let    S    be  the  set  of  all  real  numbers  and    R    be  the  set  of*  all  or- 
dered pairs    (X|  y)    such  that    x    is  in         ^  y    is  in    S,  and    x  >  y 
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Is   ,R  Kyomeceic? 

1«    R  antlsyuafetrlc?^"^ 


ANSWER: 

No.  '  ^' 

♦  *  '  ■  •  • 

I 

Let  S  be  the  ^et  of  all  human  beings,  and  let  R  be  the  set  of  all 
h. 


Qvd^%m4  p^irs    (a»  fa)    of  huisan  beings  such  that  .  a    is  the  father  of 


Is    R    syiometTlcf^  .  , 

Is    R    antisyii«netricr  ^         .  '  ^ 


ANSWER:  . 


Yes,  *  ^ 


Let    S-  -    {a,  b}^  ^ 

,  •  ■ 

List  all  the  hon-ejapCy  subsets  of    S.  *  -* 

-  -  -  -  A    -  -     -  -  -  -  -  ^-  -  - 

ANSWfiR:  '  ^  ^ 

{«},     {b},     {a,  b},;'  .  ■         ■  , 


0 


Let    S         {a/,  b)    and    R    be  the  set  of  all  ordered  pairs    <A,  S) 
of  se-ts  SiicR  that    A    is  a  noa-^eapty  subset  , of  Thua  the  el«ments 

of    R    are  ordered  pairs  whose  first  «id  second  members  are  dets* 

Liat  the  ordered  pairs  of  sets  that  belong^to    R.  *  * 
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R  -  {({a},  {a,  b})r  ({b}V  (a,  b}:jfS  ^a,  b}.  la,.  B}) };  J?  is  a 
net  with  three  elesieiits.    Each  of  these  elements  Is  an '-ordered  pair 

of  sets;    e.g.,   /<ib},    (a,  b}).  ' 

.  ■  » 

>  .      «.«<t.^**       ^  «.      —      «      —      «      ~  —      —      —      «•      —      ~      ^      ^      ^      —      —      ~      _  — 

I.  'li    R    syuaaetric?    If  not,  why? 

/"—'"'■■""tf  


ANSWER  2 


No;  for  example,  (fa},  ia,  h\)  is  in'  R,  ^but  ({a,  b),  {a^)  is 
not  in  R. 


Is    R    antisyiametric?    If  not,  why? 


'ANSWER-: 


No;  the  ordered  pair    <{a,  b),  •  (a,  b})     is  iu  {?• 

,  .  ,     ■■     i  ^  • 


DEFINITION  14.5:     If    S    is  any  non-empty  set,  we  define  a  delation 
*  •  ■       **  ■ 

In    S    to  blj  an  equivalence  relation  in    S    if  and  pnly  if  it  is  ^re- 
flexive in    S,    syiame trie,  and  transitive^. 

Jt  should  be  noted  that  the  reflective  property  depends  on  the  given 
set    S,    and  a  relation    R    is  reflexive  in    S    if  and  only  if  the 
ordered  pair    (a,  a)    is* in    R    for  every    a    in    S,    whereas. the  . 
symnetric  and  transitive  properties  depend  only  on ^the  elements  in 

Let    S    be  the  se&  of  all  plane  triangles,  and    R    be  the  set  of  all 
ordered  pairs     (x,  y)    Such^that    x    is  in    S,    y    is  in    S,    and  the 
triangle    x    id:  similar  to  the  triangle    y.    l!s    R    an  equivalence 
>   relation?    If -tio.ti  why? 
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Y«a;    R    is  reflexive,  synanetrtiu- and  transitive. 

»       Let   S    •    {a,  b  c)      .  > 

and    R   »    {(a,  a),  (a,  b).,  (b.  a),  (b,  b)} 

Is    )?    an  equlvaleocQ  relation  in    S?    If  not/ why? 

y        ■  ■    I  —        .-^  ^  -.   —   -■  -•-.*»—   ^  ^ 

^         :  ANSWER! 

No;  R  is  not  reflexive  in  S  siace  c  is, in  S  but  <c,  c)  is 
not  in  R. 


I- 

In  the  set >f  real  nuiaberst  the  sentence    "If    x  -  2y         7,  then 
7    7    3^      2y!'    is  an  illustration  of  the   ^  property  of  the  rela- 
tion *'is  equal  to". 


ANSWER: 
symmetric  ^ 


'  In  the  set  of  real  nucsbers^  the  sentence    "If    3x    »    a    and    a    «  4y, 
then    3x    -    4y"    Js  an  illustratipn  of  the    property  of  the  re- 

st   lation  "is  equal  to".  '        '  \  , 

-------  —  -  —  .>=^  -•_  - 

^    i  AN.StJER: 

'ft 

tr^sitlve 


DEFINITION  14.6:  A  relation  in  a  set  S  is  an  order  relatlort'  if  and 
only  if.it  Is  ant isymroe trie  and  transitive. 
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tet    S    be  the  @et  of  positive  integers  and*   R    be  the's^t-of  all  or- 
dered  pairs    (a,  b)/  of  positive  integers  such  that    a    is  a  divisor 
of    b    and    a    !^    b . 


Is  .  R    antlsyioiae.tr^?    If  not,  why? 


ANSWER: 
.  Yes . 


U    R    transitive?    If  not,  why? 


ANSWER: 
Yes. 


Is    R    an  order  relation? 


ANSWERi 


- ) 


Let  T  «  {a,  b,  c}  and'iet  S  be  the  set  of  all  non--empty  subsets 
of  '  T.    List  the  el^ents  of  S. 


ANSWER:  .  .  . 

S    •    {{a},     (b),    {cA/^ia,  h],    {a,  c},    {b,  c).     {a,  b,  c  }  j. 


Let    R    be  the  relation  in    S    (above)  such  that  the  ordereS  pair 
(Si  ,  S2)     is  in    R    if  and  only  if    Sj    and    S2    are  iri    S,    Sj  C  S2, 
and    Si    j«    S^.  •  ,  "         .  - 
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•t  « 


•    .  I»    .R    an  otdur  relation?    If  not,  why? 


•Yes. 


I 


jtoxild  stiil  be^an  order  relation  if  lae  resHDved  the  re^itrlction 
^Sj       '.'Sj    in  the  exaiaple  aSove?    If  not,  why? 


ANSWERS*  '  ' 

No;    R    would  no  longer  be  antisjnnrcf tic'.  .  ^ 

.  ..V.4»., ...... ........ 

Let    S    be  the  se^  of  all  te^l  nui^ers  and  let    R    be  the^j&et  of  all 


ordered  pairs  (x^  y)  of  real  nuiobers  stich  that  x'-s  y. 
Is    R    an  order  relat.ion?    If  not,  why? 


ANSWER: 

Yes .  ■ 

-    ■     ■  ^ 

Is    R    an  eq^iivalence  relalTSif?"  HEHSot,  why?' 
>  _  _  _  -  _  _  -  -  v"  "  ' 

ANSWER:  ,       -  .     ,  ■ 

No;    R    is  not  symmetric    (or  reflexive  in  S), 

-  -  -  .  -   '  

an  order  relation  be  an  lequ^valence  relation?    If  not,  why? 


i  - 
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ANSWER: 

No;  an  ord«r  relation  can  neither  be  S3nnaetr|,c  nor  reflexive  in  S, 
hence  cannot  be  an  equivalence  relation » 

■  .        ♦  ■ 


To  decide  if    R    is  transitive,  you  must  check  that  for  every 


ANSWER^ 

f  ' 

■  ^ 

(x,  y)    and  (y, 

z)    In    R,    (x,  z)    it  in  R. 

To  decide  if  ft 

is  antisymmetric p  you  must  check  that  for  every   ^» 

• 

ANSWER: 

(x,  y)  in 

(y,  x)    is  po^  in  R. 

To  decide  if  R 

is  an  equivalence  relatltitj  in    S.    vou  must 

check  to 

see  ±f    R  is 

ANSWER: 

reflexive  in  _S, 

symmetric,  and  transitive. 

th 

To  decide  if  R 
is  and 

/•        '                                      '  *  . 
is  an  arder  relation,  vou  must  check  to  see 

m 

ANSWER;  ^ 
antlsjoua  etric 
transitive 

*  § 
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In  Unit  IV  \ae  assumed  that  there  was  an  ^order  relation"  fo%  the  set 
of  real  nuaiberti..  We  denoted  this  relation  by  "<^^    Me  as8ume<!  font: 
pop^Mlates  for  this  relation  |>1,  02,  03,  04.  /.  '  . 

If    a    and    b    are  real^  numbers  then  one,  ^nd  only  one,  of  the 
following  is  true^    a '<  b,   'a    V    b,    b\  a. 

Fr<Ka  01  we  can  conclude  that  the  order  relation  for  the  set  of  ^eal 
numbers  is     ■  ■    (reflexive,  symmetric,  transitive,  antisyroe'tric) . 


ANSWER:, 
antisymmetric 


ANSWER:      ^    ,  *  •  ■ 

transitive.   •  ^  »  "  / 


4 


V  -     ■  ,  -     J.  ■  .  ■•. 

We  see  that  the  order  relation* for  the  set  of  real  numbers  satisfies 
the  ^oftd[itlon  of  Definitioi^  14.6.       *        -    *  ^ 

0 

EQUIVALEN'CS  RELATIMJS  and  EtjUlVALENCE  CLASSES 

'A  relation  in  a  set    S    Is  called  an  equivalence  relation  in  if 
what  three  properties  are  satisfied?  ^  , 


02.   If    a,  b,  h    are  real  numbers  such  that   a  <  b    and    b  <  c  then 

a'  <  c,  • 

Postulate  02  tells  us  thi|t  the*  order  relation  for  the  set  of  real 
auabc^s  is  y   ^       '  ^    «  '  *  V 
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■  / 


ANSWER: 

If  the*  r«l&tion  Is-refieKive  in  S;*  syiwetric, 
We  to  icclude  ^•rpflexive  in  S.") 


•  .  .  .      .      «  •  .  ^        ti/amitiva.    (Be  \ 


^,   _  — ^ —   

If    R    is  a  relation  in  a  set    S,    then    R    is  teflexiv«  in    S  prp- 

.       -  .        f  ,        .  ' 

vided  that   . 

;•        .        •     •                               .   .-.  .          '    .   o  ' 
*'  •  ,  

/      \  '     '  '  '  '    i  '  ■ 

(a,  a)    is  in    R    for  every«element^   a  in 

'■*'■•'  '     ■  i 
.  , .................. 

A. relation    R    is  symmetric  provided  tha.t 


ANSWER:.  -        '  ^  '  \  ^ 

if    (a*  b)    is  an  ordered  pair  in    R    then    (b,  a)    is  also  in  R, 


'    Let    R    be  the  relation  in  the  Set    I    of  integers;- consisting  of  all 

ordered  pairs    (m»  n)    such  tha<t    m    and    n    have  the  sasae  rmalnder 

*■  '  '        ^  ^ 

when  di^vided  by  two.    Is    R    an  equivalence  relation.  In    1?    Test  and 

,  ■  <>  .•  -      '  • 

explain  each  of  the  three  required  properties* 

■  .   ....,...:-\..... 

AnI^ERj  ^  .  1  . 

Yes.    Hie  paJ^r    (m,  m)    is  in    R    for  every    m    in    I,    so    R    is  re- 
flexive In    !•    If    (m,  n)    is  in    R,    then    m    and    n    hfive  t^e  same 
remainder  when  divided  by  two;  hence    (n,  m)    is  in    R,    and  we  cpn- 
elude  that    R    is  sytroetrig*    The  relation  is  transitive,  because  if 
Cm,  n)    and    (n,  p)    are  in    R,    then    m    and    p    have  the  same  xjk- 
sainder  when  divided  by  two,  I.e.,     (m,  p)    is  in  R. 
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No^e  that  the  above  relation    R    partitloqa  thi!  set  of  intagar*  into 

i 

two  nonoverlappini^  subsets*    iRiAt  ar,e  the  tuoses  ugually  given  to 
these  two  subsets?  >^ 


ANSWER:  y  '  '    '  • 

Th«  set  .0    of  odd  tntei^^rs  Ccorrespohi4f ng  rn  reoalodei:  1)  and  the 
E    of  even  Integers  (corresppndlng  to  remainder  0) 


PEFINITION  14,7:    A  set    {A,       C,  of  subsets  of  i  set    S  is 

^  partition  of    S    if  the  following  coiulitions  are  satisfied: 

(1)  Each  element  of  the  set    S    is  an  ele&ent  of  one  of  the  sets 
*    A,  8,  C,  *  V  . 

(2)  element  of    S    is  ajv  element  ofc  two  or  -sore  qf  the  8et#  A, 
B,  C,  .      .    Thus  e^ch  integer  is  In  eithet  the  set    0    of  odd  inte- 
gers or  the.  set    £  .of  even  Integers  and  no  integer  is  in  both  0 
^nd    E.    So  £}    is*  a  partition  of  the  set  of  integers. 

Let    S    be  the  set /6^f  real  nu^nbers,    A    t^i^r  set  of  positive  rea J,  mis* 
bers,    B    the  set  of  negative  real* numbers,  and    C    •    {0}.    Is  {A, 
B,  C)    a  paiitition  of    S?    If  not,  whj  not?  /  ■  ^ 


ANSWER: 

Yes,  it  is  a  partition  of  S. 


Let    S    be  the  set  of  integers,    A    the  set  of  prime  integers,  and  B 
the  set  of  composite  integers.    Is    {A,  B}    a  partition  of    S?    If  * 
not,  why  not?  ,  s        ,  *       ^  ^ 


ANStJERs  t  .    m  ■ 

Ko.    the" integers    Q,  1,    and    -1    are  not  in   A   or  in  B. 
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Let  '  S    be  a  t^et  aod  leX    ik^  B,  C,   . /. }    be  a  partition  of  De-- 
fine  a^reldtlon    J?    in    S    such  that  if    a    and    b  ar&^Iame'otB, 
then    (a,  b)    Is 'is      R    provided  that    a    and    b    are  in  the  same 
set  of  the  partition,  i^e.,    if    a   %tid    b    are  both  in    A,    or  are 

both  ixt    B,    or  are  both  in    C,  etc.    We  say  that    R    is  the  relation 

.      s  -  , 

in    S    determined  by  the  partition    {A,  B,  C, 

For  exoB^^le,  '^if    S    -    (l,  ZS^,  A;  5, -6},    A.  -    {1*  3,  4^,     B  - 
12,  b\,    an&    C    -    {5},    8    cbtitains  14  ordered  pairs.    List  them.  • 

'  A  -  _  .    „  -  -  :  - 

ANSWEH:  ^  .  '  ' 

R''  -    {'(1,  3),  (1.  4).  O,  1).  <3,  G),  oV  4).  C4»  i),  (4.  3), 

(4.  4).  (2.  2),-  ^2.  6).  (6,  2).  (6.  6),  O.  5)}.  ^ 

Let    S    be  a  set,  let    (A*  B,  C,        }    be  a  partition  of    S,  v  and 
let         be  the  relation  in    S    determined  by  thfe  partition.  Show 
that    R    is^an  equivalence  relatix>n.    Test  and  explain  each  of  the 
three  re^quired  properties. 


ANSWER! 

If    a    is  in  then    (a,  a)     is  in    R,    because    a    is  In  some  s^t 

of  ^e  partition  and  obviously    a    is  in  the  same  set  of  the  parti- 
tion as    a.     So    I?    is  reflexive,  in    S.     If    (a/b)^  in  then 
a    and    It    a-re  in  the  same  set  of  the  partition;  hence    (b,  a)    is  in 

Thei-e&^re    R    is  sytametric>     If    (a»  b^    and    j(b»  c)    are  in  R, 
then    a    and-   b^  are  in  the  same  set  of  the  partition  and    b    and    c  . 
are  in" the  same  set  of  the  partition.    Since  each  element  of    S  lies 
in  exactly  one  «et  of  tfie  partition,    a.  and    c    must  lie  in  the  same 
set  (the  one  containing    b) .  -/Hence;     (a,  c)     is  in    R.    Therefore  R 
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iJc         thatOiveiy  partition  of  a  set    S    determines  an  equivalence 

relation  In  the  set  S. 

^.  .  -  .        •     '  "  - 

,  ■'    ■  .  .     .  .  • 

Suppose  every  set  in  a  partltlott  of    S    has  exactly  one  fjlement. 
Uh«t.i«  the  equivalence  relation  in    S    determined  by  the  partition? 

ANSWER: 

The  equali^  relation  in    S.  If    a    and    b  are  is  the  ^ame  set  of 
<    the  partition  then    a  -    b;  8iji*;e  each  set  contains  only  one  ele- 
ment *  ,            •     '  * 


If    R    1b.  an  equivalence  relatloh  in  a  set .  S    then  8'  determines  a 
partition  of    S.    If    a    and    b    are  elements  of    S  then    a    and  b 
are  in  the  kame  set  of  the  partition  If  and  only  if  (a,  b)    is  in 
the  rej^atidn    8i    More  formally,  for  each  elaaent^  a  in    S    we  de- 
fine a  subset          of    S  ^^ft^^onsist^of  all  elements  b  such'that 
(a»  b)    Is  in    R.  J 


An  element  a  will  be-  in  the  subset  A^  b^ca^ise  the  equivalence; 
/relation    R    is  . 


,ANSWEar  •  .  ^ 

reflexive  in  S. 


The  sytmecrlc  f)ropertyjof    R    tells  us  that  if    b    is  in    A  ,  then  1 


8    iff  in    Aj^ .' 


er|c 
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Usiog  the  tranBitiviet  prppetty  of    ^   we  caiv  show  that  if  the  aets 

and          hav^  any  el^sient  in  ccmsion  then  they  are  ,th^  same  iicft.* 
for  tfuppoMe  an  element    c    JLs  in  both         *and    A^.    The^  the  ordered 
pairii    and  i  _J  are  in    R.  -  i  * 


ANSWER: 

.(a,  c)    and^  {h^  c) 


By  the  syMetrlc  property  (c,  b)  is  in,  R,  then  by  ^he  transitive 
property    ia.  1^    8.  .  i  .  ... 


ANSWER:  »  • 


(a.  b) 

-  .  -  -"^I- 


> 


To  ^how  that        c  A^,    we  assume  that    d    is       arbitrary  elaaent. 
of    A.     apd  prove  that    d    is  also  an  element  of    A  .    The  ordared 
pair    (b,  d)    is  an  element  9f    *R    because'  * 


ANSWER: 


e  have  shown  that    t^,  b)    is  . in   .R.    By  the  transitive  property  of 
we  conclude  that        * .  ' 


ANSWER:  . 

(a.  d)    is  in  R. 


1 
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tt«nc«    d  .if  in   K^.    Therefore   A^^  c  A^,    SlaiUrly  we  can  show 
th«t        C  K^,    Tog«th«r  theM  that    A^   "    *b*^   We  conclud/e 

that  no  el«ttent  of  S  .la  la  two  different  aubaeta  of  ti^  f ora  A- . 
Since  every  client  of  S  i»  in  exactly  one  of  theae  seta,  we  have 
«  partition  of    S.  .  ^ 

DEFINITION!  14.8;    Each  of  the  subgetfi  in  tb«  partitiao  dtetsraloed  by 
*Q  equivalence  relation  Is  called  an  equivalence^  class  of  the  rela- 
tianv  '     /  •         .  e 

Doea  the  phraae  "haa  the  awe  re&aind^r  when  divided  by  3"  describe 
an  equivalence  relation  in  the  aet  of  integers? 


ANSWER: 
Yea . 


How  many  equivalence  claaa.ea  are  determined  by  the  above  equivalence 
relation? 


ANSWER:^ 
Three. 


List  four  elements  in  the  ajjuivalence  olaas  A  containing  2, 


ANSWER: 

A  ^4.  2,    5,    8,  11, 


List'  four  elements  in  each  of  the  other  two  clasaea* 

# 


623 


605 


i 


ANSWER; 


'    ft  '  .  • 


0    .   ^  ^ 


B    -    {;.,,    -b,    -3,    0,    ii,    6,  9, 

C    •  -5,    ^2,    I,    C    7,    10,  *..} 


* 


There  is  a  special  notation  which  is\u3ed  to  indicate  that  ^an^sj^detr 
«d  pait    (a»  b)    la  in  thc^  relation  juat  deacribad.    It  is    "a  e  b  >^  ' 
'(mod J)",  vhii:h  is  r&ad  '^a    ia  cong^iuant  to   b    modulo  3".    Fur  en^ 
ample,  feiince  10  and  -5  each  have  ramaisld^r  1  whan  divided  by  3,  the  | 
prder^d  pair    {10,  -5>  .is  iii  th^|^  relation  and  we  would  write 

--------  T.-  -  -  -  -  ^   -  -  -  -  -  - 

10  -'-5  (mod  3r      '  '    '  . 

--X------------------------'  ---- 

We  use  similar  notation  when  scnaa*  other  positive  integer  is  used  in 
pla*ce  of  3*    For  example,  replacing  3  by  7,  eince  10  and  31  each  hav^ 
remainder  3  when  divided  by ^7  we  would  write   . 

. .  -     .  .  . . ... . . . .-. .... . 

ANSWER*:  .  .  .  *  " 

19  :  31  (mod  7) 

^  -  -  ^ «.  ^     ^  - «.     -  - 


/       W^  have    16  -  -2  (m9d  6)    because   v 


'  ANSWER: 

16  and  -2  have  the  siae  remainder  <X4)  when  divided  by  6. 


.In  general*  if    m    is  a  positive  integer  greater  thaq  1,  then    '*a  ^  b 

(mod  m)'*    means,  that  the  integers    and    have  the  sai^  remain^- 

dcr*  when  divided  by   
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ANSWER: 
ftf    b»  $4 


If  ~  m    is  any  integer 
equivalence  relation  on 


«^e«r  than  ^,    then  congru^ce  modulo  m  as  an 
»e  aet'of  integer*.  -       \  , 


In  tha  exampiaa  that  we  have  giv^n  a|>oveNr^  note \the  following j 

(a)  10  :  ^5  (mod  3)    and    10      {-s/,  wht^^  la  divisible  by  3.  . 

(b)  10  ^  31  Cmod  7)    aaM--iO  -  31   ^   -21,  which  ia'  dtviaible  by  7. 

(c)  16  -  -2  («mod  6)    and    16  -  (-2)         18/   which  is  divialble  by 


Each  of  these  cueemplea  illuatrataa  the  followii^  theorem: 

THEOREM  Uaax    If    a    and    b    are  integers,    s    is      positive  inte- 
ger greater  than  1,  end  if    a  £  b  (mod  m) ,    then    a  -  b    is  divisible 
by  '  '  * 


Prove  Theorea  14.1a*  ,        ^  >  ' 

----^-----.---■-^--/---■--:--..--/::. 

.'  ANSWER:  ^       '          '  -  ■  '  ^ . 
If    a  =  i>  <tiB3«i  m)    then    A    Snd  b  have  the  same  remainder  when  di- 
vided by   so;    i.e.,    a    -    mq  +  r  and    b    -    mp  +  r.    Then    a  -  b  - 
oq  -  «p    -    (g  -  p)m.                                               . •    •  . 


State  She  converse  of  Theory  14.1a.    Label  it  Theorem  14.1b. 

■jHEpilm  14.1b:  If  a  and  b  are  ii^egers  andV  m  is  a  positive  in- 
teger greater  than  1.  and  if  a  -  b  |s  divisible  by  *  a,  then  a  h ^b 
Cmod  m) .  * 


-i'- 


o 
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If  you  fe«l  that  y^u  have  given  a  ccMapj^e  proof «  gci  to  the  {ft] below* 
If  ootp  go  to  the  next  item  below* 


Suppose  a  «  mq  4-  r,  0  <^  r  <  a,  and  b  *  «• 
We  have  to',  show  that   . 


^  +  8,    0  £  a  <  m.. 


ANSWER; 
r    •  a-. 


This  may  be  done  by  showing  that    r  -  s»  is  divisible  by  Go  back 

to- your  proof.    Make  additions  or  corrections  before  proceedilig. 

Then  go  to  the  next  it«a. 

».        •  .  ■ 

Fti  ANSWER:  '  .X. 

*       PR£)OF:    Suppose    a  r,    0  j<  r  <  m,    and   >    -    ©p  -I-  s,    0  <^  a 

*       ,        <  ©*    a     b    »    m(q  -  p)  4  r  -         So    r  ^  s    *    a  -  b     ®(q  -  p) . 

•       If    a  -  b    Is  divisible  by.    m    then  so  is    r  -  s.    Since  t    and  s 

-  \  • 

are  non-'negative  integers  les^  "than^m,    we  have    -m  <  r  -  s  <  to. 

Therefore    r  -  s  ^nd    r    -    s-    It  follows  t^iat  a  ^  b  \mod 


THEOREM  l4.2as    If    a,  b,    and    c    are  integers,    m    is  a  positive 
'integer  greater  than  1,  and  if    a  H  b  (mod  m) ,    then    a      c  e  b  +  c 

s 

Prove  Theorem  14^2a. 

 -\    -. 
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ANSWER:  '■  •■    •  ■    .  . 

PRPOF;    If    «  =  b  (aod  o),    then    a  -  b    is  divisible  by    a>    by  The- 

ofea  14. X«.    Then,  since    U  +  c)  -  (b     c)    •    a  +  c     b  -  c 

«  -  b,    (a  .+  c)  -  <b  ♦  c)  iiT divisible  by    o.    By  Theprea  14. lb, 

a  +  c  i  b  +  c  (mod  o) .  ■ 


Write  the  converse  of  Theorraa  14.2a. 


ANSWER: 


Xf^.  a,  b,^  and  are  integers,  m  is  a  positive  Integer  greater 
than  1,  and  i£    a  +  c  =  b  +  c  (nod  m),  then    a  5  b  (mod  m) . 


If  the  above  statenept  is  true,  prove  it.  If  it  is  not  true,  give  an 
example  to  show  it  is  false. 


ANSWER: 

The 'statemept  is  true.  *  ^  * 

.   PJUX)F:    Since    a  +  c        +  c  (nod  «>,    we  have    a  +  c  -  (b  +  c)^  is 
divisible  by    m.    .a      c  -  (b  +  c)    -    a      c  -  b  -  c    -    a  -  b.  ' 
Therefore    a  ^  b    is  divisible  by    m    and    a  h  b  (mod  m).    We  have 

a 

used  Theorem^  14.1a  and  14.1b. 


Alternate  Proof:  " 
a  +  c  E  b  +  c  (mod  is)  Hypothesis 

a  +  c  +  (-c)  E  b'  +  c  +  ("c)  (tood  m)  ^  Theorem  14.2a 
a  i  b  (nod  m)  ,  ^  , 

?^  "*  ■        .  ' 

We  will  call  the  converse  of  Theorem  14.2a  Theorem  14,2b. 

9 
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THEOREM  14.2b:    If    a,  b,  and    c    are  Integers,    m    is  a  positive 
integer  greatifr  than  1>  and  if    a  ^  c  =  b  -I-  c  (mod  m),  then    a  s  T> 
(iao5  m)  . 

Prove  the  following  thedt^ea: 

THEOREM  14,3:    If^  a,  b,  and    c    are  integers^  if   'm    is  a  positive 
integer  greater  than  1,  and  if    a  =  b  (mod  m)^  then    ac  =  be  (mod  m)  . 


ANSWER: 

PRCX)F:    a'  =  b  (sod  m)  a  -  fa    is  divisible  by    m.  Therefore 

(a  -  b)c    is  divisible  by    m,     (a  -  b)c         ac      be,    so    at  H  be 
(mod  m) .     (Theorems  14.1a  and  14.1b).  '  * 


Write  the  converse' df  Theorem  14.3. 


ANSWER:  .  . 

If   .a,  ^,  c    are  integers,    m    is  a  positive  Integer  greater*  than  1, 

and  if  '^ac      be  (mod  m) ,    then    a  =  b  (aod  m) . 


If  the  ab(iye -Sit^tejnent  is  true,  prqve  it/^f  it  Is  not  tr\ie^  dis- 
prove it.  ^ 


ANSWER: 

The  converse  of  Thebrem  14.3  is  not  true.    For  example*    14  h  2  (mod 

"  ■  f 

.12)    but    7         1  (mod  12). 


We  have  shown  that  congruence  has  properties  corresponding  to  the 
following  properties  of  equality  of  numbers.  . 
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(X)     If    a    •    b,     then  .  a  +  c    •    b  +  c. 

(2)  If    a  +  c    •    b  +  e>    then    a    ■>    c.  * 

(3)  Ifca    •    b,    then    ac    -»    be,  • 

We  ^i^'^'Sshovn  that  the  cancellation  property  for  multiplication  is 
not  always  true,  for  congruences »  by  demonstrating  that    14  3  2  (mod 
12)    does  not  imply  th^t    7^1  (mod  12)/  However,    14  ^  2  (mod  3) 
and    7^1  (mod  3).  •  .In  multiplication  in  congruences  ve  can  caitcel 
in  aome  caae^i.    **  .    v  ^ 

Let  us  try  to  prove  the  cancellation  property  for  multiplication  and 
i»ee  where  we  get  stuck. 

If    -ac  ^  be  (mod  m) »    then    m    is  a  divisor  of    ac  -  be.    Ttius '  m  is 
a  devisor  of    (a  ^  b)c,    Vhat  additional  condition  can  we  place  on  m 
and    c    in  order  16  be  able  to  conclude  thlt  if    a    is^a  divisor  of  v 
(a  -  b)c^     then*  m    is  a  divisor  of    a  -  b?  .     ^    .   .  ^ 


ANSWER:  , 

If    m    and    c    are  relatively  iitime,"-we  have  the  required  conclusion. 


THEOREM  14,4:     If    a,  b,  and    c    are  i^itegers,    m    is  ^  positive  in-- 
teger  greater  i;han  1,  and  if    m    and    c    are  relatively  prime  and 
ac  i  be  (mo^  m)  ,  then    a  -  fa  (mod  m)  • 


If. 


an(L  b    are  Integers  and    a  -  b 


12,     for  what  choices  of 


m  (m    to  be  an  integer  greaSsjyr  than  1)       we  have    a  ^^1?  (mod  m)? 


ANSWER: 


m 


2,  3,  4^  6,  12. 


ERLC 
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Whftt  Is         smallest  positive  value  foir    b   'in  <^5  =  b  ^pd  9)?  , 

•  ■      ■  #  - 


AUSWHS: 
3. 


What  is  the  largest  negative  value  for    b    In    93  ^  b  (mod  7)? 


ANSWER: 
-5. 


^  <jood  13).    For  what  integer 'values  of    c    will    17  +  c  =  4  +  c 
(mod  13)    hold?     «  . 


ANSWERS* 

All  integer  values  of  c. 

\ 


What  two  equivalence  Classes  aire  foraed  by  congruence  modulo  2? 


ANSWER: 

Even  integers  and  odd  integers « 


Let  us  denote  the^equivalenci  plass  of  isiven  integers  by  a  and  the 
equivalence  class  of  odd  integers  by  6.  It  i-s  possible  to  set  ub  an 
..^ithmetic  for  these  equivalence  classes;  e«g«9  a  a  a,  the 
sum  of  two  even  nuiabers  i^  even..  Using  your  experience  with  ^e  si 
and  pro,ducts  of  odd  and  even  integers^  make  the  following  addition! 
and  multiplication  tables  for  congruence^ modulo  2* 


s 


r 
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q  .8 

a  o 


•g  ^ 


<• 


■a  a 


Now  form  .the  addition  and  multiplication  tabi^es  for  arithmet^s- modulo 
2;    i.e. ,  for  th«.  fll^eats  0  and  1.      •    ^  /     '  » 

ANSWER:      .  .  . 

0  1; 


0  i 
1'  0 


• 

0 

1 

0 

0  • 

0 

\' 

1 

.  0 

1 

Cofipare  the  addition  and  multiplication  tables  for  arithmetic  aqdulo 
2>»ltb  th«s  correaponding  tables  for  thi!  eqiiivi-lehcfe  claaBe«^djilo.2. 
What;  qaise  do  we  give  to  the  relationship  between  the  two^^thmetics? 

*  »  ■ 

■    '\         "  -  .  '     ■'  ■ 

-.-  - ...   —   •  -  

•       ,  *  —  - 

♦         -.  ♦        *  -  . 

Congruence  modulo  3  la  an  equivalence  relation  in  .the  act  of  integers. 
There  are  three  equivalence  classes,  given  aa  follows: 
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a  -9.  -6,  -3.  0/3,  6,  9,  , 

8    «  -8,  -5,  -^2,  1.  4,  7/X0,\/.} 

Y         {...^  -1.  -4,  -li  2,  5,  8g  11»  ...} 

Vi»  ^CAn  form  an  arlttusetic  f^om  the  clauses    (a,  0,  y)^    If  we^dd  any 
two  ii^leEBents  of    a         get  an  elasent  of    a*    llence  we  define    p(  a 
*    a.    If  we  add  any  ^^l^ent  of    a    to  any^ element  of    g    we  ^et  an 
element  of   .  .  *  '  r'^  ^ 


ANSWER: 


0 


Thierefore  we  define  a  +  B  -  i^.  Sioiiilarlj?.,  if  we  multiply  any  ele- 
ment df    8    by  aiTj?  eleracmt  of    y    we  get  an  eletaent  of   . 


ANSWER: 


Therefore  we  define    2  •  y    "  Y 


.Proceeding  by  analogy,  complete  th^  following ^ addition  and  multipli^ 
cation  tables:  ,  ^, 


a  ^ 

* 

a 

J  Y 

a 

a 

» - 

* 

•Y 

/Y 
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t 

a 

*  Y  •  ■• 

• 

8^  Y 

a 

a 

8 

Y 

a  '  a 

e 

Y 

a 

"•a 

8  Y 

a 

0 

Y  8 

•  Recall. that  the  addition  and  multiplication,  tables  for  '  1/3    ■  '{0, 
1,  c^}    are  as  follt^fa: 


1 
2 


.r 

2 
0 


2 
0 


0 
0 

0 


0  0 

1  2 
2'  1 


A  cpoparison  of  the  -two  pairs  ol  tables  shows  tt^at  the  arithaetic  of 
the  tlaaaes    {«,  8,  y)  'is  iscsnorahic  to  the  arittaetic    1/3.    Ao  ex- 
tension of  this  would  show  that  if  .n    ia  any  positive  integer  graat~ 
er  than  1,  then  the  arithnetic    I/n    is  iscnuorphic  to  the  arithiaetic 
of  equivalence  classes  of  congruence  widulo  n. 


GROUPS 


In  an  Earlier  utiiC  (Unit  ll)  wa  |iive  introduced  the^ notion  o|  a  gr^up^ 

A  npn-ampty  set    G   on  which  there  i«  defined  a  closed  binary  opera** 
tlon    "o*'    ia  called  a  group  with  respect  to  the  operation    ^^o"  If 
the  follcHring  ptopertiesare  aatiafled:  ^  -  ^ 

i.  .  .     V  .  ,  .■ 

il.   .  ^  . 


111. 
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ANStfEB: 

-    •   ,  '  I  . 

i.        If         b,  c    «re  in  then    (a  o  b)  o  c  ^    a  o  (b  o  c). 

11,  :  There  ekints  m  el^ent  e  of  G  such  thMt  *  e  o  a  »  a  e 
-    a      far  aXi    a    in    G*    (identity  property  J 

ili.  If  a  is  in  C,  there  exists  an  elej^nt  x  in  C  auch  that 
a  o  X    "    X  o  a    *    e.     (inveraa  property) 

We  denote    x    in    iii   by    a  ^ 


J  If  the  operation    "o"  -also  satlsfiea  the  coamutative  property^,  the 
group  is  called  a  . 

ANSWER; 

conmitative  group. 

Commutative  groups  are  some tfmes  called  Abelian  groups  in  hottor  of  a 

*  ■  ■  ' 

famous  Norwegian  mathematician  Niels  Abel  (iSQ2-1829). 

^      Examples  o%  cemiautatlve  groups  abound  in  the  real  and  coop lk&--(iuiBber 
^  systems;  i.e.,  there  are  many  subsets  of  these  number  systems  which 
:  {brm  groups  with  respect  to  either  the  addition  operation  or  the^ul-^ 
tiplication  operation.    In  each  of  the  folloiiting  a  subset  of  the  te&l 
'  or  complex  nutaber  system  Js  given  together  with  one  of  the' operations, 
addition  and  multiplication'    For  each,  determine  if  it  is  a  group 
and,  if  not,  explain  why,  *  1 

(a)  the  set  of  positive  integers  addttion, 

(b)  the  set  of  positive  integers  —  multiplication. 

(c)  the  set  of  positive  rational  numbers  —  multiplication. 

(d)  the  9et  of  complex  ihimbers  of  form    a*  •  i,     for  all  real  numbers 
a       add  if  ion*  , 


1 
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(e)    th«!  8«t  of  cc^l«x  oua^ariik   {1,    -1,    1,    -1)  luiltipUciB? 
don.  *  \ 

........■........:...■£.,...-...-....-: 

ANSWER: 

(c)>  <d),    and    <e)    are  groups*.    In  exaa^le    C«)    the  ctoditions  ii 
and  •ill    of ^hi5  definition  of  group  are  not  aatisfiad.    In  example*, 
(b)  *  the  condition    iii    is  not  eatiefiad.  * 


^  if    n    ia  i  poaitive  integer  greater  than  1,  thffi  the  arithmetic  I/n 
is  a  group  under  the  addit^n  operation,^  If    n    is  a  prise  poaitive 

.   integer  then  the  ari  time  tic    I/n*    (non-^zero  elraenta  of    I/n)    ia  a 
group  under  the  multiplication^  operation. 

Another  ao^rde  of  exiuaplep  of  groups  ^are  the  seta  of  functions  froa 
a  set    X    onto    X,    Recall  that  if    f    is  a  function  frga   X    ontQ  - 
X,     then    %    is  hoth  the   ^  and  the    of    f .  ^ 


AKSWER:  . 
domain  '  ^       .  ^ 

r«nge  ^ 

\   ;J  - 

\  '     .  ^  ■■ 

Als^  recall  that  if    f    and    g    are  functiona  from    X    onto    X,  then 

the  coapoa^te  of    f    with    g    is  the  function    fog    defined  as 

follows',    if  X    is  in    X    arid  if    x         g(x)    and    g(x)  — ^  f(g(x)) 

then    X  .    In  other  notation,     (f  o  g)  (x) ,  -   •  ' 


ANSWER: 

f(i}(x)y. 
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Thfr  opuratiQO  "o",  called  "c(wipo«itW,  aasigtta  aach  ordered  pair 
of  functions  from  X  onto  X  to  a.fueictlon/  Hence  it  is  ^  binary 
operation  oa  ttu?  eet  of  functlonia  .from    X    onto  X, 

In  order  to  be' able  to  te^t  the  propfcrtiea  of  this  operation  we  need 
to  recall  thew  definition  of  equality  of , functions.     If    f    and  g 
are  functions  vith  domain  then    f    -    g  •  if  and  only  if    f(x)  .  • 

g<x)     for  every    x    in    X.  ^ 

*  i^i  composition  an  associative  operation?    Wfe  may  answer  this  question 
byjgjramining  the  following*  statements 

If  f,  g,  and^  h  are  functions  fro©  X  onto  X,  ,  then  by  definition 
((f  o  g)  o  h){x)    •    Cf  o  g)(h(H))    •    f(g(h((x)));    and    <f  o(g  o  h)) 


«  > 
AN6WEK:  . 

U(g  o  h)(x))'  -  f(g(h{x))). 


Thus  Uf  o  g)  o  h)(x)  {f  0  Cg  o  h))(x)  for  every  x,  in  X.  By 
the  definition  of  equality  of  functions   '  -    ^  . 

if  o  h    -'^i  o  (g  o  h). 


We  wili  now  see  that  if  f  ,and  g  are  functjons  froo  X  onto  X 
then    fog    is  an  onto  function.    To  prove  that    fog    is  onto  we 

must  show  that  if  .y    is  any  element  of    X,     then  . 

■  .    y  ■         •  ■  ^ 

f  ^  


* 
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ANSWER: 

th«re  l«  an  ajeaent    x    in    X   such  that    f  o  g{x)    »^  y    (or  ^ 


It  iu  helpful  to  cOmil4er  the  problem  with  the  fol}.owii^  tu>tatian:  . 
if    X    i«  w  eXtaaent  of         and    g(x)    •    I    and  if    f(z)    -    y,  then 


If    f    ^nd    g    are  functions  from    li    onto    X,    and    y    is  a  given 
eleii^nt  of    Xt  ^explain  v^y  there  must  be  elements    x    and    z    in  X 
air  indSicated' in  the  above  diagram. 

 .  .  ^  ^  


ANSWER; 


^ecauae    f    is  ojito,  there  must  be  an  el^ent    2    in    X    such  that 

i 

2  — ►  y.    Then,  because    g    is  ontOt  there  must  be  an  element  x 
X    such  that    X         z.    Then    x  y. 

This  proves  that    f  o  g    is  onto.  .  -  ^ 

How  ia  the  identity  function    I    on    X  defined? 


ANSWER:  ( 
I(x)    »    X,    for  each  eleaent    x  X. 


Is  the  identity  function  a  function  from    X    oftto  X? 

-  -  -  \"  - :  


ANSWER: 
Yes. 


61/ 


« 


•i  ' 


Find    (I  o  tyik)    and    (f  o  for     x    an  el«nent  of    K  "  and  f 

a  fttnctioQ  fro*    X    onto  X. 

*  -  "  -  ■ 


ANSWER:  { 

(1  o  f){x)^  I(f( 


x))    -    fCx)    and    <f  o  r)(x)    -    f<I<x»    -  f(x>. 


Therefore  I  o  f  •  . f  o  I  -  f,  for  each  function  f  fro«  X  on- 
.    to    X.     .  ^ 

3  -     •      .  • 

Now  let  G  be  the  set  of  functions  f roo '  X  onto  X  which  are  also 
reversible.    Recall^that    f    la  reversible  if  ^         Is  a  function. 

■  'ANSWER: 


If  f  la  a  reversible  function ^froia  f  onto.  Y,  ^mt  are  the  do- 
main hnd  range  of  f^^? 


ANSWEtl;  '  - 
The  dotpai n  ot    f "  ^    is    Y  •  ^ 


The  rAnge  of  la  X. 


If  f  is  a  reversible  function  from  X  onto  X,  then  f*"^  Is  a 
reversible  function  from    X    onto    X,    and    f  o  f"^    »  of- 


ANSWER: 

\ 
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A  function  f  ixom  %  onto  X  1«  revarsible  if  f  does  not  copf^ 
tain  two  ordered  pairs  with  the  swe  second  st^iber  and  different 

first  nes^ers.    Hence 'if    itj'  and    X2  «e  e^escnts  of    X    awi  f 

■  *       ■    •         f           <      f  •        .  '  .  ■  ' 

)C2,    and  If  ^        yi.  — ♦        then   . 


iU!fSW£R:  - 

  - 

Aitswe  that    f    and    g          reversible  functiooa  fro®   X    onto    X  . 

'      and  tKat    %i    and    X2    are  eimentu  of  X    such  that    xj  # 
Suppose 

zi         y\    '    And        X2         22  y2*    To  show  that  fog 

'  ^  Is  r€5versible,  we  must  show  that    yi  y^*    Why  does    z\    4  22? 

ANSWER:  ^  /  ^  s  . 

Because    g    is  reversible,    xw  i    x^  ,  and    xi         sit  ^2 
imply  that    z^i    i  f 

Since    i    Is  reversible,          ^    Z2>    and    zi         yjt    S2      ^  72* 
it  follows  that    yi    i    y^.    This  proves^that    fog    is  reversible* 
We  have  shown  that  the  c^eration    "o"    is  closed  on  the  set    G  of 
reversible  functions  frqm    X    onto    X.    Furtherrore  the  identity 
function    I    is  an  identity  element  for  the  operation            and  if  f 
is  in    G,    then    f  }    is  in    G    and  is  an  inverse  of  ."f    with  respect 
to  the  operation-  V    (l.e,,     f"^  o  f    -    f  o  f"^    -    I).    This  - 
proves  that    G    is  a     •    *  ^ 
^  ^  ^  •  ^  ^  -5:- 


4  .  - 
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ANSWea:  ' 
group. 


We  b«ve  proved  the  foilcmiog  theorem.  '  '  • 

-THEOREM  14.5:    If    X    4  «  non-«»Pty  set  and    G    is  the  set  of  rever- 
sible, functions  fro»    X    onto    X.    then    G.    together  with  the  dp*., 
^tion  of  cooposition  of  functions,  is  a.  group. 

We  now  consider  an^aaple.    Let    X    be  the  set    {s.  fa.  c}.    end  let 
G    be  the  group  of  one-to-one,  or  reverslbl^^-g^Tctions  froa    X  onto 
X._One  of  the  elements  of    G  'is^^he  lE^iction    f    d«f ined  b/" 


f:  a 


c-JU.v 


List  the  remaining  functions  in  this  set.    (There  are  5 more.) 

*  .  ■       .  '   '  '  .    ■  '      ' '  •  ' 

ANSWER;  '  .  •  ( 

fl    -    I.I    a-i-a         f2:   :a^a^    fa:  a^b 
b-^b  b  Jl.c  b-li>a 


b  JiL.  b  b  -15.  c  . 


c   ».  a  c  — i>  a  »  % 


let -us  deeignate  the  given  example  f^, 


Using  the  dotation  given  in  the  above  answer,  o  ft 
(Remember    ft,    la  performed  first.) 
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ANSWER: 


c  -i^  ,b 


f2, 
«2  o  f  w 


The  ioverse  of  .  f 5  *£a 


ANSWER: 

fg,    since    £5  o 


f6 


0 

f2 

^3 

fa 

H 

■    f  5  . 

H 

U 

u 

f  3 

f2 

n- 

\  f2 

'.£6 

f2 

fa 

The  ccH&plete  group  table  for  G  ^^is  given  above. 
Is    G    a  conu&utative  group?  .  ' 


ANSWER: 

No;  e.g.,  o  £4 


»     £5    and    f4of2  fg,    so    f2ofi,  t*s 
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OTHEK  PROPERTIES^ OF  A  GROUP 

If    F    is  a'fie^d,  the  set  of  eitaoents  in    F    form  a  cooiautdtlve 
group  under.  tKe  operation  of  addic>ibn  Sik  the  set  of  non--zero  ele- 
ments' foma  a  coisiautative  groups  under  the  operation  of  multiplication* 
Many  of  the  theorem  that  we  -have  obtained  for  fields  require  in 
their  proofs  only  properties  of  a^  group.    The  proofs  which  we  have 
given,  can  often  be  altered  slightly  to  yield  proofs  of  theoretas  about' 
groups.         /      *  , 

Assume  that  is  a  group  under  an  operation  V;  We  will  denotes 
the  identity  element  of  G  by  e  and  the  invegrse  of  an  element  a 
of    G    by  a^^; 

In  the.  following  ^es  you  will  be  asked  to  prove  severaj.  xheorems 
about    G.    Ekch  of  these  theorems  is  related  to  theorems  about  " 
fields.     In  each  case  you  should  try  to  identify  the  related  field 
theorems.    There  will  usually  be  two  such,  one  concerning  addition  in 
a  field  and  chf  other  concerning  multiplication  in  a  field, 

THEOREM  14,6:  If  a  and  b  are  elements  of  G  such  that  a  o  b  « 
b,    then    a    •    e.  ^ 

One  of  the  related  field  theor^s  is  the  following : 

If    a    and    b    are  elements  of  a  field    F    such  that    a  +  b    -  '  b, 
then    a    -    0.  . 

What  is  the  other  related  field  theorem? 
 .  _  ^  ^  .  / 

ANSWER:  ^ 

If    a    and    b    are^lements  of- a  field    F,    b         0,    such  that 
a  •  b    «    b ,     then    a    «•    e . 


624    EQUIVALENCE  RELATIONS  AND  GROUPS  / 


Prove  Theorea  14.61 

■  1  - 

*  .  .  . 

Suppose    a  o  b    •    b        «  ?  ^  -  \ 

Then    (a  o  b)  o  b  *    -    b  b  b  * 

a  dv^B^d  b"^^)    -bo  b'^  Associative  property  of  "o" 

•  a  o  e    ■   'e  Property  of  b^^, 

i  '  ■  * 

'  a   -*  e      :       '         Property  of    e  -    *  ^ 

THEOREM  14.7;    If    a    and    b    are  el^ents  of    G    and    a  o  b  e, 
then    b    •    a"^,    and    a  b^^i 

State  two  field  theorems  which  are  related  to  Theory  14".  7. 

-    r  ■   

ANSWER: 

(!>•    Xf    a    and  b    are  elements  of  a  field    F    and    a  +  b    ■*  0* 
'  then    6    *  -a, 

(2).  tf  a  and  b  are  elem^ts  of  a  field  F  tod  ab  -*  1»  then 
^     b    -    a'^.  . 

Prove  Theorem  14,7.    You  need  not  give  r&aaons  in  your  prodf. 

ANSWER:  '  , 

Suppose    a  o  b    -  e 

Then    a"^  ^  o  (a  o  b)    *    a~  ^  o  e 
(a^  ^  o  a)  o  b    -    a" ^  o  e 

e  o  b    «    a"  ^  o  e      ^       >  * 

fa    -    a  ■  A 

■     .      \  '  * 

The  proof  that    a    -    b  ^    is  sijallar.  4 


THEOHEM  14.8:  If  «,  b.  and  .  c  are  in  G  and  mob  - 
then  b»c. 

Prove  Theorea.  14,8.    You  need  no C  give  reaaomi.- 


% 

.ANSWER: 


l---;--:-r 


Than    a'^  o  (a  o  b)^"*  •  a'^^  o  (a  o  c) 

(a''^  Q  a)  o  b    -  (a~^  o  a)  o  c 

e  o  b    «  e  o  c 

.  b    -  c 


THEOREM  14.9:     If    a    and    b    are  elements  of    G /^there  exists  a 
unique  element    x    of    C    such  that    a  o  x         b    and  a  unique,  ele- 
ment   y    of    G   'such  that    y  o  a    •  b. 

Write    X    and    y    in  terais,  of    b    and    a  * , 


ANSW^^ 

X    «    a     o  b ,    y  '       b  o  a '  ^ 


m  J  7/   "  

Note,  that  x  and  y  may  not  be  the  same  since  we  are  not  assuming 
that  the  operation  in    G    Is  ccsamutatlve. 

Prove  that  if^^  -'  a"^  o  b  and  y  -  b  q  a^^,  then  ^o^'lS.-  b 
-     and"^  o  a    •    b.    Vou  need  p^t  give,  reasons. 
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ANSWER: 

If    X    •  «^  o  b,/\hen 

m  0  n    »  «.  Qt^  («"  ^  o  b) 

•  («  0  «  ^)  o  b 
■  C*  o  b 

/  b 

If    y    -  b  Q  s"^,  then 

y^'o  s    *  (b  o  a  o 

•  bo 
'  •   ■      »  fa  o  e 

.  fa 


Pfovt  that    X    ^nd    y    are  unique  by  shcs^ing  that  Of  ^  a  o  3C^  -  b 

^nd    y  o  a    -    b.     thm    x  «    a"^  o  b    and    y    »    b  o  a"^.  You 

nisad  not  give  reasonn*  M  ' 

'  .    ^  ^ 

ANSWteR:  '  . 

*  Suppose    a'o  k    «  -  b    and    yoa-    b.  ,  ^ 

Then    a"^  o  (a  o  x)    ■    a"^  o  b 
^         .  (a  ^  o  a)  o  X    *    af  ^  o  fa  . 

eox*^a^6b  .  , 

and  ,  l(y*  o  a),oa'^*  i»oa^ 
yo(aoa^)*b£)a'^* 
y  o  e    *    b  Q  a  "  ^ 
'    y    ■    b  p  a  *  ^   •  ,  "  - 

HtBnce  the  only  possibility  for    x    is    a  ^  ^  b    and  for    y  is 
b  o  agi  ^»  .  • 

& 


ERIC 
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r 


THEOREM  14. iO:  If  a  aod  b  are  ^leaentu  of  C,  then  (a  o  b)"* 
^P|P  that  If    G    in  not  c^Mtative  then  in  general    b"^  o  1^^  is 


not  the  isa&e  aa    a  ^  a  b 


Prove  Tlieorm  14.10, 


ANSWER^ 

(fa^  o  a'O  o  (a,o  b)    -  b"^  o  (a^^  o  (a  o  fa)) 

-  b'^  o  (<a^  o>)^o  b) 

4-  •  -  K-i 


fa'  \  o  (e  o  b) 
b^^  o  b 


By  Ttieoretn  14.7,    (a  o  b)  '  ^  *  -    fa"  ^  o  a  ^  . 


REVIEW  ITEte  i 

How  many  Equivalence  claases  are  determined  by  the  equivalence  jrela- 
tion,  congruence  modulo  17?  ^  \ 

:  , 


tift  four  elements  of  the  equivalence  clas^  of  congruence  modulp  17 
which  contain  the  integer  10.  ,     '  • 


ANSWER--  ■ 
yi.:.,     -41.,   -2U,   .-7.  •  10.  .27.  44. 


let.  S    -   1l,  *2,    3,,'  4,    5}  •  and  let    A.  •    (1,    4,    5),    B  - 

■  §  ' 

{2,  3).  List  all  thti  ord«re3  pairs  in  the  equivftlence  relation  on 
S    determined  by  the  psrtitiba    {A,  'B}.  ^ 


ANSWER:  • 

(1.  1),  (l,  4).  (4,  1),  (4,  4),  (4,  5),  (5,  1),  (5,  4). 

<5,  5).  (2.  2).  (2.  3).  (3,  2),  (3,  3)-.  .  - 


Suppose  a  is  an.  integer  and  a  ^  2  (sod  11) .  Find  $  positive  in^ 
teger    b    less  than  11  such  "that    a^^  h  b  (mod  11). 


AtJSWER:  ^' 

•  b    -  ,iO.    Solu^on:    a**  ~  2  Lmoi  11)   'iffiplies    a**  *  6**  s  2  •  a"* 

(mod  11),    or         4  aa"*  (mod  11).    But    a^  s  2  (mod  11)   ^lap' ijfiplles 

Oa^      2*2  (mod  II).    Thus  a^'  -  4  (mod  11),    Proceeding  in  this  Way 


we  get 


8  (mod  11>,    a^^'i:16  (mod  11),    a^^    32  (twjd  11) 


But 


32^,  \Q  (mod  U).    Therefore    ^^0   ,  .jq  j^^^ 


Proves     If    a,  b»  c,  ^ _  at^  inte^ef^,    n    is  a  positive  Integer 
greater  than  I,    and  if ^  a      b  (mod  n)    and    c  =  d  trod  n),  then 
a  4-  c     b  ^  d  <moid  n) ,    GlVe  reasons.  .  (Hint;    Apply  Theorem  14,2 
twice.        '  '  . 


ANSWEK:  * 

a  -f*  c   .  b  ^  c  .{mod  n) 

c  .  d  (mod  n) 

b  -I-  c  •  b      d  (mod  n) 

a  -f-  c  -  b  -f  d  (mod  n) 


Hypothesis 

Theorem  14,2  # 
Hypothesis*^  ^ 
Theorem*  14.2 

Transitive  property  of  congruence 
modulo  ^     >^  * 


frott  X  onto  X*  Describe  the  functions  in  C  and  give  the  group 
table  tor    C.  '  '  * 


ANSWER:       '  * 

(^^  ■    { r,  ■  f  where 

f:  a 


Is     a  — y*-  a 
b  — ►  b 


b 


Tablts: 


State  two  field  thj^oreas  which  are  related  to  Theory  14.8. 
ANSWEkr         "  ' 

(1)  If    a,  b>    and    c    are  in    F    and    a  +  b    -    a  4-  c,  s  then 

(2)  If  a,  and  .  are  in  T  .  arid  a  ^  "O,  and  if  a  •  b 
a  •  c,  .  then-  b    *  .  c,   •  .  ' 
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